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The devil’s staircase for chip-firing on random
graphs and on graphons

Viktor Kiss* **, Lionel Levine*** ¥, and Lilla Téthmérész® I

Abstract

We study the behavior of the activity of the parallel chip-firing upon increas-
ing the number of chips on an Erdés—Rényi random graph. We show that in
various situations the resulting activity diagrams converge to a devil’s staircase
as we increase the number of vertices. Our method is to generalize the parallel
chip-firing to graphons, and to prove a continuity result for the activity. We also
show that the activity of a chip configuration on a graphon does not necessarily
exist, but it does exist for every chip configuration on a large class of graphons.

1 Introduction

In this paper, we study the behavior of the activity of the parallel chip-firing upon
increasing the number of chips in the system. Numerical experiments of Bagnoli,
Cecconi, Flammini, and Vespignani [2] suggested that for planar grids, upon increasing
the number of chips in the system, the activity asymptotically increases as a Devil’s
staircase. Later, Levine [§] proved a similar statement for complete graphs, i.e., if
we take a sequence of complete graphs whose size tends to infinity, and a sequence
of chip configurations on them that converge in a certain sense, then the activity
diagrams tend to a Devil’s staircase. In this paper, we prove analogous statements
in various situations for sequences of Erdos—Rényi random graphs. Our method is to
generalize the parallel chip-firing to graphons, and then to prove a continuity theorem
for the activity. Levine’s results can be interpreted as a Devil’s staircase result for the
constant graphon. Using our continuity theorem, we can handle the case of sequences
of graphons converging to a constant graphon.

*Alfréd Rényi Institute of Mathematics, Redltanoda u. 13-15, H-1053 Budapest, Hungary
**Partially supported by NSF grant DMS-1455272, and by the National Research, Development
and Innovation Office — NKFIH, grants no. 104178, 124749, 129211, and 128273.
***Cornell University, Ithaca, New York 14853-4201, USA
tPartially supported by NSF grant DMS-1455272.
SMTA-ELTE Egervéry Research Group, Pazmény Péter sétany 1/C, Budapest, Hungary
TPartially supported by NSF grant DMS-1455272, and by the National Research, Development
and Innovation Office — NKFIH, grants no. 128673, and 132488.

May 2020



1.1 Preliminaries 2

1.1 Preliminaries

Let G be a graph with vertex set V(G) and edge set E(G). We will denote the
number of edges connecting vertex u and v by eg(u,v), and the degree of a vertex
v by degs(v). We will often consider Erdés—Rényi random graphs. By G(n,p) we
denote the random graph on n vertices, where each edge is present independently with
probability p.

For a graph G, a chip configuration assigns to each vertex a non-negative amount
of chips. Hence a chip configuration is a function o : V(G) — Rsg, where R5y =
{z € R : z > 0}. In the literature, a chip-configuration is usually considered to
be integer-valued, but since we will be interested in the change of dynamics as we
gradually increase the amount of chips, we choose to allow nonintegrality. For two
chip configurations ¢ and o', ¢ > ¢’ means that o(v) > ¢’(v) for each vertex v.

Firing a node v means that the fired vertex passes a chip along each edge incident
to it, i.e., the chip configuration o gets modified to

o(u) + eg(u,v) if u # v,
o(u) —degg(v) if u=w.

During a step of the parallel chip-firing, each vertex v of G fires f(v) = { de‘;(;’()v)J

times, where we call f = f(G, o) the firing vector of o. The resulting configuration is

Ua(v) = o(v) = degg(v) f(0) + Y flu)ea(u,v).

ueV(G)

We will denote by U"¢ for n € N the chip configuration after n steps of the parallel
chip-firing.

We denote by u,(v) = u,(G,0)(v) the number of times v fired during the first n
turns, and call this function the odometer, that is, u,(G,)(v) = S r—y f(G, U*a)(v).

It is easy to see that a parallel chip-firing started from the configuration ¢ on a
graph G eventually enters a periodic state, and if G is connected then each vertex fires
the same number of times in a period. Hence, lim,, ”"T(v) exists and is the same for
each v € V(G). We call this quantity the activity of o and denote it by a(G, o).

We will be interested in the way the activity changes when we add a small amount of
chips to each node. The activity diagram of G and o is s(y) = s(G,0)(y) = a(G,0+y-
deg.). Numerical experiments of [2] suggested that for planar grids of growing size, the
activity diagrams tend to a Devil’s staircase. We will call a function ¢ : [a, b] — [0, 1]
a Dewil’s staircase, if c¢(a) = 0, ¢(b) = 1, it is continuous, nondecreasing, but locally
constant on an open dense set. Levine [§] proved such a phenomenon for complete
graphs, i.e. that if we take a sequence of complete graphs whose size tends to infinity,
and a sequence of chip configurations on them that converge in a certain sense, then
(with a mild assumption on the limiting chip configuration) the activity diagrams
tend to a Devil’s staircase. We take this analysis further, and are able to handle the
case of sequences of Erdés-Rényi random graphs.
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1.2 Results

To analyze the activity diagram on a (dense) graph, we use the theory of graphons.
In order to do so, we introduce parallel chip-firing on graphons. On a graphon, the
parallel chip-firing is not necessarily eventually periodic, and the activity of a chip
configuration might not exist (see Proposition [{.1)). However, we show that if there
is a lower bound on the degrees in the graphon then the activity exists for any chip
configuration (see Theorem [4.11]).

We show a continuity theorem for the activity. This theorem says that for a graphon
with a lower bound on the degrees, and a chip configuration that is compatible with
the graphon in a mild sense, if another graphon with a lower bound on the degrees
is close in cut distance, and the chip configurations are close to each other in the L!
distance, then the activities are also close to each other. For a precise statement, see
Theorem [5.2] Using the method of [8], we show in Theorem [6.6] that with some mild
assumptions on the chip configuration o, for the constant p graphon C), the activity
diagram s(C,,0) is a Devil’s staircase. Combining this result with the continuity
theorem, we are able to prove Theorem that gives a condition on a sequence
of Erd6és—Rényi random graphs and chip configurations that the activity diagrams
converge to a Devil’s staircase. Finally, we give a concrete example for a one-parameter
family of random chip configurations, where the activities tend to a Devil’s staircase,
see Theorem [6.9

2 Parallel chip-firing on graphons

We now review the notion of graphons defined by Lovész and Szegedy [10] as limits
of sequences of dense graphs, then introduce parallel chip-firing on them. We follow
[9] in introducing graphons. See [9] for more information about graphons.

A graphon is a Lebesgue measurable function W : [0,1]?> — [0,1] which is sym-
metric, that is, W(z,y) = W(y,z) for all z,y € [0,1]. We can think of a graphon
as a generalized graph: the vertex set of W is the unit interval [0, 1], and instead of
specifying whether two vertices, x and y are connected in W or not, we have a real
number W (z,y) = W (y,x) describing how well they are connected.

