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Decreasing Minimization on M-convex Sets

Andras Frank* and Kazuo Murota**

Abstract

The present work is the first member of a pair of papers concerning decreasingly-
minimal (dec-min) elements of a set of integral vectors, where a vector is dec-min if its
largest component is as small as possible, within this, the next largest component is as
small as possible, and so on. This notion showed up earlier under various names at re-
source allocation, network flow, matroid, and graph orientation problems. Its fractional
counterpart was also seriously investigated.

The domain we consider is an M-convex set, that is, the set of integral elements of
an integral base-polyhedron. A fundamental difference between the fractional and the
discrete case is that a base-polyhedron has always a unique dec-min element, while the
set of dec-min elements of an M-convex set admits a rich structure, described here with
the help of a ‘canonical chain’. As a consequence, we prove that this set arises from a
matroid by translating the characteristic vectors of its bases with an integral vector.

By relying on these characterizations, we prove that an element is dec-min if and
only if the square-sum of its components is minimum, a property resulting in a new
type of min-max theorems. The characterizations also give rise, as shown in the com-
panion paper, to a strongly polynomial algorithm and to a proof of a conjecture on
dec-min orientations.

Keywords: Submodular optimization, Matroid, Base-polyhedron, M-convex set, Lexi-
cographic minimization.
Mathematics Subject Classification (2010): 90C27, 05C, 68R10

1 Introduction

We investigate a problem which we call ‘discrete decreasing minimization’. An element
of a set of vectors is called decreasingly minimal (dec-min) if its largest component is as
small as possible, within this, its second largest component is as small as possible, and so
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1.1 Background problems 2

on. The term discrete decreasing minimization refers to the problem of finding a dec-min
element (or even a cheapest dec-min element with respect to a given weighting) of a set
of integral vectors. In the present work, this set is an M-convex set, which is nothing but
the set of integral elements of an integral base-polyhedron. Note that one may consider the
analogous term ‘increasing maximization’ (inc-max), as well.

The goal of this paper is to develop structural characterizations of the set of dec-min
elements of an M-convex set. These form the bases, in [[12], for developing a strongly poly-
nomial algorithm, as well as for exploring and exhibiting various applications. Actually,
earlier special cases played a major motivating role for our investigations, and this is why
we first exhibit these catalyzing initial results briefly in Section [I.1] below. The main re-
sults will be described in Section[I.2] The research was strongly motivated by the theory of
Discrete Convex Analysis (DCA), but the paper is self-contained and does not rely on any
prerequisite from DCA.

1.1 Background problems

There are several independent sources of the topic we study. The first one is about graph
orientation. Borradaile et al. [3] solved the problem of finding an orientation of a graph
with decreasingly minimal (or egalitarian in their terms) in-degree vector. Our general
approach provides an extension concerning in-degree constrained k-edge-connected dec-
min orientation. The second source comes from resource allocation [6, 22, 23| 24, 25, 126].
For example, Harvey et al. [20] described an algorithm which computes a subset F of
edges of a bipartite graph G = (S, T; E) for which dp(f) = 1 holds for every t € T and
the degree-vector {dr(s) : s € S} is decreasingly minimal. Our present framework makes
it possible to manage significantly more general problems, for example, the one where F
is requested to be degree-constrained and to have y edges. Our work is strongly related
to a classic paper of Megiddo [31] on ‘source optimal’ network flows, which is equivalent
to finding a feasible sz-flow that is increasingly maximal on the set of source edges. A
fundamental difference is that Megiddo considers fractional flows while we characterize
integer-valued flows which are inc-max on the set of source edges. Finally, we mention the
‘shifted matroid optimization’ problem due to Levin and Onn [27] which seeks for k bases
Z,,...,7Z; of a matroid for which the vector }}; y is, in our terms, decreasingly minimal.
Our approach permits to extend their results to k distinct matroids.

The present paper works out the theoretical background for dealing with these problems
in a uniform framework. In the second part of this work, we describe these applications in
detail, and provide strongly polynomial algorithms for their solution.

1.2 Main goals

Each of the four problems in Section[I.Tjmay be viewed as a special case of a single discrete
optimization problem: characterize decreasingly minimal elements of an M-convex set [32]
33] (or, in other words, dec-min integral elements of a base-polyhedron). By one of its
equivalent definitions, an M-convex set is nothing but the set of integral elements of an
integral base-polyhedron.
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1.2 Main goals 3

We characterize dec-min elements of an M-convex set as those admitting no local im-
provement, and prove that the set of dec-min elements is itself an M-convex set arising
by translating a matroid base-polyhedron with an integral vector. This result implies that
decreasing minimality and increasing maximality coincide for M-convex sets. We shall
also show that an element of an M-convex set is dec-min precisely if it is a square-sum
minimizer. Using the characterization of dec-min elements, we shall derive a novel min-
max theorem for the minimum square-sum of elements of an integral member of a base-
polyhedron.

The structural description of the set of dec-min elements of an M-convex set (namely,
that this set is a matroidal M-convex set) makes it possible to solve the algorithmic problem
of finding a minimum cost dec-min element. (In the continuous case this problem simply
did not exist due to the uniqueness of the fractional dec-min element of a base-polyhedron.)
In the companion paper [12], we shall also describe a polynomial algorithm for finding
a minimum cost (in-degree constrained) dec-min orientation. Furthermore, we shall out-
line an algorithm to solve the minimum cost version of the resource allocation problem of
Harvey et al. [20] mentioned in Section [I.1} Furthermore, as an essential extension of the
algorithm of Harada et al. [19], we describe a strongly polynomial algorithm to solve a
minimum cost version of the decreasingly minimal degree-bounded subgraph problem in a
bipartite graph G = (S, T, E). We may consider two versions here. In the simpler one, we
have a cost-function on the node-set of G, that is, on the ground-set of the corresponding
M-convex set. Due to the matroidal description of the set of dec-min elements of an M-
convex set, this min-cost version becomes rather easy since the matroid greedy algorithm
can be applied. Significantly more complex, however, is the other min-cost version when
there is a cost-function on the set of edges of G.

The topic of our investigations may be interpreted as a discrete counterpart of the work
by Fujishige [15] from 1980 on the lexicographically optimal base of a base-polyhedron B,
where lexicographically optimal is essentially the same as decreasingly minimal. He proved
that there is a unique lexicographically optimal member x, of B, and X, is the unique mini-
mum norm (that is, the minimum square-sum) element of B. This uniqueness result reflects
a characteristic difference between the behaviour of the fractional and the discrete versions
of decreasing minimization since in the latter case the set of dec-min elements (of an M-
convex set) is typically not a singleton, and it actually has, as indicated above, a matroidal
structure. While the present paper focuses on the unweighted case, the lexicographically
optimal base of a base-polyhedron is defined and analyzed with respect to a weight vector
in [[15].

Fujishige also introduced the concept of principal partitions concerning the dual structure
of the minimum norm point of a base-polyhedron. Actually, he introduced a special chain
of the subsets of ground-set S and his principal partition arises by taking the difference sets
of this chain. We will prove that there is an analogous concept in the discrete case, as well.
As an extension of the above-mentioned elegant result of Borradaile et al. [4] concerning
graphs, we show that there is a canonical chain describing the structure of dec-min elements
of an M-convex set. The relation between our canonical partition and Fujishige’s principal
partition is clarified in [11]], showing that the canonical partition is an intrinsic structure of
an M-convex set consistent with the principal partition of a base-polyhedron.
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1.3 Notation 4

1.3 Notation

Throughout the paper, S denotes a finite non-empty ground-set. For elements s,f € §,
we say that X C S is an st-set if s € X C § —¢. For a vector m € R’ (or function
m : § — R), the restriction of m to X C § is denoted by m|X. We also use the notation
m(X) = X [m(s) : s € X]. With a small abuse of notation, we do not distinguish between a
one-element set {s} called a singleton and its only element s. When we work with a chain
C of non-empty sets C; € C, C --- C C,, we sometimes use Cy to denote the empty set
without assuming that C is a member of C. The characteristic (or incidence) vector of
a subset Z is denoted by y, that is, yz(s) = 1 if s € Z and yz(s) = O otherwise. For
a polyhedron B, B (pronounce: dotted B) denotes the set of integral members (elements,
vectors, points) of B, that is,

B:=BnZ°. (1.1)

For a set-function s, we allow it to have value +oco or —oco, while #(0) = 0 is assumed
throughout. Where A(S) is finite, the complementary function h is defined by h(X)
h(S) — h(S — X). For functions f : § > ZU{-oco}and g : S — Z U {+oo} with f < g, the
polyhedron T(f,g) = {x € R : f < x < g} is called a box. If g(s) < f(s) + 1 holds for
every s € §, we speak of a small box. For example, the (0, 1)-box is small, and so is any
set consisting of a single integral vector.

2 Base-polyhedra and M-convex sets

Let S be a finite non-empty ground-set. Let b be a set-function for which b(X) = +oo is
allowed but b(X) = —co is not. The submodular inequality for subsets X, Y C § is defined
by

bX)+bY)>=b(XNY)+bXUY).

We say that b is (fully) submodular if the submodular inequality holds for every pair of
subsets X, Y C S with finite b-values. A set-function p is supermodular if —p is submodular.

For a (fully) submodular integer-valued set-function b on S for which b(0) = 0 and b(S)
is finite, the base-polyhedron B in R® is defined by

B=B(b)={xeR’ :X(S) =b(S), X(Z) < b(Z) forevery ZC S}, 2.1

which is possibly unbounded.

A special base-polyhedron is the one of matroids. Given a matroid M, Edmonds proved
that the polytope (that is, the convex hull) of the incidence (or characteristic) vectors of
the bases of M is the base-polyhedron B(r) defined by the rank function r of M, that is,
B(r) = {x € R® : X(S) = r(S) and X(Z) < r(Z) for every subset Z C S}. It can be
proved that a kind of converse also holds, namely, every (integral) base-polyhedron in the
unit (0, 1)-cube is a matroid base-polyhedron. We call the translation of a matroid base-
polyhedron a translated matroid base-polyhedron. It follows that the intersection of a
base-polyhedron with a small box is a translated matroid base-polyhedron.

A base-polyhedron B(b) is never empty, and B(b) is known to be an integral polyhedron.
(A rational polyhedron is integral if each of its faces contains an integral element. In
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Section 2. Base-polyhedra and M-convex sets 5

particular, a pointed rational polyhedron is integral if all of its vertices are integral.) By
convention, the empty set is also considered a base-polyhedron. Note that a real-valued
submodular function b also defines a base-polyhedron B(b) but in the present work we are
interested only in integer-valued submodular functions and integral base-polyhedra.

We call the set B of integral elements of an integral base-polyhedron B an M-convex
set. Originally, this basic notion of DCA introduced by Murota [32] (see, also the book
[33]]), was defined as a set of integral points in RS satisfying certain exchange axioms, and
it is known that the two properties are equivalent ([33, Theorem 4.15]). The set of integral
elements of a translated matroid base-polyhedron will be called a matroidal M-convex set.

A non-empty base-polyhedron B can also be defined by a supermodular function p for
which p(0) = 0 and p(S) is finite as follows:

B=B(p)={xecR® :X(S) = p(S),X(Z) > p(Z) forevery Z C S}. 2.2)

It is known that B uniquely determines both p and b, namely, b(Z) = max{x(Z) : x € B}
and p(Z) = min{x(Z) : x € B}. The functions p and b are complementary functions, that is,
b(X) = p(S) = p(§ = X) or p(X) = b(S) — b(S — X) (where b(S) = p(5)).

