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Tibor Jordan*, and Shin-ichi Tanigawa™

Abstract

In the random subgraph model we consider random subgraphs G(t) of a
graph G obtained as follows: for each edge in G we independently decide to
retain the edge with probability ¢ and discard the edge with probability 1 — ¢,
for some 0 <t < 1. A special case of this model is the Erdés-Rényi random
graph model, where the host graph is the complete graph K,.

In this paper we analyze the rigidity properties of random subgraphs and
give new upper bounds on the threshold ¢y for which G(¢) is a.a.s. rigid or
globally rigid when ¢ > ty. By specializing our results to complete host graphs
we obtain, among others, that an Erdés-Rényi random graph is a.a.s. globally
rigid in R? if ¢ > % for some constant Cjy.

We also consider random subframeworks of (bar-and-joint) frameworks, which
are geometric realizations of our graphs. Our bounds for the rigidity thresh-
old of random subgraphs are in terms of the smallest non-zero eigenvalue of
the stiffness matrix of the framework, which is the Gramian of its normalized
rigidity matrix. Motivated by this connection, we introduce the concept of
d-dimensional algebraic connectivity of graphs and provide upper and lower
bounds for this value of several fundamental graph classes. The case d = 1 cor-
responds to the well-known algebraic connectivity, that is, the second smallest
Laplacian eigenvalue of the graph.

We also consider the rigidity threshold in random molecular graphs, also
called bond-bending networks, which are used in the study of rigidity properties
of molecules. In this model we are concerned with the rigidity of the square
graph of some graph G. We give an upper bound for the rigidity threshold of
the square of random subgraphs in terms of the algebraic connectivity of the
host graph. This enables us to derive an upper bound for the rigidity threshold
for sparse host graphs.
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Section 1. Introduction 2

1 Introduction

A d-dimensional (bar-and-joint) framework (or geometric graph) is a pair (G, p), where
G = (V, E) is a (finite, simple) graph on n vertices with vertex set V' = {1,2,... n}
and edge set E, and p : V(G) — R? is a map (or point configuration). We say
that (G,p) is a realization of G in R%. Each edge uv € E corresponds to a line
segment between p(u) and p(v). The framework (G, p) is rigid, if every continuous
motion of the points of G in R¢ which preserves all edge lengths takes the framework
to a congruent realization of GG. In other words, there is no continuous deformation
of the framework. A d-dimensional framework (G,p) is globally rigid if every other
d-dimensional realization of G' in which corresponding edges have the same length
is congruent to (G,p). Since continuous deformations give rise to infinitely many
non-congruent realizations, it follows that global rigidity is stronger than rigidity.

Frameworks can be used to model various structures with fixed pairwise distances,
including biomolecules and sensor networks. Thus results on the rigidity and flexibil-
ity properties of frameworks are vital in the analysis of the mechanical properties of
biomolecules [38], in the localization problem of networks [20], and elsewhere. An ac-
tive research area within the theory of rigid frameworks is concerned with the rigidity
transition of random frameworks. These investigations are motivated by the analysis
of rigidity percolation, which is the rigidity analogue of the conventional connectivity
percolation. Rigidity percolation has been extensively studied by physicists in order
to develop mathematical models for phase transitions of physical properties of dif-
ferent materials such as glass networks and proteins, see, e.g. [17), 23, 34]. Although
several computational studies are available, the mathematical background is not fully
explored.

In this paper we shall work with the random subgraph model (which is sometimes
called the random dilution model or bond percolation model in physics). In this model
we consider random subgraphs G(t) of a graph G obtained as follows: for each edge
in G we independently decide to retain the edge with probability ¢ and discard the
edge with probability 1 — ¢, for some 0 <t < 1. A special case of this model is the
Erdés-Rényi random graph model, where the host graph is the complete graph K.

A fundamental problem is to determine (upper or lower bounds for) the critical
value ¢ty for which G(t), with t > ¢, satisfies a given property with high probability:
for example, we may require that it has a giant connected component, or that G(t)
itself is connected. We shall consider the critical value with respect to the rigidity
and global rigidity of random subgraphs and random subframeworks in R¢. It is well-
known that the rigidity of a framework (G, p) in R' depends only on the underlying
graph G: the framework is rigid if and only if G is connected. In this sense our
problem is a d-dimensional extension of the connectivity problem of random graphs.

In the case of the connectivity and giant components problems Erdés and Rényi
[10] determined the corresponding critical values for a complete host graph K. For
general host graphs there are several partial results (on dense graphs, bounded degree
graphs, regular graphs, expander graphs) concerning the giant component problem,
see e.g. [9].

In higher dimensions, however, the rigidity of a framework (G, p) depends on the
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1.1 New results 3

realization, too. It gives rise to the version where we consider the rigidity (and a
potential giant rigid component) of a random subframework. For generic (to be defined
in the next section) frameworks rigidity is a graph property for all d > 1, and we can
deal with random subgraphs in this context.

In the analysis of the rigidity properties of random graphs a frequently used ap-
proach is based on the so-called Mazwell count, which provides a simple combinatorial
necessary condition for the rigidity of generic frameworks: if (G, p) is rigid in R? with
|V| > d+1, then G has a spanning subgraph H = (V, F') with |F| = d|V|— (d;rl) which
satisfies | F'| < d|V’| — (*}') for every subgraph H' = (V', F') of H with [V'| > d + 1.
Although this condition is, in general, not sufficient for d > 3, it gives rise to a purely
combinatorial approach and can be used in heuristic results as well as in some special
cases.

In R? the above condition is also sufficient for generic frameworks: the existence of
such a subgraph H implies rigidity [27, 29]. Based on this fact, it has been possible to
obtain rigorous proofs for several results on the rigidity of random graphs. Consider
for example the Erdés-Rényi random graph model and use G, ; to denote the random
graph on n vertices, where each edge is present with probability ¢. Jackson, Servatius,
and Servatius [21] proved that G,,; is asymptotically almost surely rigid (resp. globally
rigid) in R? if ¢t > 1"% + M for any 6 > 0, where k& = 2 (resp. k = 3).
Kasiviswanathan, Moore, and Theran [24] analysed the size of a giant rigid component
of G,,; in R?. There are also results in different random framework models in R?, such
as [9].

By using a completely different approach, Kirdly and Theran [26] gave the first
bound for the rigidity threshold in general dimension d in the Erdés-Rényi model.
They proved that G, is a.a.s. rigid in R? if ¢ > % for some constant C'. Instead
of using the Maxwell count, they estimate the rank of the rigidity matrix (defined
below) directly, applying methods from the matrix completion problem [4].

Although the random subgraph model is frequently used in experimental simu-
lations in physics (see, e.g., [34]), little is known about the mathematical analysis,
even in the 2-dimensional case. For infinite lattices the problem can be considered
as a ”’d-dimensional version” of the classical connectivity percolation problem. There
are a few results concerning the uniqueness of an infinite rigid component [I5] [16]
and a comparison of the rigidity threshold with the connectivity threshold for some
lattices [19]. However, giving a quantitative analysis of the size of the giant rigid
component or computing the exact threshold for general host graphs is a challenging
open problem.

1.1 New results

In this paper we verify several algebraic properties of stiffness matrices of frameworks
and, using these new results, we obtain new bounds for the critical values for the
rigidity and global rigidity of random graphs in the random subgraph model.

In more detail, we give bounds for the smallest non-zero eigenvalue of the (nor-
malized) stiffness matrix of the framework, which is the Gramian of its (normalized)
rigidity matrix. We also extend the well-known concept of algebraic connectivity of
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Section 2. Rigid Frameworks and Graphs 4

graphs and introduce the d-dimensional algebraic connectivity of a graph G, which is
the supremum of the smallest non-zero eigenvalues over all d-dimensional realizations
of G. This parameter plays a key role in our approach to random graphs.

Our bounds for the critical values are in terms of the d-dimensional algebraic con-
nectivity of the graph. In the special case of the Erdés-Rényi random graph model,
we show that G, is a.a.s. globally rigid in R? if ¢ > @ for some constant Cjy.

When d < 100, we have Cy = 82(3;3;.