Here, and everywhere else where we do not specify the measure, we mean the
Lebesgue measure, that we denote by .

Note that for every (labeled) graph G with vertices {vy, vo, ..., v, } one can construct
a corresponding graphon W the following way: partition [0, 1] into n measurable sets
Ay, Ay with AM(Ay) = AM(Ag) = -+ = A(A,). Then set Wg(z,y) =1if z € A; and
y € A; with (v;,v;) € E(G), and We(z, y) =0 otherwise

The degree of a vertex x of W is degy, (x fo (z,y) dy. Note that the degree is
well-defined for almost all x € [0, 1]. We deﬁne

mindeg(W) = inf{e : A\({z : degy, (x) > ¢}) > 0}.

We use the notation degy, (x, A) fA (x,y)dy
To define the convergence of graphon sequences, a notion of distance of graphons
is needed. It turns out that the right notion is the cut distance of graphons.
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Section 2. Parallel chip-firing on graphons 4

Definition 2.1. The (labeled) cut distance of the graphons U and W is defined by

//Ua:y W(z,y)dydzx|.

The labeled cut distance corresponds to comparing the similarity of two graphons
when identifying vertices of the same label. The unlabeled cut distance corresponds
to the case where we want to find the best identification of the two vertex sets:
0o(U, W) = inf,dn(U,W¥) where ¢ runs over the invertible measure preserving
transformations of [0, 1] to itself, and W¥(z,y) = W(p(z), v(y)) (see [9, Subsection
8.2.2]). For a (labeled) graph G and a graphon W, we use the notation do(G, W) =
do(We, W), and similarly for dg. 0 is a pseudometric on the space of graphons,
and by factorizing with the graphons at zero unlabeled cut distance, one obtains a
compact metric space.

In our applications, we consider sequences of Erdés-Rényi graphs G(n,p), n =
1,2,.... Such a sequence is known to converge to the constant p graphon C, with
probability 1 in the distance dg. Since C}7 = C,, for any invertible, measure preserving
transformation ¢, on(W,C,) = dn(W,C,) for any graphon W. This fact, and the
simpler formalization are the reasons that in this paper, we use the labeled cut distance
as a metric on graphons.

The definition of the parallel chip-firing on graphons is analogous to that on finite
graphs. A chip configuration on a graphon is an (almost everywhere) non-negative
function o € L*([0,1]). We denote the set of chip configurations on a graphon W by
Chip(W), and use ||o||; to denote the L' norm of a chip configuration o. For a given
chip configuration ¢ on a graphon W, the parallel update rule is defined similarly as
in the case of finite graphs. Let the firing vector of o be

r) = o)x) = degi:)x if degyy () > 0
flx) = fOW, )<>_‘{ L 0()J if degy (z) =0

do(U, W) sup

STC[O 1]

I

then we can define the update rule by

Uo(x) = o(x) — degyy (x / £y
One can easily see that f(W, o) is defined almost everywhere, and it follows from the
following claim that Uc(x) is finite almost everywhere.

Claim 2.2. For a arbitrary graphon W and o € Chip(W), Uo € Chip(W) and
1Uelly = ol

Proof. From the definition of the firing vector, o(z) — degy, (z) f(z) > 0, hence Uo is
non-negative, and

||Ua||1—/|a — degy (z |dm—|—//f (x,y)dy dx
—/()%—/®w» M+//f W (x,y) dz dy

— [otwrdo— [ degy @)@y o+ [ 1) desy ) dy = o],
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Section 2. Parallel chip-firing on graphons )

where we used Fubini’s theorem for non-negative functions to interchange the inte-
grals. O]

As in the case of finite graphs, the odometer u,(x) = wu,(W,o)(x) denotes the
number of times x fired during the first n turns, i.e.,

—_

Un(2) = un(W,0)(2) = 3 F(W, U (a).

i

I
=)

To talk about any notion of activity, we need to assume that the graphon W is
connected, that is, there is no measurable partition [0,1] = AUB with A\(A), A\(B) > 0
and W(z,y) = 0 for almost all (z,y) € A x B. As we will see in Section
connectedness itself is not enough: there is a connected graphon W with a reasonably
nice chip configuration ¢ such that lim,, M does not exists for any z € [0, 1].
If for a given graphon W and chip configuration o there is a real number a = a(W, o)
such that lim,, . M exists and is equal to a for almost all z € [0, 1] then we say
that the activity exists and is equal to a. As we will see in Theorem [4.11] the activity
of any chip configuration exists on a graphon with a lower bound on the degrees.
We can also introduce the activity diagram of a chip configuration ¢ on a graphon W
as a straightforward generalization of the graph case: s(W,0)(y) = a(W,o+y-degy,).

The following claim tells us that activity diagrams are monotone increasing.

Lemma 2.3. If ¢’ > o almost everywhere, then u,(W,d')(x) > u,(W,o)(x) for any
graphon W, n € N and almost all z € [0, 1].

Proof. We proceed by induction on n. The statement is clear for n = 0, since
up(W, 0’)(x) = ug(W, 0)(z) = 0 for all z € [0,1].

Suppose that u, (W, o')(x) > u,(W,o)(z) for almost all x € [0,1]. Then almost all
x € [0, 1] has the properties that o'(z) > o(x) and u,(W,o’)(x) > u,(W,0)(x). Fix
such an z € [0, 1] towards showing that w,, 1 (W, d’)(z) > up1(W, 0)(z). By induction
hypothesis, u, (W, o) (z) = u,(W,o)(x) + k for some k > 0, moreover,

dezwwﬂmmw@m%mm+4uwawwwmwwg

aﬂ%ﬂMWﬂ@%@@m@Hluwmw@W@wwz
U'o'(z) + k degy, (z).

It follows that

Un 1 (W, 0)(x) = upn (W, 0)(z) + L—

This finishes the proof. O
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3 The finite diameter condition

In this section we formulate a notion for graphons that is an analogue of the diameter
of finite graphs. We will be able to give a sufficient condition for the existence of the
activity of a chip configuration using this notion.

For a measurable set A C [0, 1], we denote by I'(A) the neighborhood of A in W,
ie.

['(A) = {z € ]0,1] : dy € A such that W (y,x) > 0}.

For £ > 0, we denote by I'.(A) the set of those neighbors of A that receive at least
e chips by firing the set A once, that is,

I.(A) = {x e 0,1] : /AW@,Q;) dy > 5}.

We denote I'*(A) =T o---oT(A) and similarly for T¥(A).
k
The following definition plays a key role in our results.

Definition 3.1 (Finite diameter condition). A graphon W : [0, 1]> — [0, 1] is said to
have finite diameter, if there is an N € N such that for all measurable subset A C [0, 1]
with A(A) > 0 there exists ¢ > 0 with A(AUT.(A)UT?(A)U---UTN(A)) =1.