For aset Z C S, p|Z denotes the restriction of p to Z, while p’ = p/Z is the set-function
on § — Z obtained from p by contracting Z, which is defined for X € § — Z by p'(X) =
p(X U Z)— p(Z). Note that p/Z and p|(S — Z) are complementary set-functions. It is also
known for disjoint subsets Z; and Z, of S that

(plZ))]2; = p/(Z, U Z,), (2.3)

When p(Z) is finite, the base-polyhedron B’(p|Z) is called the restriction of B'(p) to Z.

Let {S,...,S,} be a partition of S and let p; be a supermodular function on §;. Let p
denote the supermodular function on S defined by p(X) := X [pi(S:NX):i=1,...,¢q] for
X C §. The base-polyhedron B’(p) is called the direct sum of the ¢ base-polyhedra B’(p;).
Obviously, a vector x € RS is in B'(p) if and only if each x; is in B'(p;) (i = 1,...,q),
where x; denotes the restriction x|S; of x to S ;.

It is known that a face F of a non-empty base-polyhedron B is also a base-polyhedron.
The (special) face of B'(p) defined by the single equality x(Z) = p(Z) is the direct sum of
the base polyhedra B’(p|Z) and B'(p/Z). More generally, any face F of B can be described
with the help of a chain () ) C; c C; € --- € C, = S of subsets by F := {z : z €
B, p(C)) =7Z(C)) fori = 1,...,¢}. (In particular, when ¢ = 1, the face F is B itself.) Let
Si:=Ciand S, :=C;—C;_, fori =2,...,¢. Then F is the direct sum of the base-polyhedra
B’(p;), where p; is a supermodular function on S; defined by p;(X) := p(XUC;_1) — p(Ci_1)
for X € §;. In other words, p; is a set-function on §; obtained from p by deleting C;_; and
contracting S — C;. The unique supermodular function pr defining the face F is given by
Ypi(SinX):i=1,...,£€]. Aface F is the set of elements x of B minimizing cx whenever
¢ : S — Ris alinear cost function such that ¢(s) = ¢(¢) if s,¢ € S, for some i and c(s) > ¢(¢)
if s€ S, and 7 € §; for some subscripts i < j.

The intersection of an integral base-polyhedron B = B’(p) (= B(p)) and an integral box
T(f, g) is an integral base-polyhedron. The intersection is non-empty if and only if

p<Z and f<P. (2.4)
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Section 3. Decreasingly minimal elements of M-convex sets 6

For an element m of a base-polyhedron B = B(b) defined by a (fully) submodular func-
tion b, we call a subset X C S m-tight (with respect to b) if m(X) = b(X). Clearly, the
empty set and S are m-tight, and m-tight sets are closed under taking union and intersec-
tion. Therefore, for each subset Z C §, there is a unique smallest m-tight set 7,,(Z; b)
including Z. When Z = {s} is a singleton, we simply write 7,,(s; b) to denote the smallest
m-tight set containing s. When the submodular function b is understood from the context,
we abbreviate 7,,(Z; b) to T,,,(Z). Analogously, when B = B’(p) is given by a supermodular
function p, we call X C S m-tight (with respect to p) if m(X) = p(X). In this case, we
also use the analogous notation 7,,(Z) = T,,(Z; p) and T,,(s) = T,,(s; p). Observe that for
complementary functions b and p, X is m-tight with respect to b precisely if S — X is m-tight
with respect to p.

3 Decreasingly minimal elements of M-convex sets

3.1 Decreasing minimality

For a vector x, let x| denote the vector obtained from x by rearranging its components in
a decreasing order. For example, We call two vectors x and y (of same dimension) value-
equivalent if x| = y|.

A vector x is decreasingly smaller than vector y, in notation x <g.. y if x| is lexico-
graphically smaller than y| in the sense that they are not value-equivalent and x| (j) < yl(j)
for the smallest subscript j for which x| () and y| (/) differ. For example, x = (2,5,5,1,4)
is decreasingly smaller than y = (1,5,5,5,1) since x| = (5,5,4,2,1) is lexicographically
smaller than y| = (5,5,5,1,1). We write x <4 y to mean that x is decreasingly smaller
than or value-equivalent to y.

For aset Q of vectors, x € Q is globally decreasingly minimal or simply decreasingly
minimal (dec-min, for short) if x <4 y forevery y € Q. Note that the dec-min elements
of Q are value-equivalent. Therefore an element m of Q is dec-min if its largest component
is as small as possible, within this, its second largest component (with the same or smaller
value than the largest one) is as small as possible, and so on. An element x of Q is said to
be a max-minimized element (a max-minimizer, for short) if its largest component is as
small as possible. A max-minimizer element x is pre-decreasingly minimal (pre-dec-min,
for short) in Q if the number of its largest components is as small as possible. Obviously, a
dec-min element is pre-dec-min, and a pre-dec-min element is max-minimized.

In an analogous way, for a vector x, we let xT denote the vector obtained from x by
rearranging its components in an increasing order. A vector y is increasingly larger than
vector x, in notation y >;,. X, if they are not value-equivalent and yT(j) > xT(j) holds for the
smallest subscript j for which yT(j) and xT(j) differ. We write y >;,. x if either y >;,c x or x
and y are value-equivalent. Furthermore, we call an element m of Q (globally) increasingly
maximal (inc-max for short) if its smallest component is as large as possible over the
elements of Q, within this its second smallest component is as large as possible, and so on.
Similarly, we can use the analogous terms min-maximized and pre-increasingly maximal
(pre-inc-max).

It should be emphasized that a dec-min element of a base-polyhedron B is not necessarily
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3.2 Characterizing dec-min elements 7

integer-valued. For example, if B = {(x, x5) : x;+x; = 1}, then x* = (1/2,1/2) is a dec-min
element of B. In this case, the dec-min members of B are (0,1) and (1, 0).

Therefore, finding a dec-min element of B and finding a dec-min element of B (the set of
integral points of B) are two distinct problems, and we shall concentrate only on the second,
discrete problem. In what follows, the shghtly sloppy term integral dec-min element of B
will always mean a dec-min element of B. (The term is sloppy in the sense that an integral
dec-min element of B is not necessarily a dec-min element of B).

We call an integral vector x € Z° uniform if all of its components are the same integer
¢, and near-uniform if its largest and smallest components differ by at most 1, that is, if
x(s) € {¢, €+ 1} for some integer ¢ for every s € S. Note that if Q consists of integral vectors
and the component-sum is the same for each member of Q, then any near-uniform member
of Q is obviously both decreasingly minimal and increasingly maximal integral vector.

3.2 Characterizing dec-min elements

Let B = B(b) = B’(p) be a base-polyhedron defined by an integer-valued submodular
function b or supermodular function p (where b and p are complementary set-functions).
Let m be an integral member of B, that is, m € B. Aset X C S is m- tight with respect to b
precisely if its complement S — X is m-tight with respect to p. Recall that 7',(s; b) denoted
the unique smallest m-tight set (with respect to b) containing s. In other words, T,,(s; b)
is the intersection of all m-tight sets containing s. The easy equivalences in the next claim
will be used throughout.

Claim 3.1. Let m € B, and let s and t be elements of S, andm’ := m+y;—x,. The following
properties are pairwise equivalent.

(A) m' € B.

(P1) There is no ts-set which is m-tight with respect to p.

(P2) s e T,(t; p).

(B1) There is no st-set which is m-tight with respect to b.

(B2) t € T,,(s; D). ]

A 1-tightening step for m € Bisan operation that replaces m by m’ := m+ y; — x; where
s and ¢ are elements of S for which m(t) > m(s) + 2 and m’ belongs to B Note that m’ is
both decreasingly smaller and increasingly larger than m.

Since the mean of the components of m does not change at a 1-tightening step while
the square-sum of the components of m strictly drops, consecutive 1-tightening steps may
occur only a finite number of times (even if B is unbounded)

A member m of B is locally decreasingly minimal in B if there are no two elements s
and ¢ of S such that m’ := m+ y, — x, is an element of B and m’ is decreasingly smaller than
m. Note that m’ is decreasmgly smaller than m precisely if m(t) > m(s) + 2. Obviously, m
is locally decreasingly minimal if and only if there is no 1-tightening step for m. Note that
in this case, m’ is also increasingly larger than m. Analogously, m is locally increasingly
maximal if there are no two elements s and 7 of S such that m’ := m + y, — x, is an element
of B and m’ is decreasingly larger than m.
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The equivalence of the properties in the next claim is immediate from the definitions.

Claim 3.2. For an integral element m of the integral base-polyhedron B = B(b) = B'(p),
the following conditions are pairwise equivalent.

(A1) There is no 1-tightening step for m.

(A2) mis locally decreasingly minimal.

(A3) mis locally increasingly maximal.

(P1) m(s) = m(t) — 1 holds whenever t € S and s € T,,(t; p).

(P2) Whenever m(t) > m(s) + 2, there is a ts-set X which is m-tight with respect to p.

B1) m(s) = m(t) — 1 holds whenever s € S and t € T,,(s;b).

(B2) Whenever m(t) > m(s) + 2, there is an st-set Y which is m-tight with respecttob. m

For a given vector m in R®, we call a set X C S an m-top set (or a top-set with respect
to m) if m(u) > m(v) holds whenever u € X and v € § — X. Both the empty set and the
ground-set S are m-top sets, and m-top sets are closed under taking union and intersection.
If m(u) > m(v) holds whenever u € X and v € § — X, we speak of a strict m-top set. Note
that the number of strict non-empty m-top sets is at most n for every m € B while m = 0
exemplifies that even all of the non-empty subsets of S can be m-top sets.

Theorem 3.3. Let b be an integer-valued submodular function and let p := b be its
complementary (supermodular) function. For an integral element m of the integral base-
polyhedron B = B(b) = B'(p), the following four conditions are pairwise equivalent.

(A) There is no I-tightening step for m (or any one of the six other equivalent properties
holds in Claim[3.2)).

(B) There is a chain C of m-top sets (0 €) C, C C, C --- C Cy, = S which are m-tight with
respect to p (or equivalently, whose complements are m-tight with respect to b) such that
the restriction m; = m|S; of m to S, is near-uniform for each member S ; of the S -partition
{S1,...,8¢), where S1=CyandS; :=C;,—-Ci_; (i=2,...,0).

(C1) m is (globally) decreasingly minimal in B.

(C2) mis (globally) increasingly maximal in B.

Proof. (B)—(A): If m(¢t) > m(s) + 2, then there is an m-tight set C; containing ¢ and not
containing s, from which Property (A) follows from Claim [3.2]

(A)—(B): Let C be a longest chain consisting of non-empty m-tight and m-top sets
C,c(C,c---cC;=S. For notational convenience, let Cy = () (but Cy is not a member of
of C). We claim that C meets the requirement of (B). If, indirectly, this is not the case, then
there is a subscript i € {1,..., ¢} for which m is not near-uniform within §; := C; — C;_;.
This means that the max m-value §; in S, is at least 2 larger than the min m-value «; in §;,
thatis, 8; > «a; + 2. Let Z := U[T,(t;p) : t € S;, m(t) = B;]. Then Z is m-tight. Since C;
is m-tight, T,,(t; p) € C; holds for r € §; and hence Z C C;. Furthermore, (A) implies that
m(v) > B;— 1 foreveryveZns§s,.

Consider the set C' := C;_y U Z. Then C’ is m-tight, and C;_.; ¢ C’ c C;. Moreover,
we claim that C’ is an m-top set. Indeed, if, indirectly, there is an element u € C” and an
element v € S — C’ for which m(u) < m(v), thenu € ZN S; and v € C; — Z since both C;_;
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3.2 Characterizing dec-min elements 9

and C; are m-top sets. But this is impossible since the m-value of each element of Z N §; is
B; or B; — 1 while the m-value of each element of C; — Z is at most 5; — 1.