We shall also consider the rigidity of random molecular graphs, also called bond-
bending networks, which are frequently used in the study of rigidity percolation (see,
e.g., [34]). In this model the goal is to analyze the rigidity of the square G* of G. We
give a better upper bound for the rigidity threshold of the square G? in terms of the
second smallest Laplacian eigenvalue of the underlying graph . This enables us to
derive an upper bound for the rigidity threshold even for some sparse host graphs.

The structure of the paper is as follows. In Section [2| we introduce a few more basic
notions of rigidity theory, including infinitesimal rigidity and the rigidity matrix. In
Section |3| we define the stiffness matrix of a framework and introduce the concept of d-
dimensional algebraic connectivity of a graph. Sections[4] b} and [6] contain our results
on the eigenvalues of stiffness matrices. In Section [6] we focus on regular graphs. In
the rest of the paper we consider random subframeworks and random graphs. We
start with a preliminary result on random submatrices, given in Section [/} Sections
and [J] contain the main results on rigidity and global rigidity properties of random
graphs and random molecular graphs, respectively.

2 Rigid Frameworks and Graphs

Testing or analysing the rigidity of a framework (G, p) is a hard problem in R? and
in higher dimensions. A standard approach is to work with the stronger and more
tractable property of infinitesimal rigidity, defined as follows. Let (G,p) be a d-
dimensional framework. For simplicity we shall always suppose that there is no proper
affine subspace of R? which contains the whole point configuration p(V'). In particular,
this implies |V| > d + 1.

The normalized rigidity matriz R(G, p) of (G, p) is a matrix of size d|V'| x | E'|, where
each vertex has an associated d-tuple of rows and each edge ij € F(G) is associated
with a column vector r;; which has the following form:

i J
ri= [0...0 4} 0...0 —d}; 0...0], (1)

)

where d;; € R? is the edge-direction vector defined by d;; = %, if p(i) # p(j),

and d;; = 0 otherwise. (Note that our definition is different from the usual definition
of the rigidity matrix in the sense that we consider the transpose and normalize it.) It

is well-known that the rank of R(G, p) is at most d|V| — (d+1). The framework (G, p)

2
is said to be infinitesimally rigid if the rank is equal to d|V| — (dgl). Furthermore,

infinitesimal rigidity implies rigidity. For generic frameworks (where the set of d|V|
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Section 3. Stiffness Matrices and the Generalized Algebraic Connectivity )

coordinates of the points is algebraically independent over the rationals) (G,p) is
rigid if and only if (G, p) is infinitesimally rigid. Thus, in this case, the rigidity
and infinitesimal rigidity of the framework depend only on the graph G. Hence we
call a graph G rigid in R? if the rank of R(G,p) is equal to d|V| — (d'gl) for some
(or equivalently, for all generic) d-dimensional realization of G. Gortler, Healy, and
Thurston [14] showed that global rigidity is also a generic property, i.e., (G,p) is
globally rigid in R? for some generic p if and only if (G, p) is globally rigid in R?
for all generic p. Hence, we say that a graph G is globally rigid in R? if (G, p) is
globally rigid in R? for some generic p. Note that the characterization of rigid graphs
(resp. globally rigid graphs) as well as the complexity of testing whether a graph is
rigid (resp. globally rigid) in RY, for d > 3, are still major open problems in this area.

The rigidity matrix R(G, p) represents the following system of linear equations with
variables « : V — R%

(x(i) —x(j),dy;) =0  (ij € E).

A solution @ of the system or equivalently, a vector in the left kernel of R(G,p), is
called an infinitesimal motion of (G,p). (Here we regard x as a vector in R, for
n = |V, in which (i) occupies d consecutive entries for each i € V.)

Every framework admits infinitesimal motions that do not depend on the graph:
infinitesimal translations and infinitesimal rotations. An infinitesimal translation x; :
V — RY satisfies that x;(i) = x;(j) for every 4,7 € V. An infinitesimal rotation
(about the origin) @, : V — R? has the form z,(i) = Sp(i), for every i € V, where S
is a skew-symmetric matrix of size d. A linear combination of infinitesimal translations
and infinitesimal rotations is called a trivial infinitesimal motion (or trivial motion,
for short). The space of all trivial motions of (G, p) has dimension (dgl) (provided
p(V) affinely spans RY). Thus rank R(G,p) < d|V | — (d;rl). In what follows we shall

use D = (d;rl), when the positive integer d is clear from the context.
We refer the reader to [22], 30] for more details of the theory of rigid and globally

rigid graphs and frameworks.

3 Stiffness Matrices and the Generalized Algebraic
Connectivity

Given a d-dimensional framework (G, p), its stiffness matriz L(G, p) is defined to be
L(G,p) :== R(G,p)R(G,p)".

This square matrix of size dnxdn (where n is the number of vertices) can be considered
as a natural geometric-graph version of the Laplacian. Indeed, for a graph G = (V, E),
consider a 1-dimensional realization (G,p) of G on the line, and orient each edge
wv € E from left to right (assuming p(u) # p(v) for each edge uwv € E). Then
the vertex-edge incidence matrix [/ ((_j) of the resulting oriented graph G is equal to
R(G,p), and the Laplacian L(G) of G satisfies

L(G) = I(G)I(G)" = R(G,p)R(G,p)" = L(G,p).
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Section 4. Eigenvalues of Stiffness Matrices 6

In this sense the Laplacian of a graph is exactly the stiffness matrix of its 1-dimensional
realizations. Hence the results of spectral graph theory can be used to analyze the
1-dimensional case. However, for d > 2 one obtains several new and interesting
questions.

This connection to the Laplacian motivates us to investigate the following graph
parameter. For a symmetric matrix A, let A\;(A) be the k-th smallest eigenvalue of A
(counted with multiplicities). Let G be a graph and d > 1. Recall that D = (dgl).
The d-dimensional algebraic connectivity of G, denoted by ay4(G), is defined by

a4(G) = sup {Ap41(L(G,p)) | p: V(G) = R} .

The 1-dimensional algebraic connectivity a;(G) of a graph G is equal to the second
smallest eigenvalue of the Laplacian of GG, which is often called the algebraic connec-
tivity of G, see [11], 12].

Let (G, p) be a d-dimensional framework, and suppose that p(V') spans R¢ affinely.
The first observation is that, since L(G, p) = R(G,p)R(G, p)", we have A\p1(L(G, p)) #
0 if and only if (G, p) is infinitesimally rigid.

Let e; € R™ be the n-dimensional unit vector whose i-th coordinate is one and
zero elsewhere. Then the column vector r;; of R(G,p) associated with an edge ij is
written by r;; = (e; — e;) ® d;;, where ® denotes the Kronecker product of matrices.
Hence the stiffness matrix is written by

LGp)= > myri= > (ei—ej)(ei—e) @dyd]. (2)

e=ijeE e=ijeE

In the one-dimensional case, d;; is either 1 or —1, and hence we obtain, as above, that

L(G,p) =3 jcn(ei —ej)(ei — ;)T = L(G).
The quadratic form becomes

e L(Gpz= ) (x(i)—=z(j).dy) (3)

e=ijeR

This value has the following physical interpretation. When we consider x(i) as an
infinitesimal displacement of p(i), then (x(i) — x(j), d;;) is the strain along an edge
ij and =" L(G, p)x is the potential energy caused by the displacement. In this sense,
Ap+1(L(G,p)) can be considered as a quantitive measure for the stiffness of (G, p).
Stiffness matrices (and their submatrices) are also used in the stability analysis of
truss structures in structural engineering [3], [7]. They occurred in rigidity theory, too,
in certain sufficient conditions for the rigidity of frameworks [8 [I8]. Recently, stiffness
matrices have been studied by the control theory community [35, [39] 40} 41].

4 Eigenvalues of Stiffness Matrices

In this section we give various bounds for the eigenvalue A\p,; of the stiffness matrix
of a d-dimensional framework.
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4.1 Upper bounds based on graph Laplacians 7

Throughout the paper we use the following notation. Let I; denote the identity
matrix of size d, and let J; denote the all-one matrix of size d. For symmetric matrices
A and B, we use A > B to denote that A— B is positive semidefinite. The largest and
the smallest eigenvalues of a square matrix A are denoted by Apax(A) and Apin(A4),
respectively.