It is reasonable to call the smallest such N the diameter of W, but we will not use
this notion. There are many equivalent ways to define the finite diameter property.
Above we tried to give the most natural definition. The following theorem gives two
more equivalent formulations that will play a role in this paper. We also note that we
could use I.(A) = AUT.(A) and get the same property.

Theorem 3.2. The following statements are equivalent for a graphon W :
(i) W has a finite diameter;

(i1) there exist N € N and ¢ > 0 such that for all measurable A C [0,1] with
AMA) > 1, MAUT(A)UTZ(A)U---uTY(A4) =1;

(11i)) W is connected and there exists 6 > 0 such that degy, (z) > 0 for almost all x.

Notice that (ii) is different from (i) in that we require the existence of an e that is
suitable for every “large” measurable set.

Proof. First we prove that (i) and (ii) both imply (iii).
If W is not connected and AU B = [0, 1] is a partition witnessing this, then by
supposing A\(A) > 1/2, we see that for each N € N and each ¢ > 0, A(AUT.(A) U
I2(A)U---UTYN(A)) = M(A4) < 1, contradicting the assumptions of both (i) and (ii).
If the degrees of W are not bounded from below (so for every ¢ > 0, A\({z :
degyy (z) < €}) > 0) then the degrees are not bounded from below on [0, 3) (i.e. for
every ¢ > 0, A\({z € [0,3) : degy (z) < £}) > 0) or on |2

3:1]. Suppose that they are
not bounded from below on [0, %) and let A = [L,1]. Then for every & > 0, the set

)9 29
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Section 3. The finite diameter condition 7

B. ={x €0,3) : degy,(z) < e} is of positive measure, so A(AUT(A) UTZ(A)U---U
I'Y(A)) < ([O 1]\ B.) < 1 for any N € N. Thus we have proved the directions (i)
= (iii) and (ii) = (iii).

To show (iii) = (i) and (iii) = (ii), we first prove the following.
Claim 3.3. If W is connected then for each interval [a,b] C (0,1) there exists € > 0
so that [, [,. W(z,y)dxdy > ¢ for all measurable subset A C [0,1] with A\(A) € [a, b).

Proof. Suppose towards a contradiction that for some [a,b] there is a sequence of
subsets (A, )nen such that A(A,) € [a,b] but [, [, W(z,y)dxdy — 0. Our goal is
to contradict the connectedness of W by coming unp with a subset A C [0,1] with
AMA) € [a,b] and [, [,. W(z,y)dzdy = 0.

Since {14, : n € N} is a bounded subset of L*°([0,1]), and L™ is the dual of
L', there is a weak* convergent subsequence of (14, )nen tending to f € L™ by the
Banach—Alaoglu theorem. We can suppose that the subsequence is the original one,

hence / - dm%/ .

for all g€ Ll([O 1]). One can easily see that f(x) € [0,1] for almost all z € [0, 1] and

fo x) dx € [a,b] by using g(z) = 1(z.fm)<0}, 9( ) = 1 f2)>13 and g(x) = 1in (I).
It follows from our assumptions on A, that

/o1 /o1 Wiz, y)La, (2)1a;(y) dz dy
_ /01 /01 W (z,y)1a, (2)(1 — 14 (y)) dzdy — 0.

Now we show that fol fol W(z,y)f(z)(1— f(y))dxdy = 0. The function z — W(z,y)
is in L' for almost all y € [0, 1], hence, using again (]),

/OW(x,y)lAn(x)dx%/O W(z,y)f(x)dz

for almost all y. For a fixed € > 0, let ng be large enough so that for

/olw(a:’y)lA"(m) dx_/olw(l’ay)f(x) dr| <

A(B) > 1 —e. Then for each n > no,

B:{y:Vnzno

/ Wz, )L, (@)(1 — 14, () dr dy

//ny 1—1A())dxdy‘

[ / W (e, y)La, (z) dr — / W (e, y) () de| (1 — L, (1)) dy

/01 W(z,y)1a, (z)dr — /01 W (z,y) f(z) dz

EGRES Technical Report No. 2020-05
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using that every function here has values in [0, 1] and that A\(B¢) < e. The function
Y fol W (z,y)f(x)dz is in L', hence

[ [ wews@a-1aedas - [ [ wenreo - sy

Thus,

lim sup
n—oo

- [ [ wesn - s e <2

/0 /0 Wiz, y)1a,(z)(1—14,(y)) dxdy

for every € > 0, meaning that

/01 /01 Wz, y)1a, (2)(1 = 14, (y)) dz dy — /01 /01 W(z,y) f(x)(1 — f(y)) dz dy,

hence [ [ W (z,y) f(x)(1 — f(y)) dvdy = 0.

Now we extract a subset from f. Since fo x)dxr € [a,b] and f(z) € [0,1] for
almost all z, A\({z : f(x) = 1}) < b and )\({x : f(z) > 0}) > a. Hence, there
is a measurable set A with {z : f(z) = 1} € A C {z : f(z) > 0} and A(A) €

[a,b]. Tt is easy to check that if for some (x,y) € [0,1]%, f(z)(1 — f(y)) = 0, then
1A( )(1 —14(y)) = 0. Therefore [, [ W(z,y)f(x)(1— f(y))dvdy = 0 implies that
fo fo (2,9)1a(2)(1—14(y)) dx dy = 0, hence A witnesses that W is not connected,

a contradiction. O

Now we prove (iii) = (i) an (111 ( i). It is enough to prove the corresponding
statements for the operator F’ "(A) = (A) in place of I';(A), since one can easily
see by induction on k that (T'.)* (A) ~U(TL)*(A) € AUT. v (A)U-- -UF’;/N(A)

for each &k < N.
The following claim proves (ii) from (iii) and will also be used to prove (i).

Claim 3.4. If W is a connected graphon, and degy, (x) > 0 for almost every x
for some 6 > 0, then for every a € (0,1] there exist N € N and ¢ > 0 such that
AM(TON(A)) =1 for every measurable set A with A(A) € [a, 1].

Proof. Using the lower bound on the degree,

J )
A(TL(A)) = 1 for every measurable A with A\(A) > 1 — 3 and € < 3 (2)
Now let ¢/ > 0 be given by Claim for [a b] [ 1 — 2], then for every mea-
surable subset A with A\(A) € fo fo (2)14c(y)dxdy > €. Since

fol W (z,y)la(x)dr <1 for almost all y € A,

A ({y € A° /01 Wi, y)la(z) do > %}) > %
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In other words, A(I', 5(A) \ 4) = g for every measurable subset A with A\(A) €
[a,1— 5] Then AT /Q)Wﬂ(A)) [1—2,1] for every such A. Therefore, also using

@), N=[2]+1and ¢ = min{g, 3} satlsfy the claim. O

The proof of (iii) = (ii) is complete using the claim, so now we move on to show
(iii) = (i). The extra difficulty comes from sets of small measure. If A is a measurable
subset with 0 < A(A) < 2 then for almost all z € A, fol W(z,y)Lac(y)dy > %2, hence
fo fo (x,y)1a(x)Lac(y) dedy > %ATW. Let

B= {y € A° /O1 W(a,y)1a(z) do > MgA) } |

Since fol W(z,y)1a(z)dx < A(A) for almost all y € A°,

26)\ ON(A)

//nym( Pacly) dedy < A(B) - M) + 2,

therefore A(B) > ¢, and thus )\(F’WA) (4)) > 2.