The existence of C’ contradicts the assumption that C was a longest chain of m-tight and
m-top sets, and therefore m must be near-uniform within each §;, that is, C meets indeed
the requirements in (B).

(C1)—(A) and (C2)—(A): Property (A) must indeed hold since a 1-tightening step for
m results in an element m’ of B which is both decreasingly smaller and increasingly larger
than m.

(B)—(C1): We may assume that the elements of S are arranged in an m-decreasing order
S1,...,Sy, (thatis, m(s;) > m(s,) > - -+ > m(s,)) in such a way that each C; in (B) is a starting
segment. Let m’ be an element of B which is decreasingly smaller than or value-equivalent
to m. Recall that m|X denoted the vector m restricted to a subset X C S,

Lemma 3.4. Foreachi=0,1,...,¢ vector m’|C; is value-equivalent to vector m|C;.

Proof. Induction on i. For i = 0, the statement is void so we assume that 1 < i < {. By
induction, we may assume that the statement holds for j < i — 1 and we want to prove it
for i. Since m’|C;_; is value-equivalent to m|C;_; and C;_; is m-tight, it follows that C;_; is
m'’-tight, too.

Let 5; denote the max m-value of the elements of §; = C; — C;,_;. By the hypothesis in
(B), the maximum and the minimum of the m-values in §; differ by at most 1. Hence we
can assume that there are r; > 0 elements in S; with m-value 5; and |S;| — r; > 0 elements
with m-value §; — 1.

As m|C;_; is value-equivalent to m’|C;_; and m’ was assumed to be decreasingly smaller
than or value-equivalent to m, we can conclude that m’|(S — C,_y) is decreasingly smaller
than or value-equivalent to m|(S — C;_y). Therefore, S; contains at most r; elements of
m’-value §; and hence

p(C) <m/'(Cy) =m'(Ciey) +m'(S)
m' (Ciy) +riBi + (IS = r)(B: — 1)
=m(Cisy) +rBi + (ISl = r)(Bi — 1) = p(Cy),

from which equality follows everywhere. In particular, S; contains exactly r; elements of
m’-value §; and |S ;| — r; elements of m’-value ; — 1, proving the lemma. [

By the lemma, m’ is value-equivalent to m, and hence m is a decreasingly minimal ele-
ment of B, that is, (C1) follows.

(B)—(C2): The property in (C1) that m is globally decreasing minimal in B is equivalent
to the statement that —m is globally increasing maximal in —B, that is, (C2) holds with
respect to —m and —B. As we have already proved the 1mpllcat10ns (C2)—(A)—(B)—(C1),
it follows that (C1) holds for —m and —B. But (C1) for —m and —Bis just the same as (C2)
for m and B. mm

Remark 3.1. The equivalence of (C1) and (C2) in Theorem [3.3|shows that an element of
an M-convex set is decreasingly minimal if and only if it is increasingly maximal. In the
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3.3 Minimizing the sum of the k largest components 10

intersection of two M-convex sets (called an M,-convex set in [33]), however, decreasing
minimality and increasing maximality do not coincide. For example, consider two M-
convex sets

B,
B,

{(2’ 0’ 07 0)9 (17 _1’ 1’ 1)7 (27 _19 170)’ (1707 07 1)}’
{(2,0,0,0),(1,-1,1,1),(2,1,0, 1), (1,0, 1, 0)}.

In their intersection B; N By = {(2,0,0,0), (1,-1,1,1)}, the element x = (2,0,0,0) is
increasingly maximal while y = (1, -1, 1, 1) is decreasingly minimal. ]

3.3 Minimizing the sum of the k largest components

A decreasingly minimal element of B has the starting property that its largest component is
as small as possible. As a natural extension, one may be interested in finding a member of
B for which the sum of the k largest components is as small as possible. We refer to this
problem as min k-largest-sum.

Theorem 3.5. Let B be an mtegral base-polyhedron and k an integer with 1 < k < n. Then
any dec-min element m of B is a solution to the min k-largest-sum problem.

Proof. Observe first that if z; and z, are dec-min elements of é, then it follows from the
very definition of decreasing minimality that the sum of the first j largest components of z;
and of z, are the same foreach j=1,...,n.

Let K denote the sum of the first k largest components of any dec-min element, and
assume indirectly that there is a member y € B for which the sum of its first k largest
components is smaller than K. Assume that the componentwise square-sum of y is as small
as possible. By the previous observation, y is not a dec-min element. Theorem [3.3|implies
that there are elements s and ¢ of S for which y(r) > y(s) + 2 and ¥y’ := y — x; + x, 1S in
B. The sum of the first k largest components of y’ is at most the sum of the first k largest
components of y, and hence this sum is also smaller than K. But this contradicts the choice
of y since the componentwise square-sum of y’ is strictly smaller than that of y. ]

This theorem shows that M-convex sets have a striking property. Namely, any dec-min
element of an M-convex set B is simultaneously a solution to the min k-largest-sum problem
for each k = 1,2,...,n. We say that such an element m is a simultaneous k-largest-sum
minimizer. This notion has been investigated in the literature of majorization [2, 29, [35]]
under the name of ‘least majorized’ element. In particular, Tamir [35] proved the existence
of a least majorized integral element for integral base-polyhedra. (Actually, he proved this
even for g-polymatroids, but this more general result is an easy consequence of the special
case concerning base-polyhedra).

The following result shows that this property actually characterizes dec-min elements of
an M-convex set.

Theorem 3.6. Let B be an integral base-polyhedron. An element m of B is dec-min if and
only if m is a simultaneous k-largest-sum minimizer.
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Section 4. Characterizing the set of pre-decreasingly minimal elements 11

Proof. The content of Theorem [3.5]is that a dec-min element is a simultaneous k-largest-
sum minimizer. To see the converse, let m € B be a simultaneous k-largest-sum minimizer.
Suppose indirectly that m is not dec-min. By Theorem [3.3] there is a 1-tightening step for
m, that is, there are elements s and ¢ of § with m(s) > m(¢) + 2 such that m’ := m — y, + x; is
in B. Let k¥’ denote the number of components of m with value at least m(s). Then the sum
of the k£’ largest components of m’ is one less than the sum of the £’ largest components of
m, contradicting the assumption that m is k-sum-minimizer for each k = 1,2, ..., n. n

4 Characterizing the set of pre-decreasingly minimal ele-
ments

We continue to assume that p is an integer-valued (with possible —co values but with finite
p(S)) supermodular function, which implies that B = B’(p) is a non-empty integral base-
polyhedron We have already proved that an integral element m of B (that is, an element of
B)is decreasingly minimal (= dec-min) precisely if m is 1ncreas1ngly maximal (= inc- max)

One of our main goals is to prove that the set dm(B) of all dec-min elements of B is
an M-convex set, meaning that there exists an integral base-polyhedron B* C B such that
dm(B) is the set of integral elements of B®. In addition, we shall show that dm(B) is actually
a matroidal M-convex set, that is, B°® is a special base-polyhedron which is obtained from a
matroid base-polyhedron by translating it with an integral vector.

The base-polyhedron B* will be obtained with the help of a decomposition of B along a
certain ‘canonical’ partition {S,S,,...,S5,} of § into non-empty sets. To this end, we start
by introducing the first member §; of this partition along with a matroid on S ;. The set S,
depending only on B, will be called the peak-set of S'.

4.1 Max-minimizers and pre-dec-min elements

Recall that an element of B was called a max-minimizer if its largest component was as
small as possible, while a max-minimizer was called a pre-dec-min element of B if the

number of its maximum components was as small as possible. As a dec-min element of B
is automatically pre-dec-min (in particular, a max- mlnlmlzer) we start our investigations

by studying max-minimizers and pre-dec-min elements of B. For a number 3, we say that
a vector is S-covered if each of its components is at most 5. Throughout our discussions,

B :=B(B) 4.1

denotes the smallest integer for which B has a ﬁ] -covered element. In other words, §; is
the largest component of a max-minimizer of B. Therefore B, is the largest component of

any pre-dec-min (and hence any dec-min) element of B. Note that an element m of B is
Bi-covered precisely if m is a max-minimizer. For any real number o € R, let [a] denote
the smallest integer not smaller than «.
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4.1 Max-minimizers and pre-dec-min elements 12

Theorem 4.1. For the largest component 31 of a max-minimizer of B, one has

p(X)
1X]

B, :max{[ }:@ngS}. 4.2)
Proof. Formula (2.4), when applied to the special case with f = —co and g = 3, implies
that B has a 8-covered element if and only if

BIX| > p(X) whenever X C S. 4.3)

Moreover, if B is an integer and (4.3)) holds, then B has an integral B-covered element. As
BIX| = p(X) holds for an arbitrary 8 when X = 0, it follows that the smallest integer 8
meeting this (4.3)) is indeed max{[p(X)/|X[1: 0 # X C S}. n

For a 8;-covered element m of B let r1(m) denote the number of 5;-valued components of
m. Recall that for an element s € § we denoted the unique smallest m-tight set containing
s by T,,(s) = T,(s; p) (that is, T,,(s) is the intersection of all m-tight sets containing s).
Furthermore, let

S1(m) := U{T,,(¢) : m(t) = B}. 4.4)

Then §;(m) is m-tight and S ;(m) is actually the unique smallest m-tight set containing all
the B;-valued elements of m.

Theorem 4.2. A 3,-covered element m of B is pre-dec-min if and only if m(s) > By — 1 for
each s € §1(m).

Proof. Necessity. Let m be a pre-dec-min element of B. For any 3;-valued element ¢ € S
and any element s € T,,(¢), we claim that m(s) > 8, —1. Indeed, if we had m(s) < 8;—2, then
the vector m’ arising from m by decreasing m(¢) by 1 and increasing m(s) by 1 belongs to B
(since T,,(¢) is the smallest m-tight set containing 7) and has one less 5;-valued components
than m has, contradicting the assumption that m is pre-dec-min.

Sufficiency. Let m’ be an arbitrary ;-covered integral element of B. Abbreviate S (m)
by Z and let 4’ denote the number of elements z € Z for which m’(z) = 8;. Then

1ZI(B1 = 1) + ri(m) = m(Z) = p(Z) < m'(Z)
SHBL+(ZI -G = 1) = |ZIB = D+ I
<|ZIB1 = 1) + r(m),
from which r;(m) < ry(m’), as required. n

Define the set-function /2; on S as follows.
hi(X) .= p(X)—(B; — |X| for X CS. 4.5)

Theorem 4.3. For the minimum number ry of 5,-valued components of a 3,-covered mem-

ber of B, one has
rr=max{h(X): X CS}. (4.6)
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4.2 The peak-set S | 13

Proof. Let m be an element of B for which the maximum of its components is 3, and let X
be an arbitrary subset of S. Suppose that X has ¢ 5;-valued components. Then

pX) < m(X) < B+ (XI-OB1 - 1) = IXIB1— D+ < IXIB1— 1)+ ri(m), (4.7)
from which r;(m) > p(X) — (8, — D|X| = h(X), implying that

ry = min{ri(m) : m € B, mis Bi-covered } > max{h;(X): X C S}

In order to prove the reverse inequality, we have to find a 5;-covered integral element m
of B and a subset X of § for which r;(m) = h;(X), which is equivalent to requiring that each
of the three inequalities in holds with equality. That is, the following three optimality
criteria hold: (a) X is m-tight, (b) X contains all §;-valued components of m, and (c)
m(s) > B — 1 for each s € X.

Let m be a pre-dec-min element of B. Then S (m) is m-tight, S,(m) contains all ;-
valued elements and, by Theorem m(s) > B; — 1 for all s € §,(m), therefore m and
S 1(m) satisfy the three optimality criteria. ]

Note that r; is the number of §;-valued components of any pre-dec-min element (and in
particular, any dec-min element) of B.