4.1 Upper bounds based on graph Laplacians

We shall frequently use the following key result, called the Courant-Fisher min-max
theorem.

Theorem 4.1 (Courant-Fisher). For a symmetric matriz A of size n,

TA
A(A) = max  min ’ = ’
U zeUl\{o} x'x

where the maximum is taken over all (k—1)-dimensional subspaces U of R™. Similarly,

TA
A—k+1(A) = min  max * = *
U zeU\{0} x'x

where the minimum is taken over all (k — 1)-dimensional subspaces U of R™.
Our first upper bound is based on the Laplacian of the graph.

Theorem 4.2. Let (G, p) be a d-dimensional realization of a graph G on n vertices.
Then
M(L(G.p)) < sy (L(G)).

Proof.
r'L(G,p)x
e (L(G, =max min -———-7— by Theorem (4.1
+(L(G.p)) X i T 7w (by )
B . ZijeE<$i — Zjs ﬁy
= max min =
U zeU+\{0} X
2
< max min Lijer HT il (by the Cauchy-Schwarz inequality)
U zeUL\{0} T
. 2 (L(G) ® Iy)x
= max min
U zeU+\{0} xTx

= M(L(G) @ Iy) (by Theorem [4.1))
= A5 (L(G)),

where each maximum is taken over all (k — 1)-dimensional subspaces of R, O

By Theorem we can use several well-known results on the spectrum of the
Laplacian of a graph in order to estimate the spectrum of the stiffness matrices of its
realizations.
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4.2 Complete graphs in the plane 8

4.2 Complete graphs in the plane

Let K, be the complete graph on n vertices. As an application of Theorem we
shall give the explicit value of the 2-dimensional algebraic connectivity as(K,) of K.

Lemma 4.3. For any p : V(K,) — RY, the largest eigenvalue of L(K,,p) is n.

Proof. We may suppose that the center of gravity of (K,,p) is at the origin, i.e.,
> icv P(i) = 0. Then we have

> @) =-pH)I* = (n=1) > Ip@)IIP=>_ > (D), p() =n Y _ [pi)* = nlp|*

ijEE(Kn) eV i€V jti eV
Furthermore, we can use to deduce

P L(K,,p)p  Xijen,) IP(E) — p()I? B

—_= = n7
[ 1Pl
which implies Amax(L(K,,p)) > n by Theorem [£.1] On the other hand, it is well-
known that Apax(L(K,)) = n. Hence Theorem gives Amax(L(K,,p)) = n. O

A 2-dimensional framework (K, p) is said to be planar regular if the set of points
forms the vertices of a regular n-gon on the circle with radius \/Lﬁ, whose center is

the origin. The following result is essentially due to G. Zhu [40, Remark 3.4.1], who
determined the eigenvalues of L(K,,p), when (K, p) is planar regular.

Theorem 4.4. Let (K, p) be the planar reqular realization of K, with n > 3. Then

as(K) = Ma(L(K,, p)) = =

\)

Proof. Let x; and x5 denote the infinitesimal translations to the z-direction and to the
y-direction, respectively, with ||z1|| = ||2]| = 1, and let x;5 denote the infinitesimal
rotation about the origin with ||@12|| = 1. Zhu [40] observed that

n
L(K,,p) = 5([271 +ppT — 331331T - 5132332T - 3312131Tz)

by regarding each of &1, zs and x5 as a 2n-dimensional vector, see [40, Remark 3.4.1]
for more details. Since @, x9, and x5 are trivial motions, they belong to the kernel of
L(K,,p). Hence, for any unit vector y € (ker L(K,,p))* we have y' L(K,,p)y > %,
where equality holds if y is orthogonal to p. By using this fact and Theorem we
obtain that the fourth smallest eigenvalue is 7.

On the other hand, for any 2-dimensional framework (K, q) of K, the largest
eigenvalue is n by Lemma Since the trace of L(K,,q) is 2|E(K,)| = n(n — 1),
the fourth smallest eigenvalue is at most "(Z;BI" = %. Hence )\, is maximized by the
planar regular realization, as claimed. O
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4.3 Vertex removal 9

4.3 Vertex removal

The following vertex-removal lemma provides a lower bound on Ap,; of the induced
subgraphs of a graph. It extends the one-dimensional result due to Fiedler [12]. For
some vertex i of graph G the set of vertices adjacent to i (the neighbours of 7) is
denoted by Ng(1).

Lemma 4.5. Let (G, p) be a d-dimensional framework and (G—1,p’) be the subframe-
work of (G, p) obtained by removingi € V.. Then Ap1(L(G—i,p')) > Ap1(L(G,p))—
1.

Proof. Let ' : V\{i} — R% be the unit eigenvector of A\p,1(L(G —1,p’)), and extend
it to  : V — R? by setting (i) = 0. Then x is in the orthogonal complement of the
space of trivial motions, and hence x is in the orthogonal complement of the kernel
of L(G,p) by the construction. Therefore,

M1 (L(G,p) <x'L(G,p)x (by Theorem (.1

=z’ | L(G—i,p)+ Z eje] @ dd) | '

JENG ()

=Ap(LG—ip))+2" | D (e, @dy)(e;0dy)" | o

JENG(7)
S )\D—‘rl(L(G - Z7p/)) + 17

where the last inequality follows since {d;; ® e; : j € Ng(i)} is an orthonormal set of
vectors. []

4.4 The adjacency matrix for frameworks

The Laplacian matrix L(G) of a graph G can be written as D(G) — A(G), where
D(@) is the diagonal matrix whose i-th diagonal entry is equal to degq(i) (the degree

of vertex ¢ in G), and A(G) is the adjacency matrix of G. In a similar manner, we
define

B11 0 e 0 0 B12 . Bln
pGp =] " Pz and  AG,p) =[Pz ©
0 .. B, By, ... 0

where B;; = d;;d;, if i # j, and B;; = >N () d;;d];. Recall that d;; € R? is the edge

direction vector defined in Section[2] Note that we have L(G, p) = D(G, p)— A(G, p).
We have the following inequality for the eigenvalues.

Lemma 4.6. Let G be a graph on n vertices and let (G, p) be a d-dimensional real-
ization of G. Then for every 1 <11 < dn we have

A(L(G,P)) < Amax(D(G,P)) = Aan-i1(A(G, p))-
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Section 5. Balanced Complete Multipartite Graphs 10

Proof. By Theorem Ai(L(G,p)) = min,cp1\ g 2 LGP g1 some (i—1)-dimensional

'z

subspace U of R%". Hence

]
L
ML p) = min THEPT
w0} x'w
T

= min

2eUL\{0} T

TA
< Auax(D(G,p)) — max P <TG’p)x
2eUL\{0} r'x

2T A(G,p)x
g B . el St
-~ )\maX(D(G7p>) U:diglbgifl xEI(?La\)f[O} 'TTI‘

= Max(D(G, P)) — Aan—i+1(A(G, p)) (by Theorem [4.1))

5 Balanced Complete Multipartite Graphs

As we showed in Theorem , we can obtain an upper bound on a4(G), for some graph
G, in terms of certain eigenvalues of L(G). It turns out that proving lower bounds
on a4(G) is substantially more difficult. In particular, deciding whether aq(G) # 0
is equivalent to deciding whether G is rigid in R?. Since the complexity of testing
whether G is rigid in R? is still open for d > 3, this indicates the potential difficulties.
In fact it seems that finding reasonable lower bounds on a4(G) is not easy even if G is
dense and rigid. Computing a4(K,) for d > 3 is already a challenging open problem.

In this section we give a lower bound for a4(G) when G is a balanced complete
multipartite graph. As a corollary, we obtain a lower bound for a4(K,). The proof of
this bound is not short, but having such a lower bound is essential: we shall need it
later in the proofs of our results on the rigidity of random subgraphs.

For n > ¢ > 2, the balanced complete multipartite graph, denoted by K,., is the
graph on n vertices whose vertex set V' can be partitioned into g parts {V;,...,V,} in
such a way that ||V;| —|V}|| < 1 holds for every 1 <14, j < ¢, and two vertices u,v € V'
are adjacent if and only if they belong to different members of this partition.