Now we apply Claim [3.4 with a = £ to get N’ and &’ such that A((I'.)"'(4)) = 1
for every A with A(A) > §. Then for any subset A of positive measure, N = N’ + 1
(that is independent of A) and € = min{¢’, %} work, A\(T2)N(A)) = 1. O

Let us point out a nice property of graphons with finite diameter. In many respect,
unbounded chip configurations are inconvenient. However, for a graphon with finite
diameter, any chip configuration becomes bounded after one step of the parallel chip-
firing.

Lemma 3.5. If a graphon W has mindeg(W') = d > 0, then for any chip configuration
o onW,n>1 and almost all x € [0,1], we have

ol

d

|0||1

Uo(x) < degy (z) + <1+

Proof. Since by Claim 2.2 [|[Us||; = |o|, it is enough to prove the statement for
n=1.
Uo(z) = o(x) — degy, (v —i—fo W (z,y) dy where

fly) = degiiiy)J if degy (y) >0
0 if degy (y) =0.

For an x where degy, (x) > 0, we have o(z) — degy (z)f(z) < degy (x). Also,
as W(z,y) < 1 for each z,y € [0,1], we have folf(y)W(x,y) dy < 01 fly)dy <

fol % dy = éHU |1 as o is almost everywhere nonnegative. ]
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4 Existence of the activity

In this section we investigate the existence of the activity of a chip configuration on a
graphon. Recall that by definition the activity of a chip configuration ¢ on a graphon
W exists and is equal to a € R if lim,,_,, “”T(“T) exists and is equal to a for almost all
z € 0,1].
First, we construct an example showing that the connectedness of the graphon is
not sufficient for the activity to exist. However, we show that if W is connected and
—2@)__is bounded then lim inf u"(x) is the same for almost every = € [0,1], and the

degyy ()
same holds for lim sup “=* ( ) In the main result of this section, Theorem , we show
that the finite diameter Condltlon implies the existence of the activity for any chip
configuration.

4.1 An example where the activity does not exist

Proposition 4.1. There exist a connected graphon W and a bounded chip configura-
tion o on W such that the activity of o does not exist.

( )

Proof. In our construction we will have lim inf “”TE“; and lim sup “ = 1 for each
z € [0,1].
Let J,,cz Am be a measurable partition of [0, 1] with A(A,,) > 0 for each m € Z,

and let us denote by m : [0,1] — Z the unique function with z € A, for every
z € [0,1]. Then let W(z,y) = 1 if and only if |m(z) —m(y)| = 1 and let W(x,y) =0
otherwise. It is easy to see that W is connected.

We say that a set A, is of type 1 with respect to a chip configuration p if p(x) =
A(A,,—1) for each z € A,,. We say that A,, is of type 2 if p(x) = M A1) + A(Apmi1)
for each x € A,,, and it is of type 3 if p(z) = 2 A(Ayi—1) + M A1) for each z € A,,.
In our example, we will choose the starting configuration ¢ so that for each n, each
set A,, is of type 7 for some i with respect to U"o. It is clear that every such chip
configuration is bounded.

Now let Z; U Zs U Z3 = Z be a partition of the integers with the property that

mesZism+1e Zs. (3)

We define the chip configuration o in the following way:

)\(Am(x),l) if m(x) S Zl,
o(x) = AA,, ( ) + A( A +1) if m(z) € Zs,

that is, the type of A,, is ¢ with respect to o if and only if m € Z;.
Using (3)), we have that

A, is of type 1 if and only if A, is of type 3 with respect to o. (4)

Claim 4.2. Suppose that a configuration p satisfies and also that each A,, is of
some type with respect to p. Then for each m € Z, A,, is of type © with respect to Up
if and only if A1 is of type i with respect to p.
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4.2 About the liminf and lim sup 11

Proof. We distinguish multiple cases according to the type of A,, with respect to p.
If A,, is of type 1 with respect to p then using , Ay is of type 3 and A, 1 is of
type 2 or 3. Hence, starting from p, the points of A,, 1 U A,,,1 can fire once, but the
points of A,, cannot fire at all. Therefore, Up(x) = 2 - A(Ay—1) + A(Ap41) for each
x € A, thus A,, is indeed of type 3 with respect to Up, as is A,,,1 with respect to p.
If A, is of type 2 with respect to p then again using , A1 is of type 2 or
type 3, and A,,.1 is of type 1 or type 2. Since in this case the points of A,, 1 U A,,
can fire once, for each © € A,,,, Up(z) = AM(A—1) if Apmgq is of type 1, and Up(x) =
AMAp—1) + AM(Apg1) if Ajpgq is of type 2. Thus the proof is also complete in this case.
If A, is of type 3 with respect to p then by , A1 is of type 1, and A, is
of type 1 or type 2. Hence, for each = € A,,, Up(x) = M(Ap—1) if A,yq is of type 1,
and Up(z) = MAm-1) + A(Ant1) if Apya is of type 2. Thus the proof of our claim is
complete. O]

It is easy to prove by induction on n using Claim [4.2] that for each n, every set A,,
is of some type with respect to U"c and also that U"o satisfies . It is also clear
that u,(x) equals the cardinality of the set (Zy U Z3) N {m(x),m(z) + 1,...,m(x) +
n — 1}. The only thing that remains to finish the construction, is to choose the
partition Z = Z; U Zy U Z3 such that is satisfied and also for every x the liminf of
|(ZoU Zg)N{m(z),m(x) +1,...,m(x) +n — 1}| as n tends to infinity is 1/2 and the
limsup is 1. Let for example

Zgz{nEZ:nS1}UU{nEZ:(2k+1)!§n<(2k—|—2)!},
k=1

where k! denotes the factorial of k. We can add the remaining integers alternatingly to
7y and Zj3 satisfying . It is straightforward to check that this construction satisfies
the above requirements. O

4.2 About the liminf and lim sup

In this section we prove the following theorem.

Theorem 4.3. If W is a connected graphon and o is a chip configuration on W such

that de;gzx) < K almost everywhere, then there are real numbers u, u € [0, 1] such

that lim inf ”"T(‘T) = u and lim sup ””T(I) = for almost all z € [0, 1].

We conjecture that this statement holds more generally, for any chip configuration.

Conjecture 4.4. If W is a connected graphon and o is a chip configuration on W,
then there are real numbers u, u € [0, 1] such that lim inf “”T(x) un(z)

=y and limsup == =
u for almost all x € [0, 1].