4.2 The peak-set S

Since the set-function A, introduced in (4.5)) is supermodular, the maximizers of h; are
closed under taking intersection and union. Let §; denote the unique smallest subset of S
maximizing /;. In other words, S| is the intersection of all sets maximizing /;. We call this
set S| the peak-set of B (and of E).

Theorem 4.4. For every pre-dec-min (and in particular, for every dec-min) element m of B,
the set S 1(m) introduced in .4) is independent of the choice of m and S (m) = S |, where
S| is the peak-set of B.

Proof. It follows from Theorem |4.3|that, given a pre-dec-min element m of B, a subset X is
maximizing h; precisely if the three optimality criteria mentioned in the proof hold. Since
S 1(m) meets the optimality criteria, it follows that S| C S (m). If, indirectly, there is an
element s € §(m) — S, then m(s) = B; — 1 since S contains all the 8,-valued elements.
By the definition of S ;(m), there is a 8;-valued element r € S (m) for which the smallest
m-tight set T,,(7) contains s, but this is impossible since S is an m-tight set containing ¢ but
not s. |

Since S| = §(m) is m-tight and near-uniform, we obtain that

171(51)} _ {P(Sl)w’

pi=| s 1= 1 sy

and the definitions of S'; and r; imply that

ri=pS1) =B = DISul. (4.8)
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Proposition4.5. S| = {s € S : there is a pre-dec-min element m € B with m(s) = B}. For
every pre-dec-min element m of B, m(s) > By — 1 holds for every s € S1, and m(s) < 8; — 1
holds for every s € § — S .

Proof. If m(s) = 3, for some pre-dec-min m, then s € S(m) = §;. Conversely, let s € §
and let m be a pre-dec-min element. We are done if m(s) = B;. If this is not the case, then
m(s) = §; — 1 by Theorem By the definition of S |(m), there is an element ¢ € S ;(m) for

which m(¢) = 8, and s € T,,,(t). But then m’ := m + y, — x; 1s in B, m '(s) = B and m’ is also
pre-dec-min as it is value-equivalent to m. (]

4.3 Separating along S,

Let S be the peak-set occurring in Theoremand let S :=8-S. Let p; = p|§ denote
the restriction of p to S, and let B; € R5! denote the base-polyhedron defined by p;, that
is, By := B'(p;). Suppose that S| # 0 and let p| := p/§, that is, p] is the set-function on
S| obtained from p by contracting S| (p}(X) = p(§;1 U X) — p(§) for X C §).

Consider the face F of B determined by S, that is, F' is the direct sum of the base-

polyhedra B, = B'(p;) and B} = B’(p}). Then the dec-min elements of El are exactly
the integral elements of the intersection of By and the box given by {x : B; — 1 < x(s) <

B1 for every s}. Hence the dec-min elements of B; are near-uniform.

Theorem 4.6. An integral vector m = (m, m}) is a dec-min element of B if and only if my

is a dec-min element of B\ and m is a dec-min element of B).

Proof. Suppose first that m is a dec-min element of B. Then S| = S (m) by Theorem
and m is a max-minimizer, implying that every component of m in S is of value 8; — 1 or
value B, and m has exactly r; components of value ;. Therefore each of the components

of m; is B; — 1 or By, that is, m, is near-uniform. Since m; is obviously in Bl, m, 1s indeed
dec-min in Bl
Since m(S) = p(S1), foraset X C S’, we have

my(X) =m(X) =m(S1UX)—m(S)=m(S UX)—p(S1) 2 p(S1UX)—p(S1) = pi(X).
Furthermore

my(S) =m(S) =m(S; US| —mS;)=pS,1US)) - pS1)=piSh),
that is, m] is in B’1 If, indirectly, m/ is not dec-min, then, by applying Theorem to S,

m/, and p}, we obtain that there are elements # and s of S| for which m(7) > m/(s) + 2 and
(*) no fs-set exists which is m-tight with respect to p}. On the other hand, m is a dec-min

element of B for which
m(t) = my(t) = mi(s) +2 = m(s) + 2,

and hence there must be a £s-set Y which is m-tight with respect to p.
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Since S| is m-tight with respect to p, the set §; U Y is also m-tight with respect to p. Let
X :=87NY. Then

mX)+m(S) =m(S,VY)=pS,UY)=pSUX),
and hence
mi(X) =m(X) = pS1UX)—m(S) = pS,UX)-pS) = pi(X),

that is, X is a £s-set which is m-tight with respect to p}, in contradiction with statement (x)
above that no such set exists.

To see the converse, assume that m; is a dec-min element of B; and m] is a dec-min
element of B’l This immediately implies that m is in the face F' of B determined by S .
Suppose, indirectly, that m is not a dec-min element of B. By Theorem , there are
elements ¢ and s of S for which m() > m(s) + 2 and (**) no fs-set exists which is m-tight
with respect to p. If € S, then s cannot be in §; since the m-value of each element of S
is By or B; — 1. But §; is m;-tight with respect to p and hence it is m-tight with respect to p,
contradicting property (*x*). Therefore  must be in S|, implying, by Proposition that s
isalsoin §7.

Since m] is a dec-min element of é}l, there must be a s-set ¥ C §'| which is m|-tight with
respect to p/. It follows that

m(Y) =my(Y) = pi(Y) = p(S1UY) = p(S1) <m(S; UY) —m(S) = m(Y),

from which m(S; U Y) = p(S U Y), contradicting property (xx) that no ¢s-set exists which
is m-tight with respect to p. ]

An important consequence of Theorem [{.6]is that, in order to find a dec-min element of
B, it will suffice to find separately a dec-min element of B; (which was shown above to be

a near-uniform vector) and a dec-min element of B] The algorithmic details is discussed in
[12].

Theorem 4.7. Let S| be the peak-set of B. For an element m, of B,, the following properties
are pairwise equivalent.

(A1) my hasry (= p(S1) — (B1 — DIS1| > 0) components of value B, and |S1| —r; (= 0)
components of value 3, — 1.

(A2) my is near-uniform.

(A3) m, is dec-min in 31

(B1) my is the restriction of a dec-min element m of BioS,.

(B2) my is the restriction of a pre-dec-min element m of BioS.

Proof. The implications (A1)—(A2)—(A3) and (B1)—(B2) are immediate from the defi-
nitions.
(A3)—(B1): Let m| be an arbitrary dec-min element of B]. By Theorem m =

(my,m)) is a dec-min element of B and hence m; is indeed the restriction of a dec-min
element of Bto S;.
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(B2)—(Al): By Theorems§.2]and 4.4 we have m,(s) > 3; — 1 foreach s € S (m) = S,
that is, 8; — 1 < my(s) < B;. By letting ' denote the number of S;-valued components of
my, we obtain by (4.8) that

rn+ @G =DISi=pi(S) =m(S) =B —DISi|+7
and hence v’ = ry. n

Theorem implies that, in order to characterize the set of dec-min elements of B, it
suffices to characterize the set of dec-min elements of Bj.

Theorem 4.8. Let 3, denote the smallest integer for which B’1 has a B,-covered element,
that is, B, = B(B'). Then

p1(X)
|X|

where p|(X) = p(X U S ) — p(S1). Furthermore, B, is the largest component in S — § | of

ﬁzzmax{[ }:@ngS—Sl}, (4.9)

every dec-min element of B, and B2 < Bi.

Proof. Formula (4.9) follows by applying Theorem@ to base-polyhedron B} (= B'(p})) in
place of B. By Theorem 4.6| the largest component in § — S of any dec-min element m of
B is 2. By Theorem 4 - 4, §1(m) = S, and the definition of S (/) shows that m(s) <8 — 1
holds for every s € S — §, from which 8, < 3, follows. ]

4.4 The matroid M, on S,

It is known from the theory of base-polyhedra that the intersection of an integral base-
polyhedron with an integral box is a (possibly empty) integral base-polyhedron. Moreover,
if the box in question is small, then the intersection is actually a translated matroid base-
polyhedron (meaning that the intersection arises from a matroid base-polyhedron by trans-
lating it with an integral vector). This result is a consequence of the theorem that (*) any
integral base-polyhedron in the unit (0, 1)-cube is the convex hull of (incidence vectors of)
the bases of a matroid.
Consider the special small integral box T; C Z5' defined by

Ty:={x:B1—1<x(s) <P}

and its intersection B} := B;NT, with the base-polyhedron B, investigated above. Therefore
B is a translated matroid base-polyhedron and Theorem {.7)implies the following.

Corollary 4.9. The dec-min elements of B, are exactly the integral elements of the trans-
lated matroid base-polyhedron B;. ]

Our next goal is to reprove Corollary 4.9 by concretely describing the matroid in question
and not relying on the background theorem (x) mentioned above. For a dec-min element
m; of Ei, let

Li(my) :={s €S8y :m(s) =pi}.
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We know from Theorem that |L,(m;)| = r;. Define a set-system B, as follows:
B, :={LCS;:L=Li(m) for some dec-min element m; of éi}. (4.10)

We need the following characterization of 5;.

Proposition 4.10. An ry-element subset L of S is in B, if and only if
ILNX| > pi(X) := p1(X) = (B1 — DIX| whenever X C S;. 4.11)

Proof. Suppose first that L € B, that is, there is a dec-min element m; of Bl for which
L= L] (ml) Then
B1 = DIX|+ XN L = mi(X) 2 pi(X),

for every subset X C S from which (.11) follows.
To see the converse, let L € S be an r-element set meeting (4.11). Let

1 if selL

mi(s) = {,81 1 if seS—L (+12)

Then obviously L = L;(m;). Furthermore,

mi(S1) =@ = DISiII+ILI =@ = DISi[+r =p(Sy)

and
mi(X) = (B; — D|X| +|L N X| = p;(X) whenever X C S,

showing that m; € B;. Since m; € T, we conclude that m, is a dec-min element of 31 m

Theorem 4.11. The set-system B, defined in (@.10) forms the set of bases of a matroid M,
on ground-set S |.

Proof. The set-system $; is clearly non-empty and all of its members are of cardinality ry.
It is widely known [5]] that for an integral submodular function b on a ground-set S the
set-system

{LCS,: |LNX]|<b(X) whenever X C Sy, |L| =b(S) },

if non-empty, satisfies the matroid basis axioms. This implies for the supermodular function
p) that the set-system {L : [L N X| > p|(X) whenever X C Sy, |L| = p{(S1)}, if non-empty,
forms the set of bases of a matroid. By applying this fact to the supermodular function p]
defined by p|(X) := p1(X) — (81 — 1)|X], one obtains that B, is non-empty and forms the set
of bases of a matroid. ]

In this way, we proved the following more explicit form of Corollary 4.9
Corollary 4.12. Let A : S| — Z denote the integral vector defined by A((s) := B, — 1 for

s € S1. A member my of B, is decreasingly minimal if and only if there is a basis B, of M,
such that m; = yp, + A;. m
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4.5 Value-fixed elements of S ; 18

4.5 Value-fixed elements of S ;

We say that an element s € S is value-fixed with respect to B if m(s) is the same for every
dec-min element m of B. In Section|6.3] we will show a description of value-fixed elements
of B. In the present section, we c0n51der the value-fixed elements with respect to By, that
is, s € § is value-fixed if m(s) is the same for every dec-min element m; € 31 Recall that

my € 31 was shown to be dec-min precisely if 81 — 1 < m;(s) < B; foreach s € §;.

A loop of a matroid is an element s € S| not belonging to any basis. (Often the singleton
{s} is called a loop, that is, {s} is a one-element circuit). A co-loop (or cut-element or
isthmus) of a matroid is an element s belonging to all bases.