A regular d-simplex in R? is a simplex (with d + 1 vertices) in which the edge
lengths are the same. It will be convenient to consider a specific regular simplex,
or equivalently, a specific realization of K4,1. Let (Kgy1,p*) be the framework in
which all points lie on the unit sphere with center at the origin, and induce a regular
d-simplex in R%. Let sq = Ap1(L(Kqy1,P%)).

The main result of this section is as follows. The proof will be given in Subsec-
tion
Theorem 5.1. Letd > 1 and n > d+1 be integers. Then as(Kp.qi1) > %sdn—d.

Theorem implies the following by using the monotonicity of ag.
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5.1 Trivial motions of the regular simplex 11

Theorem 5.2. Let d > 1 and n > d+ 1 be integers. Then aq(K,) > %sdn —d.

In the special case d = 2, Theorem implies that sy = % By using a computer
we have checked that s; = 1 holds for 3 < d < 100, and we strongly believe that
sq = 1 for all d > 3. In fact our computational results suggest the following more
general conjecture.

Conjecture 1. Let d > 2. Then the spectrum of L(Kg4.1,p*) is given by

0 1 Hlod+1

(d4+1)d  (d+1)(d—2)
5 5 d 1

where the first row is the list of the eigenvalues and the second row contains their
multiplicities.

When d = 1, a;(G) is equal to the algebraic connectivity of G. In this case better
bounds can be found in the literature: a;(K,) = n and a;(Ky2) = ai1(K|z 21) = [5].

5.1 Trivial motions of the regular simplex

In the proof of Theorem we shall use properties of the space of trivial motions of
the regular d-simplex (K441, p*) defined above.

Lemma 5.3. The framework (Kq.1,p*) satisfies

N g 1
> s = (145) 1
i€V (Kay1)
Proof. For i,j € V(Kg41) with i # j, let 8 = (p*(i),p*(j)). The regularity implies
that 0 is independent of the choice of i and j. Since the center of gravity of (K41, p*)
is the origin, we have ZieV(KdH) p*(i) = 0. By taking the inner product with p*(1),
we get 0= (p*(1), Xicy(x,, ) P* (1)) = 1 + df, implying 6 = -2
For every j € V(K441), we have

> P pt ()" | p () =p()+ > 0p"(i) = p*(j)—0p*(j) = (1 + 3) P (j).
i€V (Kqt1) (2
Hence every p*(j) is an eigenvector of (Ziev( Ka) PP (z)T> whose corresponding

eigenvalue is (1+ ). Since the set {p*(j) : j € V(Kq4s1)} of vectors spans R?, this

in turn implies that all eigenvalues of (ZieV(KdH) p*(z’)p*(z’)T> are equal to (1 + é)

Hence the lemma follows. O]

Denote the standard basis of R? by {e; : 1 < i < d}. Given a d-dimensional
framework (G, p), we define the canonical infinitesimal translations ¥ : V(G) — R?
and the canonical infinitesimal rotations x}, : V(G) — R? as follows. Let

1
xt (i) == e, 1€ V(G 4
(4) NZES (i € V(G)) (4)
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5.2 Proof of Theorem 12

for each a with 1 < a < d, and

i) =\ g (s —eel) pl) (€ V(G) )

for each a,b with 1 < a < b < d. (Note that e,e] — eye, is skew-symmetric.) Since
x; and x}, are trivial motions of (G, p), they belong to the kernel of L(G, p).
We can say more when the framework comes from the regular simplex.

Lemma 5.4. The vectors {xf : 1 < a < d}U{x, : 1 < a < b < d} form an
orthonormal basis of the kernel of L(Kqy1,p").

Proof. We have already seen that each vector in the statement belongs to the kernel
of L(K441,p*). We also know that the dimension of the kernel is D, which is equal
to the cardinality of this set of vectors.

Let us prove that they are orthogonal. One can easily check that x and x; are
orthogonal if a # b, and &} and ;. are orthogonal (by using the fact that the center
of gravity is the origin). To show the orthogonality of x¥, and ¥, let y., =

Mméb. We show that

Yavs Yorr) = Y (Yar(0), Yarwr (i) = 0 (6)

1€V (Kqq1)

for any (a,b) and (d’,b") with (a,b) # (a’,b"). Denote the a-th coordinate of p*(7) by

(P*(i))a. Then, by (B), yu (i) = (p*(¢))veq — (P*(7))aes. Hence, (€]) obviously holds if

{(I, b}ﬂ{a’, b,} = Q) Ifa=a andb 7A b/, then <yab7 ya’b’> = ZiGV(K,i+1)<p* (z))b(p*(z))b/,

which is equal to zero since the right term is equal to the (b, V')-th entry of 37,y ) P*(0)p" (i)7,
which is zero by Lemma Thus @ holds.

It remains to check that each vector has unit length. Indeed, (%, x*) = #(d—i—l) =
1 for every a by the definition (). Also, by (f]), we have

(T Top) = %d;jrl)? > (P @)+ (P ())3) = Q(d;j_ly.(djtl).z(l + é) =1,

i€V (Kat1)

where the second equation follows from Lemma [5.3] O]

5.2 Proof of Theorem [5.1

Proof of Theorem [5.1. For simplicity, we shall use the notation Ly = L(Ky41,p*) and
V(Kg1) ={1,...,d+ 1} = [d+ 1]. We first verify some properties of La. Recall
that s4 denotes the smallest nonzero eigenvalue of Ln. By Lemma the vectors
{zf:1<a<d}U{x’, :1<a<b<d} form an orthonormal basis of ker L. Hence
we have the following.
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5.2 Proof of Theorem 13

Claim 5.5. Define a d(d+ 1) x d(d + 1)-matriz by
Ta= ) @) + > anlen)
a:1<a<d a,b:1<a<b<d

where each of the trivial motions x}; : [d+ 1] — R and x}, : [d+ 1] — R? is regarded
as a d(d + 1)-dimensional vector. Then La = sq(lqs1 — Ta) holds.

We shall use the following decomposition of T into d x d-blocks Tj;:

1 2 d d+1
1 TH T12 Cen Ce Tl,d+1
2 Ty T
TA = . : ) (7)
d Toa  Tham
d+1 | Tap1n oo oo Tavia Tayider

where each T;; is associated with a pair (7, j) of vertices of K4;1. Then

Ty= >, @@=+ Y ay@,()" (8)
a:1<a<d+1 a,b:1<a<b<d+1
Claim 5.6. For each 1,
3d+ 2
Ti % s
2d+1)27¢

Proof. Plugging 1 ) and mto 1 , we have T}; = d-lufd“‘m(fd—p*(i)p*(iﬁ) =

3d+2 +2
2l — d+1)2p = stary L H

Now we start the main part of the proof of Theorem [5.1] In light of Lemma
we may focus on proving

2d?% + d
K, _— 9
ad( .d+1) = 2(d+ 1) ( )
in the case when -2~ + = k for some integer k > 1. Let Vi, ..., V41 denote the balanced

partition of the vertex set of K,.;11 into d + 1 parts of size k each.
Now define a realization p : V(K,.qy1) — R? of K,..441 by putting

p(v)=p"(i) (veViie[d+1]).