W(J?,y) 3 _
dogy (x) CA1 be inter

preted as a density describing the neighborhood of x. Even though these densities
can be quite different for different points, if we start a Markov chain at each point,

The idea of the proof is the following. The function y
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4.2 About the liminf and lim sup 12

the transition probabilities of this Markov chain will be close to each other after a
sufficiently large number of steps. We can approximate the amount of chips received
by the points using these probabilities, showing that the liminf and lim sup of ""T(g”)
do not depend on z.

We start with collecting the notions regarding Markov chains that we will need.
Let (X,.A) be a measurable space and P : X x A — [0, 1] denote the transition prob-
abilities of a Markov chain, that is, P(x, -) is a probability distribution for each x € X
and P(-, A) is measurable for each A € A. The higher-order transition probabilities
are defined by P'(x, A) = P(x, A) and

P ) = [ P, dy) Pl )
X
The Markov chain defined by P is said to be irreducible if there exists a non-zero
o-finite measure ¢ on X such that for every A € A with ¢(A) > 0 and every z € X
there exists n € N with P"(z, A) > 0.
The probability distribution 7 is called stationary distribution if

W(A)—/XP(:L',A)dW(:r;)

for every A € A. A Markov chain with a stationary distribution 7 is aperiodic if there
do not exist disjoint, measurable subsets Ag,..., Ag_1 € X with d > 2 such that for
all 0 <i < dandall x € A;, P(z, Aji+1) (mod ¢)) = 1, and m(Ay) > 0.

We will use the following result, appearing in this form in [5, Theorem 4], in which
the norm of a signed measure is defined as the total variation norm, that is, |v| =

Sup aea [V(A)]-

Theorem 4.5. If a Markov chain on a state space with countably generated o-algebra
is irreducible and aperiodic, and has a stationary distribution w, then for m-a.e. x € X,

lim ||P*(z,-) —7(-)]| = 0.
n—oo
Now we are ready to prove the main result in this subsection.

Proof of Theorem[4.5. We first claim that we can suppose that degy, () > 0 for every
xz € [0,1]. In order to show this, let A = {x € [0,1] : degy (z) = 0}, and define W’
by W (z,y) =1ifx € Aory € A, and W(z,y) = W(x,y) otherwise. It is easy to
check that W’ is a graphon, and W(z,y) = W/(z,y) for almost all (z,y) € [0,1]?,
since the connectedness of W implies A(A) = 0. Hence, W’ is also connected and
degy(z) > 0 for all z. One can also show by induction on n, that if degy, (z) > 0
then wu,(W,o)(x) = u,(W’,0)(zx), since in this case W'(x,y) = W(zx,y) for almost
all y € [0,1]. Hence if we show the statement of the theorem for W’ then we are
also done for W. Thus we can indeed suppose that degy, () > 0 for all x € [0, 1].
We also assume that W is Borel measurable; we can do so, since for any (Lebesgue
measurable) graphon W there is a Borel measurable one W’ such that W = W’ almost
everywhere, hence, using that degy,, (z) = degy, (x) almost everywhere, it follows that
u, (W', 0)(x) = u, (W, 0)(z) almost everywhere.
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4.2  About the liminf and lim sup 13

Define a Markov chain using W by the transition probabilities

_ fA W(J}, y) dy
degy,(z)

Here, and everywhere else where we do not specify the measure, we integrate with
respect to the Lebesgue measure.

To check that P : [0,1] x B([0,1]) — [0, 1], where B([0,1]) is the Borel o-algebra,
indeed defines a Markov chain, one can use e.g. [7, Exercise 17.36] to show first that
x +— degy, (x) is Borel, hence (z,y) — dI;I;(;,(;Q)
exercise again to show that for each A € B([0,1]), x — P(x, A) is also Borel.

Notice that each distribution P(z,-) is absolutely continuous with respect to the

Lebesgue measure, since

P(z,A)

is also Borel, and then use the same

W(z,y)
degy, ()

is a density function. One can also show by induction on n that P"(x,-) has a density
function p"(z, ), which can be defined inductively by p!(z,y) = p(z,y) and

p(z,y) =

' ' W(zy)
g, :/ "(x,2)p(z, dz:/ 2, 2)——2 dz.
P (s y) Op( )p(2,y) Op( )degw(z>
We will also use that for £ < n,
1
p"(fv,y)z/ pr(x, 2)p" " (2, y) dz. (5)
0

Let us define a probability distribution on [0, 1] by 7(A) = M with density

Jo degyy () do
function d.(z) = foljii—vuv/((z;dy_

Claim 4.6. The Markov chain determined by P s irreducible, and has 7 as a sta-
tionary distribution.

Proof. The following calculation, using Fubini’s theorem for non-negative functions
shows that 7 is indeed a stationary distribution:

/OlP(a:,A)dw() /1P( dx—/ / y)dy - do(z) da

/ W(x y degy ()
: dx
a degyy (z f degw(z)d
W(zx,y)dy dx -
/ / f degW( )dz
d d
fo degy(2) dz

To check irreducibility, we use ¢ = A, the Lebesgue measure. Let z € [0,1] be
arbitrary, and let A, = {y € [0,1] : p"(x,y) > 0}. We claim that it is enough to show
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4.2 About the liminf and lim sup 14

that A (U, An) = 1. Indeed, if this is the case and A € B([0,1]) with A(A) > 0, then
AMANA,) > 0 for some n, hence P"(z,A) = [, p"(z,y)dy > [,, P"(z,y)dy >0,
since p™(z,-) is positive on AN A, and A(ANA4,) >0

Now suppose towards a contradiction that A(|J, A,) < 1 and let B = [0,1] \
U, A Then A(B) > 0, and also A(B) < 1, since for example 1 = [ p"(z,y) dy =
fip A, "(x,y) dy, showmg that each A, is of positive measure. Using the fact that W is
Connected Je J5 W (z,y) dydx > 0, thus there exists some n such that [, [, W(x,y) dy dz >
0. It follows that for A}, = {z € A, : [ W(x,y)dy > 0}, A\(A},) > 0. Now we show
that P""(z, B) > 0 to get a contradiction and complete the proof, again using Fu-
bini’s theorem.

P™(z, B) = /B P, ) dy = /B / () ddy
Z/B/%p”(%Z)p(%y)dzdy://p"($72)/]3%dyd2>07

since p"(x,z) > 0 for all z € A, C A,, [, degwy) dy > [, W(z,y)dy > 0 for each

z€ Al, and A(A]) > 0. O

To be able to use Theorem 4.5, we would need to prove that our Markov chain
is aperiodic. Unfortunately this is not the case if W is bipartite, that is, there is a
measurable partition [0,1] = A U B such that A(A), A\(B) > 0 and W(z,2’) = 0 for
almost all (z,2') € A? and also W(y,y') = 0 for almost all (y,3') € B?. For our
purposes, another formulation of bipartiteness will be useful. For a bipartite graphon
W we call the decomposition [0,1] 2 F = X UY into disjoint subsets a canonical
decomposition, if A(X), A(Y) > 0, A\(F') =1, for all z € X and for almost all 2’ € X
W(z,2’) = 0, and also for all y € Y and for almost all ¥ € Y, W(y,y') = 0. Note
that every bipartite graphon has a canonical decomposition.