Proposition 4.13. M, has no loops.

Proof. By Proposition for every s € S there is a pre-dec-min element m of B for which

m(s) = B1. Then m; := m|S is a pre-dec-min element of 31 by Theorem from which s,
belongs to a basis of M; by Corollary L]

The proposition implies that:

Proposition 4.14. If s € S is value-fixed (with respect to By), then m|(s) = 8| for every
dec-min element m; of Bj. m

By Corollary .12} an element s € S is a co-loop of M, if and only if m;(s) = 8, holds
for every dec-min element m; of B;. This and Theorem 4.6|imply the following.

Theorem 4.15. For an element s € S|, the following properties are pairwise equivalent.
(A) sisa co-loop of M.

(B) s is value-fixed.

(C) m(s) = By holds for every dec-min element m ofé. ]

Our next goal is to characterize the set of value-fixed elements of S ;. Consider the family
of subsets S| defined by

Fr:={XC 81 BilX] = p(X)}. (4.13)

The empty set belongs to 77 and it is possible that 7, has no other members. By standard
submodularity arguments, 77 is closed under taking union and intersection. Let F; denote
the unique largest member of F;. It is possible that F; = §; in which case we call §,
degenerate.

Theorem 4.16. An element s € S| is value-fixed if and only if s € F.
Proof. Let m; be a dec-min member of Bl Then
BUF | = m(Fy) > pi(Fy) = BilF

and hence we must have 5; = m,(s) for every s € F, that is, the elements of F are indeed
value-fixed.
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Conversely, let s be value-fixed, that is, m;(s) = §; for each dec-min element m,; of 31
Let m; be a dec-min member of B;. Let Z denote the unique smallest set containing s
for which m(Z) = py(Z). (Thatis, Z = T,,(s; p1).) We claim that m,(r) = B, for every
element 1 € Z. For if m (1) = B, — 1 for some 7, then m| := m; — x, + x; would also
be a dec-min member of éi, contradicting the assumption that s is value-fixed. Therefore
p1(Z) = mi(Z) = B1]Z] from which the definition of F; implies that Z C F; and hence
s € Fy. [

5 The set of dec-min elements of an M-convex set

Let B = B’(p) denote again an integral base-polyhedron defined by the (integer-valued)
supermodular function p. As in the previous section, B continues to denote the M-convex
set consisting of the integral vectors (points, elements) of B. Our present goal is to provide
a complete description of the set of decreasingly-minimal (= egalitarian) elements of B by
identifying a partition of the ground-set, to be named the canonical partition, inherent in
this problem. As a consequence, we show that the set of dec-min elements has a matroidal
structure and this feature makes it possible to solve the minimum cost dec-min problem.

5.1 Canonical partition and canonical chain

In Section [ we introduced the integer 8; as the minimum of the largest component of the
elements of B as well as the notion of peak-set S| of S. We considered the face of B
defined by §; that was the direct sum of base-polyhedra By = B'(p;) and B} = B'(p)),
where p; denoted the restriction of p to §; while p| arose from p by contracting §; (that is,
pi(X) = p(S1UX) = p(S1)).

A consequence of Theorem [4.6] is that, in order to characterize the set of dec-min ele-
ments of B, it suffices to characterize separately the dec-min elements of B, and the dec-
min elements of B’l. In Theorem we characterized the dec-min elements of B1 as those
belonging to the small box T := {x € RS : B, —1 < x(s) < B, for s € S;}. We also proved
that the set B; of dec-min elements of 81 can be described with the help of matroid M. If
the peak-set S| happens to be the whole ground-set S, then the characterization of the set
of dec-min elements of B is complete. If §; C §, then our remaining task is to characterize
the set of dec-min elements of B’1 This can be done by repeating iteratively the separation
procedure to the base-polyhedron B = B'(p}) C R~5! described in Section for B.

In this iterative way, we are going to define a partition * = {S,S5,...,5,} of § which
determines a chain C* = {C,C,,...,C,} where C; ;= §; U S, U---US; (in particular
C, = §), and the supermodular function

p; == p/C; onset C:=8-C

which defines the base-polyhedron B! = B'(p}) in RS. Moreover, we define iteratively a
decreasing sequence §; > 3, > -+ > 3, of integers, a small box

T;:={xeR%: B;—1<x(s) <B;forseS;, (5.1)
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5.1 Canonical partition and canonical chain 20

and the supermodular function p; on S ;, where

pii=pialSi (= (p/CinIS), (5.2)

that 1s,
pi(X) = p(XUCi,y) — p(Ciy) for XCS,.

Let B; := B'(p;) C R% be the base-polyhedron defined by p;.

In the general step, suppose that the pairwise disjoint non-empty sets S1,S5,,...,5 ;-1
have already been defined, along with the decreasing sequence 3| > > > --- > f;_; of
integers. If § = §,U---US§ ;_y, then by taking g := j— 1, the iterative procedure terminates.
So suppose that this is not the case, that is, C;_; C §. We assume that p;_; on S ;_; has been
defined as well as p;._l on a

Let

} 0£XCC), (5.3)

that is, XUC.) )
pXUCj1) - p(Cj-

ﬂj = max{[ ! |1)(| !

Note that, by the iterative feature of these definitions, Theorem .8 implies that

L@ixgagy (5.4)

Bj < Bj-1-
Furthermore, let i1; be a set-function on C;_; defined as follows:
hi(X) := P}—l(X) - Bj—DIX| for X CCjy, (5.5)

and let §; C a be the peak-set of a assigned to B’ | := B'(p/_)), thatis, §; is the
smallest subset of a maximizing h;. Finally, let p; := p;._llS j and let p’ := p}_l/S j
Observe by (2.3) that p;. = p/C;. Therefore p; is a set-function on S ; while p;. is defined
on EJ

We shall refer to the partition $* and the chain C* defined above as the canonical parti-
tion and canonical chain of §, respectively, assigned to B, while the sequence §; > --- > 3,
will be called the essential value-sequence of B. Let B® denote the face of B defined by the
canonical chain C*, that is, B® is the direct sum of the ¢ base-polyhedra B'(p;) i = 1,...,q).
Finally, let 7" be the direct sum of the small boxes T; (i = 1, ..., g), thatis, T is the integral
box defined by the essential value-sequence as follows:

T :={xeR": Bi—1<x(s)<p; wheneverse S;(i=1,...,9)}, (5.6)

and let
B :=B°NnT".

is always an integral base-polyhedron and hence B* is an integral base-polyhedron. Further-
more, B* is the direct sum of the g base-polyhedra B,NT; (i = 1,...,q), where B; = B'(p)),
implying that a vector m is in B*® if and only if each m; is in B; N T;, where m; = m|S ;.
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Theorem 5.1. Let B = B'(p) be an mtegral base polyhedron on ground-set S. The set
of decreasmgly minimal elements of B is (the M-convex set) B". Equivalently, an element
m € B is decreasingly minimal if and only if its restriction m; := m|S; to S; belongs to
B;NT;foreachi=1,...,q, where {S,...,S,} is the canonical partition of S belonging
to B, T; is the small box defined in (5.1)), and B; is the base-polyhedron B'(p;) belonging to
the supermodular set-function p; defined in (5.2).

Proof. We use induction on g. Suppose first that g = 1, thatis, S| =S and B; = B. If misa
dec-min element of B, then the equivalence of Properties (A1) and (A3) in Theoremd.7]im-
plies that m is in B. If, conversely, m € E‘, then m is near-uniform and, by the equivalence
of Properties (A1) and (A3) in Theorem 4.7 again, m is dec-min.

Suppose now that g > 2 and consider the base-polyhedron B} = B’(p)) appearing in
Theorem[.6 The iterative definition of the canonical partition $* implies that the canonical
partition of § —§'; assigned to B/ is {S,...,S,} and the essential value-sequence belonging
to B} i8 8 > B3 > -+ > B,. Also, the canonical chain C” := {C5, ..., C}} of B] consists of
thesets C; =S, U---US; =Ci=§; (i=2,...,9).

By applying the inductive hypothesis to B|, we obtain that an integral element m; of B
is dec-min if and only if m] is in the face of B} defined by chain C’ and m/ belongs to the
box 7' := {x e R551: B;—1 < x(s) <B; whenever s € S; (i =2,...,q)}. By applying
Theorem [4.6] we are done in this case as well. L]

Corollary 5.2. Let B = B'(p) be an integral base-polyhedron on ground-set S. Let {Cy, ..., C,}
be the canonical chain, {S |, ..., S ;} the canonical partition of S, and B, > > > --- > B, the
essential value-sequence belonging to B. Then an element m € B is decreaszngly minimal
if and only if each C; is m-tight (that is, m(C;) = p(C;)) and B; — 1 < m(s) < B; holds for
eachseS; (i=1,...,9). N

5.2 Obtaining the canonical chain and value-sequence from a dec-min
element

The main goal of this section is to show that the canonical chain and value-sequence can be
rather easily obtained from an arbitrary dec-min element of B. This approach will be crucial
in developing a polynomial algorithm in [[12] for computing the essential value-sequence
along with the canonical chain and partition.

Let m be an element of B. We called a set X C S m-tight if m(X) = p(X). Recall from
Section[2]that, for asubset Z C S, T,,(Z) = T,,(Z; p) denoted the unique smallest m-tight set
including Z, that is, 7,,(Z) is the intersection of all the m-tight sets including Z. Obviously,

T,(Z) = UT,(2) : z € Z). (5.7)

Let m be an arbitrary dec-min element of B. We proved that m is in the face B® of B
defined by the canonical chain C* = {C},..., C,} belonging to B. Therefore each C; is m-
tight with respect to p. Furthermore m; := m|S; belongs to the box T; defined in (5.1)). This
implies that m(s) > §; — 1 for every s € C; and m(s") < B4 for every s’ € C;. (The last
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inequality holds indeed since s’ € C; implies that s’ € S j for some j > i+ 1 from which
m(s’) < B < Bis1.) Since By < B; — 1, we obtain that each C; is an m-top set.
Since m; is near-uniform on S ; with values 3; and possibly 8; — 1, we obtain

’711'(51')} _ ’Vpi(Si)“ _ [P(Ci) - p(Ci—l)“.

pi=| S S S

LetL;,:={se€S —C;_; : m(s) =;} and let r; := |L;|. Then p;(S;) = m;(S;) = (B; — D|S:| + r;
and hence
ri = p(Ci) — p(Cizy) — (Bi — DIS|l. (5.8)

The content of the next lemma is that, once C;_; is given, the next member C; of the
canonical chain (and hence S;, as well) can be expressed with the help of m. Recall that
T,.(L;)) = T,,(L;; p) denoted the smallest m-tight set including L.

Lemma 5.3. C; = C;_; U T,,(L;; p).

Proof. Recall the definition of function A; given in (5.5)). We have
hi(S:) =ri (5.9)

since h;i(S) = pi_1(S)—(Bi=DISil = p(S;UCi1) = p(Ci)) = (Bi= DISi| = m(C;) —m(Ci_y) -
Bi = DISi| =m(S) = Bi = DISi| = ri.

Since L; € C; and each of C;_y, C;, and T,,(L;) are m-tight, we have C;_y UT,,(L;; p) € C;.
For X’ := T,,(L;) N C;_; we have

hi(X') = p(Ciy UT,(L)) - p(Ciy) — (B — DIX]]
= m(Ci.y UT,(L)) —m(Cisy) = (B; = DIX]|
= mX")— (B — DIX]| = |Li| = r; = hi(S)),

that is, X’ is also a maximizer of 4;(X). Since S; was the smallest maximizer of h;, we
conclude that C;_y U T,,(L;; p) 2 C;. m

The lemma implies that both the essential value-sequence 8, > --- > 3, and the canonical
chain C* belonging to B can be directly obtained from m.