In other words, all vertices of V; are mapped to a vertex of the regular d-simplex.
Then @D will follow if we can show that

2d* 4+ d
A L(Ky.q41, > —————5gn. 10
pr1(L(Knas1,P)) > 2(d—|—1)38dn (10)
In order to prove , we consider a vertex-disjoint packing of d-simplices in K., 1.
Formally, a family {A, Ag, ..., Ax} of subgraphs of K41 is said to be a simplex
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5.2 Proof of Theorem 14

packing if each A; is isomorphic to K4y and V(A;) N V(A;) = 0 for any 4, j with
i # j. Note that U, V(A;) = V(Kpap1)-

Let P = {Ay, Ay, ..., Ax} be a simplex packing. Let Lp be the stiffness matrix of
the union of the subframeworks induced by the members of P. Since the simplices
are vertex-disjoint, Lp can be written as

L'pzz Z ’l"e @L 17p|V (11)

i=1 ecB(A)

where € denotes a block-diagonalized matrix consisting of the matrices in the summa-

tion. (Recall also that 7. denotes the column vector of the rigidity matrix associated

with e.) Since each (A;, pjv(a,)) is identical to (Kqt1,p*), and Claim [5.5 imply
k

k k
Lp = @ LA t @ 5d<Id(d+1) — TA) = Sd(-[dn — @TA) (12)
=1 =1

i=1
Let a be the number of all possible simplex packings in K,,.;,1 and § be the number
of all possible simplex packings containing a specified edge. A simple calculation shows

= 80 and g = GBI and hence
o n
oo "

If we consider all possible simplex packings in K411, then each edge is used in
packings, which means

BL(Kyasip)= ), Lp. (14)

P:a simplex packing

Combining and , we have

BL(Kp:a41,P) = Sq <0Jdn — Z @TA> ;

P:a simplex packing

but this relation is not precise because the block-structures (when taking ) depend
on P and they are not consistent over all packings. To get a precise relation, recall
that T is decomposed into T;;’s as described in (7)), where each T;; is associated with
a pair (i, j) of vertices of Kyy1. In K,,.441, each vertex is covered by « simplices over
all P, while each edge is covered by [ simplices over all P. Hence, the precise relation

obtained from and (|14)) is

5L(Kn:d+1>p) t Sd(aldn — T>7 (15)
where
Vi Vo Va Va+1

Vi [ OéTH & ]k ﬁTlg & Jk Ce Ce BTl,d-i-l & Jk

Va BT @ Jp ol ® I} :
r= : - :

Va alyq @Iy BTyap1 @ Jk

Varr L BTa111 ® J e coo Blap1a® Jy Tg1,a01 © Iy

EGRES Technical Report No. 2020-08



5.2 Proof of Theorem 15

In order to analyze T, we define infinitesimal motions ¢, and x4, of (K,.q11,p) by
x.(v) = x, (1) (veVyield+1] =V (Ka))

for 1 <a <d, and
Tap(v) = gy (i)  (vEVii€ld+1]=V(Ky))

for 1 < a < b <d. Then, the fact that ! and «}, are trivial motions of (K41, p*)
implies that x, and x,, are trivial motions of (K,.q11,p). Let

S = Z x,x, + Z T,y (16)

a:1<a<d a,b:1<a<b<d
Then we have
Vi Va Vy Vit
Vi [ T11®Jk T12®Jk Tl,d+1®Jk T
Va I5 @ Jr T ® Jy :
S§= : 3 :
Va Toa® J  Thar @ Jk
Varr L Tav11 ® Jg . coo Tir1a® Iy Tar1,a01 @ Ji

By comparing S and T" we can deduce that

%) Va2 Va1
Vi T11®(CYI]C—BJ]§) 0 0
repset |0 oo |
: : - 0
Vit1 0 . 0 Td+1,d+1 X (Oé]k — ﬁJk)
(17)
Since each Tj; is positive semidefinite by , so is Ty; ® Ji.. Hence implies
Vi Va Vit
Vi T11 X (Oé]k) 0 c. 0
T < BS + Va 0 Too & (auly)
: : - 0
Vit 0 Ce 0 Td+1,d+1 X (a[k)
Furthermore, by Claim we also have
3d + 2
T <XBS 4+ ——aly,. 18
=83 +2(d+1)204d (18)

By and , we finally obtain

2d* + d
(Oé[dn - T) t Sd (a—+2[dn - S) .

L(Kpat1,p) = B2(d+1)

Sd
B
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Section 6. Regular Graphs 16

By the definition of S from (16]), and the fact that x, and x, are trivial mo-
tions, this relation implies that the smallest nonzero eigenvalue of L(K,.q.1,p) is

at least sg <%22(§i:§lg> Since & B 21 by (13), we conclude that Api1(L(Kp.ai1,pP)) >

22(32:;?3 sqn as we stated in . This completes the proof of Theorem n

6 Regular Graphs

In this section we consider the d-dimensional algebraic connectivity of regular graphs.
The one-dimensional version (the algebraic connectivity of regular graphs) is one of
the central topics in spectral graph theory. The Laplacian version of (a strengthening
of) a key result of Alon and Boppana is as follows, see [I].

Theorem 6.1. Let G be a k-reqular graph. Then

vk —1
M(L(G) <k-2VkE—140 (diam(G) _4) :

Since the diameter grows when n — +oo (assuming k is fixed), this gives an asymp-
totic upper bound k — 24/k — 1 for the algebraic connectivity. In particular it follows
that for £ = 2 the algebraic connectivity converges to zero as the size of the graph
increases. (This fact can also be deduced from the explicit formula 2(1 — cos 2%) for
the algebraic connectivity of the cycle on n vertices.)

Given our d-dimensional extension of the algebraic connectivity of a graph, one
natural question is whether Theorem can be extended to stiffness matrices of d-
dimensional realizations of graphs. For simplicity let us consider the case d = 2 and
a two-dimensional realization (G,p) of a k-regular graph G. Theorem implies
that As(L(G,p)) is less than or equal to the upper bound given in Theorem [6.1] We
believe that the tight bound is (asymptotically) much smaller. In fact, based on our
computational results, we conjecture that the asymptotic bound is actually 0 if £ = 4.

Conjecture 2. Let

max

ayyy, = max{ay(G) : G is a 4-regular graph on n vertices}.
Then lim,, ., as'iyn = 0.

Friedman [13] proved that the algebraic connectivity of a random k-regular graph is
essentially equal to the upper bound of Theorem[6.1} Again, based on a computational
experiment, we expect that the tight asymptotic upper bound for the d-dimensional
algebraic connectivity of k-regular graphs is attained by the random k-regular graphs.
The general case seems to be hard to attack. Our next result at least suggests that
the tight bound is better than the bound of Theorem for large k.

Theorem 6.2. Let G be a k-reqular graph on n vertices, for some k > 2 and n > 3k,
and let (G,p) be a two-dimensional realization of G in which the points p(v), v €
V(QG), form a regular n-gon on the unit circle centered around the origin. Then

MG, p)) < Q”Q(k— M)

2n —3
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Section 6. Regular Graphs 17

Proof. Recall the definitions of D(G,p), A(G,p), and Lemma from Section
The lemma shows that in order to upper bound A(L(G,p)) it suffices to bound
Amax(D(G, p)) from above and bound Ag,_5(A(G, p)) from below. Note that D(G, p)
is block diagonal, and hence

)\max<D(Ga p)) = m%/X )\max(Bii)a
1€
where By; is as defined in Subsection £.4l Here Ayax(D(G,p)) can be as large as k.
To obtain an improved bound we show the following.

Lemma 6.3. Suppose that A\pax(Bi;) > a for some positive number a and i € V.
Then k- a)
nk —a
M(L(G S —
(LGP <
Proof. Informally, the idea of the proof is based on the observation that if Apax(Bii)
is large, then Ng(i) U {i} induces a thin subframework in (G, p) and hence it is easy
to deform the framework by applying a force to ¢ in the direction orthogonal to this
thin part.
Formally, suppose that A\p.x(Bi) > a. Let v € R? be the unit eigenvector of the
smallest eigenvalue of Bj;, and define z : V(G) — R? by

o fm=1e G-
& {—v G #9).