For such a decomposition we denote by mwx the distribution on X defined by
X T [y degy (z) dz?
fB degy (y) dy
Jy degw (y) dy
Claim 4.7. If W is bipartite with canonical decomposition XUY , then P*(z,-) forx €
X are transition probabilities for an irreducible Markov chain on X with stationary

distribution wx. The analogous statement holds for' Y as well.

and similarly my is a distribution on Y defined by 7y (B) =
We denote the corresponding density functions by d., and d,

Proof. Using the fact that P(x,-) is absolutely continuous with respect to the Lebesgue
measure, and the properties of the canonical decomposition, one can easily show by
induction on n that

P?(z,X) =1 and P**}(z,Y) =1 for every z € X. (6)

This implies that P?(z,-) is a probability distribution on X for each x € X. The
measurability of P?(-, A) can be shown as before for P(-, A), showing that P? indeed
defines a Markov chain.

Claim and @ shows that P? is irreducible on X, and a similar computation as
in the proof of Claim shows that 7x is a stationary distribution. m
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4.2  About the liminf and lim sup 15

Claim 4.8. If W is not bipartite then ||p"(x,-) —d,||s — 0 for almost every x € [0, 1].
If W is bipartite with canonical decomposition X UY , then ||p**(x,-) — dxy |1 — O for
almost all x € X and ||P*"(y,) — dry |1 — 0 for almost ally € Y.

Proof. 1t is enough to prove that if W is not bipartite then ||P"(z,-) — «|| — 0 for
almost every x € [0, 1], and analogously for the bipartite case, since if v is a signed
measure with density function d,, then ||d, |y = [|d,(z)|dz = | [, _ dv(z)dz| +
| Jo <o () dz| <2-|v|.

It is also clear that m and A are mutually absolutely continuous, since 7 has a
density function which is everywhere positive. Hence, a statement holds 7-a.e. if and
only if it holds A-a.e. In the following discussion, where we can choose between the
two, we always use the Lebesgue measure, as in the statement of this claim.

To prove the first assertion we want to apply Theorem [4.5|for P. Using Claim [4.0] it
remains to show that P is aperiodic. Suppose towards a contradiction that the Markov
chain is not aperiodic, hence there exist measurable subsets Ay, ..., Aq_1 C [0, 1] with
d > 2 such that for all i < d and all x € A;, P(2, A(i41) (mod a)) = 1, and A(Ag) > 0.
It follows that A(A;) > 0 for each 1, since if we suppose this for some fixed i < d — 2
then 1 = P(z, Ai1) fA p(z,y)dy for all z € A;, showing M\(A;11) > 0. Let
A = ;.44 Then P(z, A) = 1 for each x € A, hence W(z,y) = 0 for almost all
(r,y) € A x A°. Then A\(A) = 1 follows from the connectedness of W,

Now we use the following lemma to show that d < 2.

Lemma 4.9. For a connected graphon W and a set A C [0,1] with A(A) > 0,
P%*(z,A) > 0 for almost all x € A.

Proof. Let B={z € A: P*(z,A) = 0}. Then, of course P*(z, B) = 0 for all z € B.
Suppose towards a contradiction that A(B) > 0. Then

Oz/BPZ(:z:,B)dx:/B/Bp2(x,z)dzdx:/B/B/Olp(x,y)p(y,z)dydzdx
-/ 1 [ ey [ plo.z) dzd.

Since p(z,y) = 0 if and only if p(y,z) = 0, we have [, p(z,y)dxr = 0 if and only if
[ p(y, 2) dz = 0. Therefore p(x,y) = 0 for almost all (x,y) € B x [0,1], contradicting
the fact that W is connected. O

We can use the lemma for A = Ag to get that P?(x, Ag) > 0 for almost all z € Ay,
hence it is not possible to have d > 3 with P?(x, Ay) = 1 for all z € Ay and AgNA, = 0.
Therefore d < 2, and d = 2 implies that W is bipartite. It follows that if W is not
bipartite then P is aperiodic. The first assertion then follows from Theorem

Now suppose that W is bipartite with canonical decomposition X U Y. To use
Theorem to finish the proof, after applying Claim , it remains to show that P?
is aperiodic on X. If this was not the case, there would exist disjoint sets of positive
measure Ay, Ay C X such that P?*(z, A;) = 1 for all x € Ay. Using Lemma we
obtain that P?(z, Ag) > 0 for almost all # € Ay, which contradicts the existence of
such sets. O]
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4.2  About the liminf and lim sup 16

We are now ready to finish the proof of Theorem [4.3] We calculate lower and upper
estimates for u, (zo) for an arbitrary x € [0, 1], after proving the following claim.

Claim 4.10. If W s a connected graphon and o is a chip configuration on W such

that decg’(wzw) < K almost everywhere, then u,(x) < (K — 1)n for almost all x € [0, 1].

Proof. We show by induction on n that = deg (( )) < K. From this statement, the claim

easily follows. The statement for n = 0 is an assumption of the theorem. Suppose
now that it holds for some n € N towards showing it for n + 1. Clearly,

Ulo(x) < degyy (v) + /(K — D)W (z,y)dy < K degy, (z),

finishing the proof. [

Since fol (,y)un—1(y) dy is the amount of mass received by = during the first

n — 1 steps, u,(z) > Iy W(ieyg);’zx)l( V9 _ 1 Now let a2 € [0, 1] be arbitrary and k < n,
then

1
W(x y L1 )Up—1\T dx '
fO ( (()iegl)(xo)l( Ve -1 :/ p(x0, 21)tn—1(z1)dr) — 1
w

(21, T2)Up—o(xe)dx
Z/P(xmm) (fo L2 2(2) s 1) dr; — 1

degyy, (1)

/ / $07$1 $17$2)Un 2 $2 d$1d$2 / P $0,$1 d$1 -1

:/ P* (20, T2)Up—2(22)dxs — 2

0

1
2/ PP (20, 2 ) Ui (1) dy — k.
0

un(z0) >

(@)+ [ W(z,y)un—1(y)d
degyy (z)

For the upper estimate, we use that u,(z) < 2 Y for any x, hence

o(xg) + fol W (xo, 1) un—1(x1) day
degyy (o)

un (o) <

_M 1 To, T1)U T1)ax
_degw(xo)+/0p< 0, 1) Un—1(21)d

o (o) 1 - o) —i—f01W(x1,:L’2)un,2(x2) dzs
= degy (o) +/0 pleo, 1) degyy (1)