Corollary 5.4. Let m be an arbitrary dec-min element of B. The essential value-sequence
and the canonical chain belonging to B can be described as follows. Value B, is the largest
m-value and C, is the smallest m-tight set containing all B-valued elements. Moreover, for
i=2,...,q, B;is the largest value of m|C;_; and C; is the smallest m-tight set (with respect
to p) containing each element of m-value at least ;. ]

A detailed algorithm based on this corollary will be described in [12]]. Note that a dec-
min element m of B may have more than ¢ distinct values. For example, if ¢ = 1 and
L, c C; = S, then m has two distinct values, namely £, on the elements of L; and 8; — 1 on
the elements of S — L, while its essential value-sequence consists of the single member ;.
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A direct proof Corollary [5.4] implies that the chain of subsets and value-sequence as-
signed to a dec-min element m of B in the corollary do not depend on the choice of m. Here
we describe an alternative, direct proof of this consequence.

Theorem 5.5. Let m be an arbitrary dec-min element of B. Let B1 denote the largest value
of m and let C; denote the smallest m-tight set (with respect to p) containing all B,-valued
elements. Moreover, fori = 2,3, ...,q, let B; denote the largest value of m|C,_; and let C;
denote the smallest m-tight set containing each element of m-value at least B;. Then the
chain C; C C, C --- C C, and the sequence 3 > 3, > - -+ > B, do not depend on the choice
of m.

Proof. Let z be dec-min element of B. We use induction on the number of elements ¢ of
S for which m(#) > z(¢). If no such an element ¢ exists, then m = z and there is nothing to
prove. So assume that z # m.

Let L; ;= {t € §; : m(t) = B;}. As m is dec-min, the definition of C; implies that
m(s) = B; — 1 holds for every element s € §; — L;. Lett € L; and let s € T,,(t) — L;. Then
m’ := m+y;—x; is also a dec-min element of B, and we say that m’ is obtained from m by an
elementary step. Observe that 7,,,(t) = T,,(s) and hence the chain and the value-sequence
assigned to m’ is the same as those assigned to m.

Let i denote the smallest subscript for which m|S; and z|S; differ. Since z is dec-min,
z(s) < Bi holds forevery s € §;. Let L) := {t € §; : z(t) = §;}. Then z(v) < 8; — 1 for every
veS;—L,and|L]| < |Lj] as z is dec-min. Therefore

AS) < BIL]+Bi = DAS; = L) = Bi = DISi| + L] < (Bi = DISi| + L.
On the other hand,

AS) =2UC) —UACiy) =2Cy) —m(Ciy)
> p(C) —m(Ci-y) = m(C;) — m(Ci—y) = m(S;) = (B — DISi| + |Lil.

Therefore we have equality throughout, in particular, Z(C;) = p(C)), |L]| = |L;, and z(v) =
Bi— lforeveryveS;— L.

Let t € L; be an element for which m(t) > z(t). Then m(t) = B; and z(r) = B; — 1. It
follows that 7,,(f) contains an element s for which z(s) > m(s), implying that m(s) = 5; — 1
and z(s) = B;. Now m(t) > m'(¢t) = z(¢) holds for the dec-min element m’ := m + y, — x;
obtained from m by an elementary step, and therefore we are done by induction. ]

5.3 Matroidal description of the set of dec-min elements

In Section #.4] we introduced a matroid M, on S; and proved in Corollary 4.9 that the
dec-min elements of B, are exactly the integral elements of the translated base-polyhedron
of M,, where the translation means the addition of the constant vector (8; — 1,...,8; —
1) of dimension |S;|. The same notions and results can be applied to each subscript i =
2,...,q. Furthermore, by formulating Lemma for subscript i in place of 1, we obtain
the following.
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Proposmon 5.6. The set-system B; :={L C S;: L = L;(m;) for some dec-min element m;

of B} } forms the set of bases of a matroid M; on ground-set S ;. An r;-element subset L of S ;
is a basis of M; if and only if

IL N X| > pi(X) := pi(X) — B — DIX]| (5.10)
holds for every X C S .. n

It follows that a vector m; on S ; is a dec-min element of Bl if and only if B8;—1 < m;(s) < B;
for each s € §; and the set L; := {s € S, : m;(s) = B;} is a basis of M;. Let M* denote the
direct sum of matroids M, ..., M, and let A* € Z5 denote the translation vector defined by

A*(s):=B;—1 whenever se€S;,i=1,...,q.
By integrating these results, we obtain the following characterization.

Theorem 5.7. Let B be an integral base-polyhedron. An element m of (the M-convex set)
Bis decreasingly minimal if and only if m can be obtained in the form m = y; + A" where
L is a basis of the matroid M*. The base-polyhedron B* arises from the base-polyhedron
of M* by adding the translation vector A*. Concisely, the set of dec-min elements of Bisa
matroidal M-convex set. [

Cheapest dec-min element An important algorithmic consequence of Theorems [5.1|and
is that they help solve the cheapest dec-min element problem, which is as follows. Let
¢ : § — Rbe a cost function and consider the problem of computing a dec-min element m
of an M-convex set B for which cm is as small as possible.

By Theorem the set B* of dec-min elements of B can be obtained from a matroid
M* by translation. Namely, there is a vector A* € Z5 such that m is in B® if and only if
there is a basis L of M* for which m = y; + A*. Note that the matroid M™ arises as the
direct sum of matroids M; defined on the members §; of the canonical partition. M, is
described in Proposition 4.10| and the other matroids M; may be determined analogously
in an iterative way. To realize this algorithmically, we must have a strongly polynomial
algorithm to compute the canonical partition as well as the essential value-sequence. Such
an algorithm will be described in [12]].

Therefore, in order to find a minimum c-cost dec-min element of E, it suffices to find a
minimum c-cost basis of M*. Note that, in applying the greedy algorithm to the matroids
M; in question, we need a rank oracle, which can be realized with the help of a submodular
function minimization oracle by relying on the definition of bases in {.1T)).

Recall that for integral bounds f < g, the intersection B, of a base-polyhedron B and the
box T'(f, g), if non-empty, is itself a base-polyhedron. Therefore the algorithm above can
be applied to the M-convex set By, that is, we can compute a cheapest dec-min element of
the intersection B, = BN T( 1, 8).
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6 Integral square-sum and difference-sum minimization

For a vector z € Z5, we can conceive several natural functions to measure the uniformity of
its component values z(s) for s € §. Here are two examples:

square-sum :  W(z) := Z}[z(s)2 cseS], (6.1)
difference-sum : A(z) := Z[lz(s) s £t s,teS]. 6.2)

For vectors z; and z, with 7;(S) = Z,(S), z; may be felt more uniform than z, if W(z;) <
W(z,), and z; may also be felt more uniform if A(z;) < A(zz). The first goal of this section
is to show, by establishing a fairly general theorem, that a dec-min element of an M-convex
set B is simultaneously a minimizer of these two functions. The second goal of this section
is to derive a min-max formula for the minimum integral square-sum of an element of an
M-convex set B, along with characterizations of (integral) square-sum minimizers and dual
optimal solutions.

6.1 Symmetric convex minimization

Let S be a non-empty ground-set of n elements: § = {1,2,...,n}. We say that function
® : Z5 — R is symmetric if

O(z(1),z(2),...,2(n)) = O(z(c (1)), z(d(2)),...,z2(c(n))) (6.3)
for all permutations o of (1,2,...,n). We call a function ® : Z5 — R convex if
AD(x) + (1 = DDP(y) = D(Ax + (1 = )y) (6.4)

whenever x,y € Z5, 0 <A< 1,and Ax + (1 — A)y is an integral vector; and strictly convex
if

AD(x) + (1 = HD(y) > O(Ax + (1 = Dy) (6.5)

whenever x,y € Z°, 0 < A1 < 1, and Ax + (1 — A)y is an integral vector.
In the special case where ¢ is a function in one variable, it can easily be shown that the
convexity of ¢ is equivalent to the weaker requirement that the inequality

20(k) < ok = 1) + ok + 1) (6.6)

holds for every integer k. It is strictly convex in the sense of (6.5) if and only if 2¢(k) <
@(k— 1)+ o(k + 1) holds for every integer k. For example, ¢(k) = k? is strictly convex while
¢(k) = |k| 1s convex but not strictly. Given a function ¢ in one variable, define ® by

D(z) = Z[go(z(s)) seS] 6.7)

for z € Z°. Such a function @ is called a symmetric separable convex function; note that
® is indeed convex in the sense of (6.4). When ¢ is strictly convex, @ is also called strictly
convex.
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Example 6.1. The square-sum W(z) in (6.1)) is a symmetric convex function which is sep-
arable and strictly convex. (]

Example 6.2. The difference-sum A(z) in (6.2)) is a symmetric convex function which is
neither separable nor strictly convex. More generally, for a nonnegative integer K, the
function defined by

Ak(2) = Z[(IZ(S) -z -K) :s#t, s,t€S]
is a symmetric convex function, where (x)* = max{x, 0}. [

The following statements show a close relationship between decreasmg minimality and
the minimization of symmetric convex ® over an M-convex set B.

Proposition 6.1. Let B be an mtegral base-polyhedron and ® a symmetric convex function.
Then each dec-min element of B is a minimizer of ® over B.

Proof. Since the dec-min elements of B are value- equivalent and @ is symmetric, the ®-
value of each dec-min element is the same value u. We claim that ®(m) > u for each
m € B. Suppose indirectly that there is an element m of B for which ®(m) < u. Then m is
not dec-min in B and Property (A) in Theorem [3 H 1mphes that there is a 1-tightening step
for m resulting in decreasingly smaller member of B, that is, there exist 5,7 € S such that
m(t) >m(s)+2andm’ :=m+ y, — x; € B.

Let @ = m(t) —m(s), where @ > 2, and define z = m + a(y — x,). Since z is obtained from
m by interchanging the components at s and z, ®(m) = ®(z) by symmetry (6.3). Note that
the vector z may not be a member of B. For A =1 — 1/a we have

/lm+(1—/l)z:(1—é)m+é(m+aws—)(t)):m+)(s—)(t=m'GE(QZS), (6.8)

from which A®(m) + (1 — )P(z) > P(m’) by convexity (6.4). Since ®(m) = D(z), this
implies ®(m) > ®(m’). After a finite number of such 1-tightening steps, we arrive at a
dec-min element m of B, for which u = ®(my) < ®(m) < u, a contradiction. [

Note that if @ is convex but not strictly convex, then ® may have minimizers that are not
dec-min elements. This is exemplified by the identically zero function ® for which every
member of B is a minimizer. However, for strictly convex functions we have the following
characterization.

Theorem 6.2. Given an integral base-polyhedron B and a symmetric strictly convex func-
tion @, an element m of B is a minimizer of © if and only if m is a dec-min element of
B.

Proof. If m is a dec-min element, then m is a ®-minimizer by Proposition To see
the converse, let m be a ®-minimizer of B. If, indirectly, m is not a dec-min element, then
Property (A) in Theorem [3.3|implies that there is a 1-tightening step for m, that is, there exist
s,t € § suchthat m(t) > m(s)+2and m’ := m+y;—x, € B. Fora = m(t)—-m(s),A=1-1/a,
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and z = m + a(x, — x:), we have (6.8)), from which we obtain AD(m) + (1 — )D(2) > O(m’)

by strict convexity (6.5), and hence ®(m) > ®(m’), a contradiction to the assumption that m

is a O-minimizer. [
We obtain the following as corollaries of this theorem.