Just like in and ([5)), we define the canonical trivial motions @y, @2, €12 of (G, p).
Namely, let ; and @y denote the translations of (G, p) to the - and y-directions,
respectively, with ||a1|| = ||@2|| = 1, and let @15 denote the infinitesimal rotation about
the origin with [|@12|| = 1. Since the center of gravity is the origin, it is easy check
that @y, T, €12 are pairwise orthogonal, and hence {x;,xs, 12} is an orthonormal
basis of the space of trivial infinitesimal motions of (G, p). One can easily check that
(z,x1) = (z,x2) = 0. Also, since x5 is the infinitesimal rotation about the origin

with ||z =1, 212(j) = \/%p(j)l for j € V(G), where p(j)* denotes the 90 degree
rotation of p(j). Thus

(z,12) = \/g <<(n — v, p(i)") + Z(—v,p(j)ﬂ) = v/n{v, p(i)7),
jii

where the second equation follows from Z?Zl p(j)t = 0. Hence by setting z =
z — (z,T12)®12, Z is orthogonal to the space of trivial infinitesimal motions of (G, p).
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Section 6. Regular Graphs 18

We have
2 L(G.pz=Y (dy z(i)— z())*  (by @))

ijeE

= Y {dy,(n—1v—(-v))*>  (by definition of z)
JENG ()

= 7’L2’UT Z dz]d;; v

JENG ()
=n’v' B;v (by definition of By;)
= n*Amin(Bii) (by definition of v),
and

2z = ||z|*—(2,212)" = (n—=1)*+n—1—n(v,p(i)")* > n’—n—n|p(i)*|* = n*—2n,
where the third inequality follows from the Cauchy-Schwarz inequality. Moreover
k=Tr(Bj;) > a~+ Amin(Bii)-

Since Z is orthogonal to the space of trivial motions of (G, p), Z is in the orthogonal
complement of ker L(G, p). Hence, the Courant-Fisher theorem implies that

=T = 2 R » —
z L(G,p)z < n Amln(Bm) < n<k Cl)'

M(L(G,p)) <

z'z n>—2n ~— n-—2
We next derive another bound based on a standard trace argument.
Lemma 6.4. Tr(A(G, p)?) = kn.
Proof. Observe that the (i,7)-th block of A(G,p)? is 3 ey, ) Bij- Moreover, B}, =

dzjd;l;dl]d;; = dl]d;g = BU As TI'(BU) = Hd1]H2 = 1, Tf(A(G,p)2) is equal to twice
the number of edges, which is kn as G is k-regular. m

Lemma 6.5. \,.x(A(G,p)) < k.

Proof. Note that Apax(Bii) < k for each i as Tr(By;) = k. Hence Apax(D(G,p)) < k.
This and Lemma imply 0 = Apnin(L(G,P)) < Anax(D(G, D)) — Muax (A(G, p)) <
kE — Amax(A(G, p)), implying the claim. O
Lemma 6.6. Suppose n > 3k. Then Ag,_3(A(G,p)) > ,/%.
Proof. By Lemmas and

2n

kn = Tr(A(G,p)*) = Y N(A(G,p)*) < 3K+ (2n — 3)Aan—3(A(G, p))’,

j=1

implying Ao, _3(A(G,p)) > kgn_—féf by n > 3k. ]
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Section 7. Random Submatrices 19

By Lemma [4.6] and Lemma [6.6], we obtain

kn — 3k?
< D) = —
/\4(L(G,p)) =~ Iznef%/x )\max(Bzz) o — 3
By combining this with Lemma [6.3] we have
. | nk—a) kn — 3k?
M(L(G < —a—\—— .
a(L( ,P))_mln{ o a 5 3
for some number a with 0 < a < k. Thus \(L(G,p)) < maxgo<a<k min{ "Elk__;),a —
=S < maxger min{%,a — /M3 By setting a such that % =

a—/ %, we get \y(L(G,p)) < 575 (k’ — ,/@;—ff). This completes the proof of
O]

Theorem [6.21

7 Random Submatrices

In the rest of the paper we apply our algebraic results on stiffness matrices to obtain
new results on the rigidity of random graphs and frameworks. In this section we prove
a theorem on random submatrices that we shall employ later. We need the following
Matrix Chernoff boundl

Theorem 7.1. Let { X} be a finite sequence of independent, random, positive semidef-
inite matrices of size m x m, and suppose that Amax(X;) < L for every i. Let
Y =5%.X; and k = dimker E(Y)). Then, for any ¢ € [0,1),

Mg 1 (E(Y))
e ¢ 2 A EY)

PDuan(¥) < (1= e BN < o) (s < (m—kye

Oliveira [28] showed how to use a matrix concentration inequality for analyzing
the connectivity in the random subgraph model. A simpler argument based on the
Matrix Chernoff bound was used to construct spectral sparsifiers in spectral graph
theory [31], and now the technique is widely used for designing fast matrix approxi-
mation algorithms, see, e.g. [6]. The following theorem (Theorem is obtained by
adapting some arguments from [31] [6]. We give a formal proof since the technique is
new in the rigidity context.

Let A € R™™ be a matrix and let E be a finite set such that each element e € £
is associated with a submatrix A, of A of size n x k. in such a way that the columns
of these submatrices form a partition of the columns of A. Thus m = >__k, holds.
In this case we simply write A = [A. : e € E]. For t € [0,1], let A(¢) be the matrix
obtained by deleting (the columns of) A, from A with probability 1 —t, independently
for each e € E.

LA standard form of the Matrix Chernoff bound gives a deviation bound for the minimum eigen-
value of the sum of random positive semidefinite matrices, see e.g. [36, Corollary 5.2]. The present
form is obtained by restricting the underlying vector space to the orthogonal complement of ker E(Y")
and then applying the standard form.
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Section 7. Random Submatrices 20

Theorem 7.2. Let E be a finite set, letc > 1, and let A € R™™ with A = [A, : e € E]
and r = rank A. Suppose that A (A.Al) < h for every e € E, and

hlog(rc)

1>2t> ——=.
- )\n—r+1(AAT)

Then rank A(t)A(t)" = rank AAT holds with probability at least 1 — 1.

Before presenting the proof we recall a key notion that we shall need. For a matrix
A € R™™ the Moore-Penrose inverse of A is denoted by Af. It is defined as the
unique matrix satisfying AATA = A, (AAT)TAAT, ATAAT = AT, and (ATA)T = ATA.
Several fundamental properties of AT can be deduced from the singular value decom-
position of A. Suppose that A = UXV T is the singular value decomposition of A,
where U and V' are orthogonal matrices of size n and m, and X is a diagonal matrix
whose diagonal entries are the singular values of A. It is known that

AT =VEiUT, (19)

where X' is obtained by replacing each non-zero diagonal entry of 3 with its reciprocal,
and then taking the transpose, see e.g. [2]. By using it can be seen that Af
represents a non-singular map from image A to (ker A)*.

Since A = USVT, we have ATA = V2V T, where 32 := 7%, Note that X2 is
a diagonal matrix whose diagonal contains the eigenvalues of AT A by the definition
of the singular values of A. Hence, by applying to ATA, we get (ATA)T =
V(E)VT = VE2VT. This implies that the non-zero eigenvalues of (ATA)! are
the reciprocals of the non-zero eigenvalues of ATA. Also, a further calculation gives
(ATA)T = ANANT by using (ATA) = VE2VT = vEtuTUush)TvT = At(ANT.
Now we are ready to prove Theorem

Proof. Let L = AA". Then L =), A.Al. For each e € E, define

| AfA,
e — \/E .

We first show that, for any subset E’ of F,

rank Z V.V.[ = rank Z AA]L (20)

eeE’ ecE’

To see this, let A" be a matrix obtained by aligning A, for all e € E’ as column

submatrices. Then A'(A")" =3, A:A]. Let V' = %. Then,

V()T = Al (Z %) (AT =3V 1)

ecE’ ecE’

By V' = %, rank V' < rank A’ holds. Moreover, since image A’ C image A holds by

definition and AT represents a non-singular linear map from image A to (ker A)*, the
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Section 7. Random Submatrices 21

dimension of the image of ATA’ is equal to that of A’ that is, rank V/ = rank A’. This
and imply .

Recall that A(t)A(t)" is obtained by adding A.A] with probability ¢. Let X, be
a random matrix which is equal to V,V." with probability ¢ and is equal to the zero
matrix with probability 1 —¢, and let Y = > _. X.. Then, it follows from that

eck
1
P [rank A(t)A(t)" <r (=rank L)] < - (22)
if and only if
1
PlrankY < r] < - (23)
¢

We shall prove by applying the Matrix Chernoff bound, Theorem to the
matrices {X.}, e € E. First we show the following.