_ o (o) ' - o(x1) "
——)+/O p(xo, 1) ——F— da;

degy, (950 degyy, ($1>

1 1
W(xq, x2)Up_o(x2)dx
+/ p($07l'1)f0 ( . 2) 2( 2) le"l
0 degy, (1)

X1
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4.2  About the liminf and lim sup 17

. 0(350) ! To. 1 J(xl) T
= Togy (1) */o Plo0 1) gog Ty 4

1
+/ P* (70, T2)Up_2(72) day
0

IN

k—1 1 0'(1‘)
< — —i— g / (o, 7; —’dxi>
degW To) = ( 0 )degw(xi)
1
+/ P (20, Tk )tk (k) dp
0

Now first suppose that W is not bipartite and let M C [0, 1] be the set of points
 such that ||p¥(z,-) — d||; — 0. Using Claim 4.8) A(M) = 1. We now show that
the conclus1on of the theorem holds for points in M, that is, for any x,2’ € M,
lim inf 222 = lim inf "n ( = lim sup #

Let x, 93 € M be arbitrary, and for a ﬁxed e > 0 choose k € N so that ||p*(x,-) —
de|li <eand |p*(2’,-) — d,|ls <e. Then, using Claim 4.10{ and that dea(x) < K for

gw (%)
almost all z € [0, 1], for n > k,

Up () — up(2') < degW ) +Z (/0 P %ﬁgy)dy)

= [ 0w =) ) dy £k
_degWx+Z(/ xyKdy)

+/0 n(K —1)[p*(z,y) — p" (= y)| dy + k

o(z)
< —— + kK +2n(K — 1)e + k.
degw (7) (K=1)

One can similarly calculate a lower estimate for w,(z) — u,(z'), hence as n tends to
infinity, we get that lim sup |“” (2) _ un( x/) } < 2(K —1)e for all € > 0, hence lim ‘“”TEI) —
“"(x ’ = 0, thus liminf u"(z) = lim mf un(@) and lim sup (x) = limsup “== for all
x, a: € M. Thus the proof of the theorem is complete in case W is not blpartlte.

Now suppose that W is bipartite with canonical decomposition X UY. Let M be
the union of the set of points z € X with ||p**(z,-) — dr, ||1 = 0 and the set of points
y € Y with ||p*(y,-) — dgy |1 — 0. Using Claim 4.8 A(M) = 1. A similar argument
to the above one shows that if z,2" € X N M then lim |“"T(:”) — %x” = 0 and the
same conclusion holds for points y,3’ € Y N M. It remains to show the same for a
pair (z,y) withz € XN M andy € Y N M.

In the following, the density functions d,, and d,, of mx and my are understood
to be defined on [0, 1], with d., vanishing outside X and d,, vanishing outside Y.

un(z
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4.3 Existence of the activity for graphons with the finite diameter condition 18

We claim that for a fixed ¢ we can choose k € N so that ||pf(x,-) — dr |1 < ¢ and
12" (y, ) — dry |l1 < e. To show this, first note that for all k € N,

1009 = ducll = [ | [ sty o - a2
-/ ‘ [ o0 (40.2) — ey ()
_ /p<y,u> 1P () — dy |, dus

Let k be large enough so that ||p*(z, ) — dr, |1 < & and for that set H = {u € X :
1" (u, ) — day |1 = 5}, AMH ) < % Then, using that p(y,u) = 0 for almost all
u €Y, and that p(y,u) < and ||p*(u, ) — dny |1 < 2 for all u € [0, 1],

dz

dz

deg degyy (y)

H k+1(y7 )_ dﬂle - /p(y,u) Hpk<u7) - dﬂle du

</ 2 d +/ (y,u)=d <Sii=¢
——du Ju)=du < — + = =g,
= Ju degy () X\pr 2 2
showing our claim.

Then using Claim again, for n > k,

DO ™

Un () — Ups1(y) < _o(@) —1—2 (/Olp"(x,z)i)) d,z)

~ degy (2) dogyy (2
+/0 (pk(x,z) k+1(y7 )) Up—(2)dz+ (k+ 1)

< ﬂ—i—kK—FZn(K—l)s—l—(k—i-l),
degyy ()
with a similar calculation showing the opposite direction, proving together that lim

“"*Tl()‘ — 0. This implies that lim inf “22) and lim sup “2(2) ”( ) is the same for almost all
z € [0,1] even if W is bipartite. Therefore the proof of the theorem is complete. [

Un, () N

4.3 Existence of the activity for graphons with the finite di-
ameter condition

In this section we give a sufficient condition for the existence of the activity.

Theorem 4.11. If the finite diameter condition holds for a graphon W, then the
activity exists for any chip configuration.

We believe that having finite diameter is not necessary for the existence of the
activity of every chip configuration.
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4.3 Existence of the activity for graphons with the finite diameter condition 19

Problem 4.12. Give a necessary and sufficient condition for a graphon W such that
the activity a(W, o) exists for each o.

We start the proof of Theorem by investigating the properties of the following
two quantities: for a graphon W, a chip configuration o, and each n € N let

my, = m, (W, o) = inf{k : \{z : up,(x) = k}) > 0},
M, = M,,(W, o) = sup{k : \({x : u,(x) = k}) > 0}.

It is easy to see that m, (W, o) is finite, however, M,,(W, o) could be infinite.
Lemma 4.13. m,, is superadditive, that is, My > My, + M.
Proof. We claim that it is enough to prove that

for almost all = € [0,1], upix(x) > my, + uk(z). (7)

Indeed, suppose that holds and let A = {z € [0,1] : upyx(x) = my,4x. Note that
A(A) > 0 by the definition of m,, . For almost all z € A, we have my, = tupr(x) >
mp + ug(z). Since A(A) > 0, and ug(z) < my can only hold on a set of measure zero,
we conclude that there exists x € A such that ug(z) > my and m, > m, + ug(z)
both hold. Hence m,,\x > m, + mx.

To prove , we proceed by induction on k. For £ = 0, the statement is trivial.
Suppose that the statement holds for k, i.e. w,x(y) > m, + ug(y) for almost all
y € [0, 1]. We prove it for k£ + 1.

Fix an arbitrary x € [0, 1] with degy, () > 0, and suppose that u, x(z) = m, +
ug(x) + a for some nonnegative integer a. If starting from o we fire each vertex y
exactly m, + u(y) times, we get to Uko as firing each vertex m,, times does not
change the chip configuration. Now

U ¥o(e) = (o) = tss(o) desay (0) + [ w,sslo)W .y dy >

o(2) — (i + un(2) + a) degyy (z) + / (1 + ()W (2, ) dy =
Uko(z) — a - degy ().
Hence

zfn+ka<x>J

Un+k1 (T) = U () + \‘ degyy ()

Uro(z) — a - degy ()
degyy (x)

mm+wﬁﬂ+a+L JZW%+uHﬂ@.