Corollary 6.3. Let B be an integral base-polyhedron and ® a symmetric separable convex
function. Then each dec-min element of B is a minimizer of ® over B, and the converse is
also true if, in addition, ® is strictly convex. ]

Corollary 6.4. For an M-convex set B, an element m of Bisa square-sum minimizer if and
only if m is a dec-min element of B. ]

An immediate consequence of Corollary is that a square-sum minimizer of B mini-
mizes an arbitrary symmetric separable discrete convex function. Note, however, that this
consequence immediately follows from a much earlier result of Groenevelt [18] below,
which deals with the minimization of a (not-necessarily symmetric) separable convex func-
tion.

Theorem 6.5 (Groenevelt [[18]]; cf. [16, Theorem 8.1]). Let B be an integral base-polyhedron,
B be the set of its integral elements, and ®(2) = Y [¢s(z(s)) : s € S] for z € Z5, where
¢s : L — R U {+0o0} is a discrete convex function for each s € S. An element m ofné is a
minimizer of ©(z) if and only if s(m(s) + 1) + @,(m(t) — 1) > @ (m(s)) + ¢,(m(t)) whenever
m+ xs—x: €B. -

A dec-min element is also characterized as a difference-sum minimizer.

Theorem 6.6. For an M-convex set B, an element m of Bisa difference-sum minimizer if
and only if m is a dec-min element of B.

Proof. By Proposition [6.1] every dec-min element is a difference-sum minimizer. To show
the converse, suppose indirectly that there is difference-sum minimizer m that is not dec-

min in B. Property (A) in Theoremn implies that there is a 1- tlghtemng step for m, that

is, there exist s, € S such that m(t) > m(s)+2and m’ :=m+y;—x, € B. Here we observe
that |m’(s) — m’(t)| = |[m(s) — m(t)| — 2 and

=2 if m(s) < m(v) < m(r)
0 otherwise.

(Im’ (V) —m' ()] +|m’ (V) —m'(O) = (Imv) —m(s)|+|m() -m(@)]) = {

This shows A(m") < A(m) — 2, a contradiction. [

Remark 6.1. We emphasize that there is a fundamental difference between the problems of
finding a minimum square-sum element over a base-polyhedron B and over the M-convex
set B (the set of integral elements of B). In the first case (investigated by Fujishige [15,

16l]), there alway exists a smgle unique solution, while in the second case, the square-
sum minimizer elements of B have an elegant matroidal structure. Namely, Corollary |6 .
shows that the square-sum minimizers are exactly the dec-min elements of B and hence, by
Theorem|[5.7] the set of square-sum minimizers of an M-convex set arises from the bases of
a matroid by translating their incidence vectors with a vector. ]
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Remark 6.2. Corollary says that an element m of an M-convex set B is dec-min pre-
cisely if m is a square-sum minimizer. One may feel that it would have been a more natural
approach to derive this equivalence by showing that x <4.. y holds precisely if W(x) < W(y).
Perhaps surprisingly, however, this equivalence fails to hold, that is, the square-sum is not
order-preserving with respect to the quasi-order <4... To see this, consider the following
four vectors in increasing order:

my =(2,3,3,1) <gee M2 =(3,3,3,0) <gec m3 = (2,2,4,1) <gec ma = (3,2,4,0).
Their square-sums admit a different order:
W(im,) =23, W(my) =27, W(ms) =25 W(my) =29.

The four vectors m; (i = 1,2, 3,4) form an M-convex set. Among these four elements, m, is
the unique dec-min element and the unique square-sum minimizer but the decreasing-order
and the square-sum order of the other three elements are different. We remark that if ¢ in
is not only strictly convex but ‘rapidly’ increasing as well, then x <4 y can be proved
to be equivalent to ®(x) < ®(y). This intuitive notion of rapid increase is formalized in
[L1]. "

Remark 6.3. For the intersection of two M-convex sets, dec-min elements and square-sum
minimizers may not coincide. Here is an example. Let

B; ={(3,3,3,0), (2,2,4,1), (2,3,3,1), (3,2,4,0)},
B, =1{(3,3,3,0), (2,2,4,1), (3,2,3,1), (2,3,4,0)},

which are both M-convex. In their intersection B; N B, = {(3,3,3,0), (2, 2,4, 1)}, the vector
(3, 3,3,0) is the unique dec-min element while (2, 2,4, 1) is the unique square-sum mini-
mizer. This demonstrates that the two notions of optima may differ for the intersection of
two M-convex sets. [

Remark 6.4. For a, b, ¢ > 0, the function defined by

@) =a ) ks)+b ) J2(s) = 2] + ¢ Y lals) + 2(0)]

seS St SFt

is a symmetric convex function. More generally, a function of the form

D) = > @i + D eallz(s) = 2O + D @aa(s) +2(0)),

seS S#L S#Lt

where ¢y, @2, @3 : Z — R are (discrete) convex functions, is a symmetric convex function
which is not separable. Such a function is an example of the so-called 2-separable convex

functions. By Theorem a dec-min element of B is a minimizer of function ® over B.
The minimization of 2-separable convex functions is investigated in depth by Hochbaum

and others [[1}, 21}, 22]] using network flow techniques. ]
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Remark 6.5. Theorem [6.2]is a discrete counterpart of a result of Maruyama [30] for the
continuous case. See also Nagano [34, Corollary 13]. Symmetric convex function mini-
mization is studied, mainly for the continuous case, in the literature of majorization [2, 29].

|

Remark 6.6. A min-max formula can be derived for the square-sum (see Section
and, more generally, for separable convex functions from the Fenchel-type duality theorem
in DCA [32, 33]. However, we cannot use the Fenchel-type duality theorem to obtain
a min-max formula for non-separable symmetric convex functions, since non-separable
symmetric convex functions are not necessarily M-convex. ]

6.2 Min-max theorem for integral square-sum

Recall the notation W(z) = [z(s)? : s € S] for the square-sum of z € Z5. Given a
polyhedron B, we say that an element m € B is a square-sum minimizer (over B) or that m
is an integral square-sum minimizer of B if W(m) < W(z) holds for each z € B. The main
goal of this section is to derive a min-max formula for the minimum integral square-sum
of an element of an M-convex set B, along with a characterization of (integral) square-sum
minimizers.

A set-function p on S can be considered as a function defined on (0, 1)-vectors. It is
known that p can be extended in a natural way to every vector 7 in R%, as follows. For the
sake of this definition, we may assume that the elements of § are indexed in a decreasing
order of the components of 7, that is, 7(s;) > - - - > n(s,) (Where the order of the components
of 7 with the same value is arbitrary). For j = 1,...,n,letI; := {sy,...,s;} and let

n—1
p(r) := pL)n(s,) + Z pUY[n(s)) — n(sjs)]. (6.9)

j=1
Obviously, p(Z) = p(xz). The function p is called the linear extension of p.

Remark 6.7. The linear extension was first considered by Edmonds [5] who proved for a
polymatroid P = P(b) defined by a monotone, non-decreasing submodular function b that

max{nx : x € P} = b(7r) when 7 is non-negative. The same approach shows for a base-

polyhedron B = B’(p) defined by a supermodular function p that min{rrx : x € B} p().
Another basic result is due to Lovész [28]] who proved that p is submodular if and only if p
is concave. We do not, however, explicitly need these results, and only remark that in the
literature the linear extension is often called Lovasz extension. [

Our approach is as follows. First, we consider an arbitrary set-function p on S (super-
modular or not) along with the polyhedron

B=B(p):={x:xeR% X(Z)> p(Z) forevery Zc S and X(S) = p(S)},

and develop an easily checkable lower bound for the minimum square-sum over the integral
elements of B. If this lower bound is attained by an element m of B, then m is certainly a
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square-sum minimizer independently of any particular property of p. For general p, the
lower bound (not surprisingly) is not always attainable. We shall prove, however, that it is
attainable when p is (fully) supermodular. That is, we will have a min-max theorem for the

minimum square-sum over an M-convex set B, or in other words, we will have an easily

checkable certificate for an element m of B to be a minimizer of the square-sum.
We shall need the following two claims. For any real number « € R, let |[@] denote the
largest integer not larger than «, and [« the smallest integer not smaller than a.

Claim 6.7. For m,m € Z°, one has

;{?H’T[(@W Zm(s)[n(s) m(s)]. (6.10)

Moreover, equality holds if and only if
m(s) € {[?J, [?-‘} for every s € S. (6.11)

Proof. The claim follows by observing that |a/2|[a/2] > b(a — b) holds for any pair of
integers a and b, where equality holds precisely if b € {|a/2],[a/2]}. "

Let p be an arbitrary set-function on S with p(@) = 0 and consider an integral element
m of the polyhedron B = B’(p). Recall that a non-empty subset X € S was called a strict

n-top set if m(u) > n(v) held whenever u € X and v € § — X. In what follows, for an m € B,
m-tightness of a subset Z C S means m(Z) = p(Z).

Claim 6.8. Form € B and n € 75, one has

) < D ms)n(s). (6.12)

seS

Moreover, equality holds if and only if each (of the at most n) strict n-top set is m-tight.

Proof. Suppose that the elements of S are indexed in such a way that 71(s;) > 7(sy) > -+ >
n(s,). For j=1,...,n,letl; :={sy,...,s;}. Then

n—1
P = pUn(s) + > pUpln(s)) = a(sj)]
j=1

n—1

(s, + ) mdla(s) - alsj)]

J=1

IA

= Z m(s;)m(s;) — Z m(s)m(s 1)

1<i<j<n 1<i<j<n-1

= D mlsom(s)— D mlspa(sy)
1<i<j<n 1<i<j'<n
n

= > m(spn(s)),

J=1
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from which (6.12) follows. Furthermore, we have equality in (6.12) precisely if m(l;) =
p(I;) holds whenever n(s;) — n(sj.1) > 0. But this latter condition is equivalent to requiring
that each strict wr-top set is m-tight. ]

Proposition 6.9. Let p be an arbitrary set-function on S with p(0) = 0 and let m be an
integral element of the polyhedron B = B'(p). Then

> m(sy 2 pm - {?”?} (6.13)

seS seS

whenever n € Z5 is an integral vector. Furthermore, equality holds for m and r if and only
if the following optimality criteria hold:

(01 (6.11) holds: m(s) € {{?J, F?-‘} for every se S, (6.14)

(02) each strict mr-top-set is m-tight with respect to p. (6.15)

Proof. Let 7 € Z°. By the two preceding claims,

Sm(s? = Y ()= 3 mstats) - m = po - 3|2 [T 616)

seS seS seS seS 2

from which (6.13) follows. The claims also immediately imply that we have equality in
(6.13)) precisely if the optimality criteria (O1) and (O2) hold. "

The min-max formula in the next theorem concerning min square-sum over the integral
elements of an integral base-polyhedron can be derived from the more general Fenchel-
type duality theorem in DCA (see [32] and also Theorem 8.21, page 222, in the book [33]),
or from a recent framework [14] of separable discrete convex function minimization over
the integer points in an integral box-TDI polyhedron. However, our proof relies only on
the relatively simple characterization of dec-min elements described in Theorem In
particular, we need no results of Sections @] and [5

Theorem 6.10. Let B = B’(p) be a base-polyhedron defined by an integer-valued fully
supermodular function p. Then

min{ )" m(s)* : m € B} = max{p(z) - > {?”?} e Z5). (6.17)
seS seS§

Proof. By Proposition min > max holds in and hence all what we have to
prove is that there is an element m € B and an integral vector 7 € Z° meeting the two
optimality criteria formulated in Proposition Let m be an arbitrary dec-min element of
B. By Property (B) of Theorem there is a chain (0 ) C; c C; € --- Cc C, = S of
m-tight and m-top sets for which the restrictions of m onto the difference sets §; := C;—C;_;
(i=1,...,¢) are near-uniform in S; (where Cy := 0). Note that {S{, ..., S} is a partition of
S.
Fori=1,...,¢ let B;(m) := max{m(s) : s € §;}. Define n,, : S — Z by

Tm(s) :=26m)—11if s€S§; (i=1,...,0).
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We have
Lmn(s)/2] = Bi(m) — 1 < m(s) < Bi(m) = [m,(s5)/2]

for every s € §;, and hence Optimality criterion (O1) holds for m and r,,.