Claim 7.3. A\ (X)) < —t

— log(re) -

Proof. Tt suffices to show that A\p.. (V.V.") <

By Theorem . we have

— log( c)’

1 1
Amax(VeV.T) = 2Amax(NA,AJ(AT)T) == ( nax y ATA Al (ADT ) : (24)
y:llyll=1
Let x = (A")Ty. Then ||z]|> = y " (AT(A") ")y =y " (AT A)Ty. Note that the maximum
eigenvalue of (AT A)T is equal to the reciprocal of the minimum nonzero eigenvalue of

AT A. Since the minimum nonzero eigenvalue of AT A is equal to that of AAT (= L),
we have A\pa((ATA)T) = Hence, for y with ||y|| =1,

An— 7"+1( )
1
2 TAT AN T Nt 2
T =Y A A Yy < )\max AA Yy - N 7\
ol = 57 (ATA)'y < Al (ATAD 8P = 5
Hence, by relaxing the domain of the maximization in ([24]),
Amax (VoV,) < max 2T AA 2 < Apax(ALA]) L < h
max eVe — et te — max €< te — .
I”ﬂ‘ﬁm )\n—r+1(L) )\n—r+1(L)
By t 2 350, we get Anax(VeV.') < ity < gt -

Claim [7.3] gives the upper bound on Ayax(Xe).
Since A = AATA and ATA = (ATA)T by the definition of Af, we have A =
A(ATA)T = AAT(AT)T. Hence,

=DtV =D ATAAT(ANT = Af (ZA AT)
eck eck eckE
= ATAAT(ANT = ATA.
Moreover, by A = AATA,

(E[Y])?2 = ATAATA = ATA =R[Y].
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Section 8. Rigidity of Random Subgraphs 22

This implies that E[Y] is a symmetric projection matrix, and each eigenvalue of E[Y]
is either 1 or 0. Moreover, since A represents a non-singular linear map from image A
to (ker A)T, rank E[Y] = rank ATA = rank A = r.

We now apply Theorem [7.1] to {X.}. Then, for any ¢ € [0, 1),

/\n—r+1(]E(Y)) 1

N e e

P Dhrss(¥) < (1= Db B < 7 () ()
where, in the last equation, we used A,_,+1(E[Y]) = 1 and Apax(Xe) < @ =L

from Claim [7.3] Since A,_,41(E(Y)) is the smallest nonzero eigenvalue of E(Y),
rank Y < rank E[Y] holds if and only if A\,,_,11(Y) = 0. Thus,

—e log(rc)
PlrankY < rankE[Y] =7] <r ((1_6?) (25)
for any € € [0,1). By letting ¢ — 1, we obtain P [rank Y < r] < 2, which yields .
This completes the proof. O

8 Rigidity of Random Subgraphs

Given a graph G, the random subgraph G(t) with parameter ¢ € [0, 1] is the probability
distribution over the spanning subgraphs of G obtained by picking each edge with
probability ¢. Given a framework (G, p) in RY, the random subframework (G(t),p) is
defined similarly.

Theorem [7.2] gives the following bound.

Theorem 8.1. Let G be a rigid graph in R? on n > d + 1 vertices and let (G, p) be
an infinitesimally rigid realization of G in RY. Let ¢ > 1. If

2log((dn — D)c)
Ap+1(L(G,p))

then (G(t),p) is infinitesimally rigid with probability at least 1 — %

1>t>

Proof. We apply Theorem|[7.2]to the rigidity matrix R(G, p) with the partition R(G, p) =
[re : e € E(G)] corresponding to the edges of G. Note that Ay (rer)) = 2 for each

e € E, and rank R(G,p) = dn — D. Hence the theorem follows from Theorem by
choosing h =2 and r =dn — D. O

We next consider the rigidity of random subgraphs G(t) (rather than subframeworks
(G(t),p)). The main point is that when we use Theorem to analyze the rigidity
of G(t), we are free to choose the realization. Recall that the existence of a single
infinitesimally rigid realization of G implies that G is rigid. So by choosing p so
that Apy1(L(G, p)) is larger, we obtain better upper bounds on the rigidity threshold
t. To make this idea work we can use our bounds on the d-dimensional algebraic
connectivity.

Theorem [B.1] implies the following.
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Corollary 8.2. Let G = (V, E) be a rigid graph in RY on n > d + 1 vertices. Let
c>1. If
2log((dn — D)c)

aq(G) ’
then G(t) is rigid in R? with probability at least 1 — %

12>

With the help of the following sufficient condition for global rigidity, we shall obtain
a globally rigid version of this corollary. We call a graph G vertex-redundantly rigid
in R? if G — v is rigid in R? for all v € V(G).

Theorem 8.3. [32] Suppose that G is vertex-redundantly rigid in R?. Then G is
globally rigid in RY.

Thus we have the following bound for the global rigidity of random subgraphs.

Corollary 8.4. Let G = (V, E) be a vertez-redundantly rigid graph in R onn > d+2
vertices. Let ¢ > 1. If
2log(n(dn — D)c)
CLd(G) —1 ’
then G(t) is globally rigid with probability at least 1 — .

Proof. By Theorem it suffices to show that (G — v)(t) is rigid, for all v € V| with
probability at least 1 — %

Consider a vertex v € V. By Lemma [1.5 a4(G — v) > a4(G) — 1. Hence, by the
choice of t, Corollary implies that (G — v)(¢) is rigid with probability at least
1 — . Hence, by the union bound, (G — v)(t) is rigid for all v € V with probability
at least 1 — % ]

1>t>

Recall that K,.411 denotes the balanced complete (d+1)-partite graph on n vertices.
This graph is vertex-redundantly rigid in R¢, provided n > (d +2)(d+ 1). To see this
observe that in this case each partition class has size at least d+ 2, and hence for each
vertex v the graph K,,.4.1 —v contains a spanning subgraph isomorphic to a complete
bipartite graph K 1 ,—(a+1) on more than (df) vertices, which is rigid in R¢, see [30,
Theorem 61.1.5]. As we defined earlier, s; denotes the smallest nonzero eigenvalue of

the regular d-simplex (K41, p*). By combining Corollaries and Theorem
we obtain the following inequalities.

Theorem 8.5. Suppose that

4(d+1)3 logn
1>t> | ——— .
= _((2d2+d)sd+5>

for some e > 0. Then Kp.qy1(t) is a.a.s. rigid in RY.

Theorem 8.6. Suppose that

8(d+1)3 +5> logn

1>t> | ————
- ((2d2—|—d)8d n

for some e > 0. Then K,.qy1(t) is a.a.s. globally rigid in R?
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As we remarked earlier, we have sy = % and we conjecture that s; = 1 for all d > 3.
By using a computer we have verified this up to d = 100.

Theorem and Theorem can be used to obtain the same upper bounds for
the rigidity and global rigidity thresholds of the Erdés-Rényi random graph G, ; in
R?. In the case of rigidity, we get a bound which is essentially the same as that of
Kirdly and Theran [26] (assuming that s; can be bounded by an absolute constant).
For global rigidity we have the first upper bound in general dimension as follows.

Theorem 8.7. Suppose that

8(d+1)3 logn
1>t> | ———— .
= _((2d2+d)sd+g>

for some & > 0. Then G, is a.a.s. globally rigid in R?.

n

As we mentioned in the Introduction, the 2-dimensional special case (with a better
— essentially best possible — constant) was settled in [21I]. It is known that a graph
with at least three vertices is globally rigid in R if and only if it is 2-connected. Hence
in the 1-dimensional special case the bounds on the 2-connectivity threshold apply.

9 Rigidity of Frames and the Bond-bending Model

In this section we consider the rigidity properties of frames and introduce their stiffness
matrices. The concept of k-frame was introduced by W. Whiteley (and also implicitly
and independently by Tay in [33]) in his analysis of the so-called body-bar frameworks
[37]. These objects, which are closely related to bar-and-joint frameworks, can be used
to analyze the 3-dimensional rigidity of (random subgraphs of) squares of graphs, also
called molecular graphs, or bond-bending networks.

9.1 (k,{)-frames and tree packings

Let k and ¢ be two positive integers with k > ¢. A (k,()-frame is a pair (G, b), where
G = (V,E) is a simple graph and b : E — R** is a map, which assigns a k x ¢
semi-orthogonal matrix b, to each edge e € E. A matrix is semi-orthogonal if the
column vectors form an orthonormal set. The frame matriz F(G, b) of a (k, {)-frame
(G, b) is a matrix of size k|V| x ¢|E| in which the ¢-tuple of columns associated with
edge e = 1j € E has the following entries:

? J
fl= [0...0 b 0...0 =b] 0...0] (26)
In the special case £ = 1 we obtain the familiar concept of a (k, 1)-frame, or simply
k-frame, which is used in the analysis of body-bar frameworks [33, 37]. Note that, for
a d-dimensional framework (G, p) we have F(G,b) = R(G, p) if we take b;; = d;; for
each e =17 € E. In this sense, every d-dimensional framework is a special d-frame.
It is easy to see that if we assign the same k-dimensional vector to each vertex of G

then (by concatenating these vectors) we obtain a vector in the left kernel of F(G, b)
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for every (k,{)-frame (G,b). Hence dimker F/(G,b) > k and rank F/(G,b) < k|V|—
We say that a (k, ()-frame (G, b) is rigid if rank F'(G,b) = k|V| — k.

A (k,0)-frame (G,b) is said to be generic if each column-induced submatrix of
F(G,b) has maximum rank over all (k,¢)-frame realizations of G. The rigidity of
generic (k,{)-frames can be characterized by the following combinatorial property.
For a graph G and integer s we use sG to denote the graph obtained from G by
replacing each edge with s parallel copies.

Theorem 9.1 ([37]). Let (G, b) be a generic (k,{)-frame. Then (G,b) is rigid if and
only if (G contains k edge-disjoint spanning trees.

Notice that the special case ¢ = 1 implies that for a generic (k, {)-frame (G, b) the
frame matrix F'(G, b) is a linear representation of the union of k copies of the graphic
matroid of G.

As we shall see below, the case k = 6, £ = 5 is important in the rigidity analysis of
molecular graphs in R3.

9.2 Stiffness matrices of (k,{)-frames and random subgraphs

In order to analyze the rigidity of (random sub)frames, we shall follow the approach
we used for frameworks. First we define the stiffness matriz T(G, b) of a (k,1)-frame
(G, b) by letting T(G,b) = F(G,b)F(G,b)7, c.f. (). By expanding this formula, we
get
T(G.b)= >  (ei—ej)e;i—e;) @beb,.
e=ije E(G)

Since the kernel of F(G,b) is at least k-dimensional, the k-th smallest eigenvalues of
T(G,b) are zeros. Furthermore, for generic frames, we have that Az 1(7(G,b)) > 0
if and only if /G contains k edge-disjoint spanning trees by Theorem [9.1]

The definition of a random subframe (G(t),b) of a (k, ¢)-frame (G, b) is similar to
that of random subframeworks. The previous observations and Theorem give the
following bound for random subframes.

Theorem 9.2. Let (G, b) be a rigid (k,{)-frame with n vertices and let ¢ > 1. Suppose

that
2log((kn — k)c)
M1 (T(G, )
Then (G(t),b) is rigid with probability at least 1 — .

Proof. We apply Theorem [7.2] to F(G,b) with F(G,b) = [f. : e € E(G)], where
fe is as defined in . Note that Apax(fof.)) = 2 for every e € E(G) since b,
is semi-orthogonal (and hence the column vectors f. are pairwise orthogonal with
length equal to two). Also rank F'(G,b) = kn — k. Hence the statement follows from
Theorem [7.2| by putting h = 2 and r = kn — k. O

1>t>

Given a graph G and a pair (k, /), we define
tri(G) == sup{ \e+1(T(G,b)) : (G,b) is a (k,{)-frame}.
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By using the proof method of Theorem [£.2] one can easily prove that t;,(G) <
Ao (L(G)). Recall that Ao(L(G)) denotes the second smallest eigenvalue of the ordinary
Laplacian of G. Interestingly, in the case of ¢ ¢(G), we can also derive a lower bound
by using the same Laplacian eigenvalue.

Lemma 9.3. Let G be a graph, let k,{ be positive integers, and let € € (0,1). Let
q=k/L. Suppose that \o(L(G)) > 4‘110‘3;*_“. Then
1—¢
q

A (L(G)) < to(G).

Proof. We shall consider the case when ¢ = 1 since the proof can be easily adapted
to the general case. Let u; be the ¢-th column vector of the k x k identity matrix
I.. We shall consider a random k-frame (G, b) of G defined by setting b, = u; with
probability % for 1 <i <k and e € E(G). Then the corresponding stiffness matrix
T'(G,b) is a probability distribution over matrices of the form ) _, X., where for

eache=1j € F

P [Xe = (ei - ej)(ei — ej)T ® ui,uq —

Z/

(1<i <k).

N

Since ||(e; — ;) @ uy|| = V2, we have Amax(Xe) = 2. Moreover,

BTG b)) =33 Flei—e)ei—e)) @upu] = L(@) I,

ecE i'=1

implying that the smallest nonzero eigenvalue of E[T(G, b)] is M Thus, by the
Matrix Chernoff Bound (Theorem [7.1]), we have

i [)\kﬂ(T(G, b)) < (1— e)@] < kn - exp <—52A2i%) <1,

where the last inequality follows from our assumption \y(L(G)) > M. This

in particular implies that there is a k-frame (G,b*) such that Ay (T(G,b%)) >
(-2Da((G). O

Combining Theorems and Lemma [9.3] we obtain the following.

Corollary 9.4. Let g =k/l, e € (0,1), c > 1, and G a graph on n vertices such that
(G contains k edge-disjoint spanning trees. Suppose that

2qlog((kn — k)c)
(1 =) (L(G))

4q1 —
_ dqlog(hn — k)

M (L(G)) g

and 1>t >

Then (G(t) contains k edge-disjoint spanning trees with probability at least 1 — %
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9.3 Squares of graphs and the rigidity of molecules

The square G* of a graph G is obtained from G by adding the edges uv for all pairs u, v
of non-adjacent vertices of G which have a common neighbour in G (i.e. by connecting
second neighbours). Squares of graphs, which are sometimes called molecular graphs,
can be used in the analysis of the rigidity or flexibility of a molecule in R3. In this
model the molecule is represented by a graph G in which each vertex represents an
atom and each edge represents a covalent bond. The edges represent fixed inter-
atomic distances. Furthermore, since the angles between incident bonds uw, wv are
also fixed, or equivalently, the distance between the atoms u and v is fixed, we add
an edge uv for each incident edge pair uw,wv in order to represent these additional
constraints. By adding these edges to GG, we obtain the square G?. This model is
also known as the bond-bending model in the literature, and frequently appears in the
context of rigidity transition or percolation [34] 3§].

It turns out that for the three-dimensional rigidity of squares there is a purely
combinatorial characterization. This result is due to N. Katoh and the second author
[25]. Let 6(G) denote the smallest degree over all vertices of G.

Theorem 9.5. Let (G, p) be a generic 3-dimensional framework with §(G) > 2. Then
(G?,p) is rigid if and only if 5G contains 6 edge-disjoint spanning trees.

We can combine the previous theorem with Corollary 0.4 to deduce the next result.
To the best of our knowledge, this is the first theoretical result on "bond-bending
rigidity” in the random subgraph model.

Corollary 9.6. Let G be a graph on n vertices with §(G) > 2. Suppose that 5G
contains 6 edge-disjoint spanning trees. Let € € (0,1) and ¢ > 1. If

2.41og(6nc)
(1 —2)X(L(G))’

4.8log(6n)
2

Mo (L(G)) > and 1 >t >

then (G(t))? is rigid in R® with probability at least 1 — <.

We may obtain explicit lower bounds by using results on the algebraic connectivity
of some families of graphs. For example, by using the well-known equality A\o(K, ) =
n, we can deduce that (K, ,(t))? is a.a.s. rigid in R® if ¢ > 2410“

Remarkably the bound is still applicable for sparse graphs G with ©(nlogn) edges
as long as Ao (L(G)) > 9log(6nc). The reader is referred to [31] for sparse graphs with
large spectral gap.
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