We claim that each strict m,,-top set Z is a member of chain C. Indeed, as =, is uniform
in each § ;, if Z contains an element of S ;, then Z includes the whole § ;. Furthermore, since
each member of C is an m-top set, we have By(m) > B>(m) > --- > B,(m), and hence if Z
includes S j, then it includes each §; with i < j. Therefore every strict m,,-top set is indeed
a member of the chain, implying Optimality criterion (02). (]

It should be noted that the optimal dual solution 7, obtained in the proof of the theorem
is actually an odd vector in the sense that each of its component is an odd integer.

Corollary 6.11. There is an odd dual optimizer nt in the min-max formula (6.17), that is,
the min-max formula in Theorem[6.10|can be re-written as follows:

n(s)? =1

1 e, misodd). (6.18)

min{Z m(s)? : m € B} = max{p(x) — Z

seS seS

We emphasize that for the proof of Theorem [6.10] and Corollary [6.11] we relied only on

Theorem 3.3/and did not need the characterization of the set of dec-min elements of B given

in Section

In the proof of Theorem we chose an arbitrary dec-min element m of B and an

arbitrary chain of m-tight and m-top sets such that m is near-uniform on each difference

set. In Section [5] we proved that there is a single canonical chain C* which meets these

properties for every dec-min element of B. Therefore the dual optimal 7* assigned to C*

is also independent of m. Namely, consider the canonical §-partition {Sy,...,S,} and the
essential value-sequence g, > --- > f,. Define 7* by

m(s):=2B;—-1if seS;(i=1,...,9). (6.19)

As we pointed out in the proof of Theorem [6.10} this * is also a dual optimum in (6.17).
We shall prove in the next section that 7* is actually the unique smallest dual optimum in
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6.3 The set of optimal duals to integral square-sum minimization

We proved earlier that an element m € B is a square-sum minimizer precisely if it is a
dec-min element. This and Theorem imply that the square-sum minimizers of B are
the integral members of a base-polyhedron B*® obtained by intersecting a particular face of
B with a special small box. This means that the integral square-sum minimizers form an
M-convex set.

Our next goal is to reveal the structure of the set IT of the dual optima in Theorem [6.10]
and we provide a description of IT as the integral solution set of feasible potentials in a box.
This shows another connection to DCA, which is discussed after the proof of Theorem@

Recall that the optimality criteria for a dec-min element m of B and for an integral vector
n were given by (O1) and (02) in (6.14)—(6.13). These immediately imply the following.

Proposition 6.12. For an integral vector r, the following are equivalent.
(A) mis a dual optimum (that is,  belongs to I1).
(B) There is a dec-min element m of B such that m and & meet the optimality criteria.

(C) For every dec-min m of B, m and m meet the optimality criteria. ]

Consider the canonical S -partition {S,...,S,}, the essential value-sequence B; > B, >

- > B4, and the matroids M; on §; (i = 1,...,q). We can use the notions and apply the
results of Section [4.5|formulated for M, to each M; (i =1,...,q). To follow the pattern of
¥ introduced in (@.13)), let

Fi={XCSi: BilX| = pi(X)}, (6.20)

where p; was defined by p;(X) = p(C;-; U X) — p(C;_y) for X C §;. Since B;|X| > p:(X) for
every X C §; and p; is supermodular, F; is closed under taking intersection and union. Let

F; denote the unique largest member of ¥, that is, F; is the union of the members of 7.
Both F; = 0 and F; = §; are possible.

Theorem 6.13. For an element s € S; (i=1,...,q), the following properties are pairwise
equivalent.

(A) s is value-fixed.

(B) m(s) = B; holds for every dec-min element m of B.

(C) seF.

(D) sis a co-loop of M,. [

Define a digraph D; = (F;, A;) on node-set F; in which st is an arc if s, ¢ € F; and there is
no fs-set in ¥;. This implies that no arc of D; enters any member of 7.

Theorem 6.14. An integral vector © € Z5 is an optimal dual solution to the integral mini-
mum square-sum problem (that is, n € 1) if and only if the following three conditions hold
foreachi=1,...,q:

n(s)=2B;,—1 forevery seS§;—-F; (6.21)
2B8;—1<m(s) <2B;,+1 forevery se€F; (6.22)
n(s) —n(t) >0 whenever s,f € F; and st € A;. (6.23)
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Proof.

Claim 6.15. Optimality criterion (O1) is equivalent to
(O1") 2m(s)—1<n(s) <2m(s)+1 for seS. (6.24)

Proof. When n(s) is even, we have the following equivalences:

m(s)E{{%S)JF?}} o a(s) = 2m(s)

& 2m(s)—1 < n(s) < 2m(s) + 1.

When 7n(s) is odd, we have the following equivalences:

m(s)e{{?”’?” o a(s)—1<2m(s) < n(s) + 1

& 2m(s)—1 < n(s) < 2m(s) + 1. u

Suppose first that 7 € Z5 is an optimal dual solution. Then the optimality criteria (O1")
and (02) formulated in and hold for every dec-min element m of B.

Let s be an element of S; — F;. Since s is not value-fixed, there are dec-min elements m
and m’ of B for which m(s) = 8; — 1 and m’(s) = 8. By applying (6.24) to m and to m’, we
obtain that

28— 1=2m'(s)—1<n(s) <2m(s)+1=2B; - 1) +1=28-1,

from which z(s) = 283; — 1 follows, and hence (6.21]) holds indeed.
Let s be an element of F;. As s is value-fixed, m(s) = ; holds for any dec-min element
m of B. We obtain from (6.24]) that

26i—1=2m(s)—1<n(s) <2m(s)+1=26;+1

and hence (6.22) holds.

To derive (6.23), suppose indirectly that sz is an arc in A; for which 7(¢) > n(s) > 28; - 1.
LetZ :={veS : n(v) > n(¢)}. Then Z is a strict 7-top set and hence C;_y € Z C C;_;UF;—s.
By Optimality criterion (O2), Z is m-tight with respect to p. Let X :=Z N S;. Then X C F;
and hence

p(Z) = m(Z) = m(Ci—y) + m(X) = p(Ci-1) + BilX],

from which
BilX| = p(Z) — p(Ci-1) = pi(X),

that is, X is in ¥;, in contradiction with the definition of A; which requires that st enters no
member of F;.

Suppose now that 7 meets the three properties formulated in Theorem m Letm € B
be an arbitrary dec-min element. Consider an element s of S;. If s € Fj, that is, if s is
value-fixed, then m(s) = B;. By (6.22)), we have 2m(s) — 1 < n(s) < 2m(s) + 1, that is,

Optimality criterion (O1”) holds. If s € §; — F;, then ni(s) = 28; — 1 by (6.21]), from which

VT(ZS)J _ 7r(s)2— 1

n(s)+1

=Bi-1<m(s) <Bi = = FT(ZS)L

EGRES Technical Report No. 2020-10



Section 7. Conclusion 35

showing that Optimality criterion (O1”) holds.

To prove optimality criterion (0O2), let Z be a strict -top set and let i := min{n(v) : v €
Z}. Let i denote the largest subscript for which X := ZNS; # 0. Then u < 26; + 1 <
2Bi-1 — 1 < n(u) holds for every u € C;_y, from which C;_; C Z as Z is a strict n-top set.

Ifu=2B;—1,then §; C Z as Z is a strict n-top set, from which Z = C;, implying that Z is
an m-tight set in this case. Therefore we suppose i > 2;, from which X C F; follows. Now
X € 7, for otherwise there is an arc st € A; (s, t € F;) entering X, and then 7(f) < n(s) holds
by Property (6.23); this contradicts the assumption that Z is a strict 7-top set. By X € ¥; we
have B;|X| = p;(X) and hence

mZ) = m(X)+m(Ci,y) = pi|X| + p(Ci_1)
= piX)+ p(Ci.)) = p(XUCiy) — p(Ciy) + p(Ciny) = p(2),

that is, Z is indeed m-tight. Em

We now relate Theorem|[6.10]to a concept from discrete convex analysis, where two kinds
of discrete convexity play major roles as mutually ‘conjugate’ notions of discrete convexity
[33]. One of them is M-convexity and the other is called L-convexity. One of the equivalent
definitions says that a set L of integer vectors is an L-convex set if it is the set of integer-
valued feasible potentials. Formally, L = {7 € Z5 : n(v) — m(u) < g(uv) (u,v € S)}, where g
is an integer-valued function on the ordered pairs of elements of S. A set of integer vectors
is called an Lf-convex set (pronounce L-natural convex set) if it is the intersection of an
L-convex set with an integral box.

In (6.19), we defined a special dual optimal solution 7* by 7*(s) = 28;—1 whenever s € S
(i=1,...,9). Theorem and the definition we use for Li-convex sets immediately
implies the following.

Corollary 6.16. The set 11 of optimal dual integral vectors r in the min-max formula (6.17))
of Theorem is an Li-convex set. The unique smallest element of 1 (that is, the unique
smallest dual optimum) is *. ]

It will be worth mentioning that L¥-convexity of the set of optimal dual integral vectors
is a general phenomenon that is true in separable convex function minimization on an M-
convex set; see Section 5 of [11]]. Indeed, this is a consequence of conjugacy between M-
convexity and L-convexity. It is also known that every L*-convex set has a unique smallest
(and a unique largest) element.

7 Conclusion

The present work will be the first member of a series of papers concerning discrete decreas-
ing minimization. In the companion paper [12]] we give a strongly polynomial algorithm for
finding a dec-min element of an M-convex set and discuss applications of discrete decreas-
ing minimization to the ‘background problems’ mentioned in Section[I.1] The decreasing
minimization on an M-convex set is a discrete counterpart of the lexico-graphical opti-
mization on a base-polyhedron considered by Fujishige [15]. The relations between these
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discrete and continuous cases are clarified in [11], and in particular, the precise relation
between the canonical partition (for the discrete case) and the principal partition (for the
continuous case) is revealed and proximity theorems are shown. The DCA-based approach
in [[11] also enables us to consider discrete decreasing minimization with respect to a weight
vector.

While the present framework of decreasing minimization on an M-convex set is effective
for a fairly wide class of graph orientation problems [12], there are other important graph
orientation problems that do not fit in this framework. For example, for strong orientations
of mixed graphs, dec-min orientations and inc-max orientations do not coincide. The reason
behind this phenomenon is that the set of in-degree vectors of strong orientations of a mixed
graph is not an M-convex set anymore. It is, in fact, the intersection of two M-convex
sets. By investigating the decreasing minimization problem over the intersection of two
M-convex sets we can solve a broader class of graph orientation problems, which will be
reported soon.

Decreasing minimization on an M-convex set contains the integer version of Megiddo’s
problem [31]] of finding a maximum flow that is ‘lexicographically optimal’ on the set of
edges leaving the source node. In [13]] this problem is generalized to the problem of find-
ing an integral feasible flow that is decreasing minimal on an arbitrarily specified subset
of edges. The structure of decreasingly minimal integral feasible flows is clarified and a
strongly polynomial algorithm for finding such a dec-min flow is developed. A further
generalization to integral submodular flows will be reported elsewhere.
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