Lemma 4.14. M, is subadditive, that is, M, < M, + M.
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4.3 Existence of the activity for graphons with the finite diameter condition 20

Proof. If M, is infinite, then we are ready. If M, is finite, then the statement can be
proved analogously to Lemma {4.13[ O

We recall Fekete’s lemma [I], that states that for a superadditive sequence a,,
lim,, ;o = exists and equals to sup,, “*, and for a subadditive sequence b,,, lim,,_,, %”
exists and equals to inf,, 22. Hence we have the following.

Proposition 4.15. The limit lim,, o, “* exists and is equal to sup,, “=. The limit
lim,, oo % exists and is equal to inf,, % In particular, if the activity of (W, o) exists

then
M, = M,

ko

%< llmm—<a(WJ)< lim

n—oo M n—oo 1

for every k > 1.

Proposition 4.16. If the graphon W has finite diameter and o is a chip configuration
on W with U"o(z) < K for each n € N and x € [0, 1], then there exists k € N such
that M,, — m,, < k for each n.

Proof. Let us fix ¢ > 0 and N € N according to the equivalent definition (ii) of
Theorem. Let A={z € [0,1] : up(x) > M”+m"} Then either the measure of A or
the measure of the complement of A is at least =, s0 we are able to use the condition
(ii) for one these.

Case 1: A(A) > 1, hence A(AUT.(A)UTZ(A)U---UTY(A)) =1 by our choice of &
and N.

Let us fire each vertex m,, times. Then only a measure-zero set of vertices are fired
more times than they should be after the first n steps. After firing each vertex m,,
times, the chip configuration is the same as originally. Then we additionally fire each
vertex the necessary number of times to fire almost all vertex x exactly u,(x) times
(except for the elements of the measure-zero set {z : u,(x) < my}). In this way,
we get to a chip configuration that is equal to U"c almost everywhere, hence it is
essentially bounded by K.

The vertices in A have to be fired at least ==5™= times additionally. By the
definition of I'.(A), the vertices in I'.(A) receive at least ¢ chips if A is fired. Hence
after the at least @ additional firings, the vertices in I'.(A) receive at least ¢ -
M" Mn chips. Using the bound on the configuration, and that the degree of a vertex
is at most 1, each vertex of I'.(A) has to do at least [e - Maze — K] > ¢ Mazin _ J¢
additional firings.

Continuing like this, we get that any vertex in AUT.(A)UT%(A)U---UTY(A) has
to do at least eV - Ma—rmn — JC(eN=1 4 ... 4 2 + 1) additional firings. As the vertices
that fire m,, times do not need any additional firing and the measure of these vertices
is positive by the definition of m,,, we have that

t Mu—ma

Mn_ n _
€N'Tm—K(€N 1++5+1)§0,

hence M, —m,, < ()N - 2K (eN"' 4+ -+ ¢ + 1), which does not depend on n.
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Case 2: A\(A) < 1/2. Let B =[0,1] \ A. Then A(B) > 1/2, hence A\(BUT'.(B) U
[(B)U---UTY(B)) = 1

Starting again from o, let us fire each vertex M,, times. Then the chip configuration
remains the same. Now we “inverse fire” each vertex the necessary number of times
so that in the end, the number of firings made by a vertex z is u,(z) for all z, except
those that are in the measure zero set {z : u,(z) > M,}. Then we reached a chip
configuration p, with p(z) = U"o(x) almost everywhere.

By definition, the vertices of B have to be inverse fired at least @ times. By
inverse firing B, the vertices in I'.(B) all lose at least € chips, hence after at least
% inverse firings, they lose at least ¢ - % chips. As originally they had at
most K chips and at the end they have at least 0 chips, they have to gain at least
€ - % — K chips. By an inverse firing they can gain at most one chip, hence they
need to perform at least e - 4a=mn _ K inverse firings.

Continuing this, we get that each vertex in BUT.(B)UT'3(B)U---UT'Y(B) needs
at least eV - Mot J(eN71 4 ... 4 ¢ 4 1) inverse firings. As the vertices that
fire M, times do not need any inverse firing and the measure of these vertices is
positive by the definition of M, &V - % — K(EN 4+ +e+1) <0, hence
M, —m, < ()N 2K (N1 + -+ + ¢+ 1), which also does not depend on n. We
conclude that k = ()N - 2K (eN~! + - + ¢ + 1) suffices. O

Proof of Theorem[{.11 Let o be an arbitrary chip configuration on W. Since the
activity of o exists if and only if the activity of Uo exists, we can take a step in the
parallel chip-firing, and deal with ¢’ = Uc instead of 0. By Lemma there exists
a bound K € R such that U"¢'(z) < K for each n € N and almost all x € [0, 1]. By

%W’U,) and lim,,_, w both exist, and by Proposition

Proposition [4.15lim,,

they are the same.
Since MnWe) o unWo')(@) o Mn(Wo'

) for almost all z and every n, it also fol-

lows that the limit lim,,_, “”(WTW exists for almost all z, and equals to the value

mn(W,O'/) . D

lim,, 00 Py

5 The continuity of the activity

In this section we show a “continuity” theorem for the activity on graphons of finite
diameter.

Definition 5.1 (Smooth pair). A pair (W, o), where W is a graphon and o is a chip
configuration is called smooth, if

for any n € N, A\({z € [0,1] : 3k € N U"o(x) = k - degy, (x)}) = 0. (8)
We also say that o is a smooth chip configuration on W.

The main goal of the current section is to prove the following theorem concerning
the continuity of the activity.
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Theorem 5.2. Let (W, o) be a smooth pair and d > 0 where W is a connected graphon
with mindeg(W') > d and o is a chip configuration. Then for any e > 0 there exists
0 > 0 such that if W is a connected graphon with mindeg(W') > d, dg(W,W’) < 4
and o' is a chip configuration with ||o — o'l <& then |a(W,0) —a(W',0")| < e.

Remark 5.3. We note that one cannot leave out the condition of (W, o) being a
smooth pair. Take for example the graphon W = 1 and the chip configuration o = 1.
Then a(W,0) = 1 as each vertex will fire once in each step. However, if we modify
o by decreasing its values by some € > 0 on each vertex then |0 — ¢’||; = €, on the
other hand, the chip configuration becomes stable, hence a(W,o’) = 0.

Question 5.4. Would Theorem remain true if we only required finite diameter
for W and W', without asking for a common lower bound on the degrees? That is, is
the following, stronger form of Theorem true?

Let (W, 0) be a smooth pair where W is a graphon of finite diameter and o is a chip
configuration. Then for any € > 0 there exists § > 0 such that if W' is a graphon of
finite diameter with do(W, W') < § and o’ is a chip configuration with ||o — o'||1 < 0
then |a(W, o) —a(W' d')| < e.

We prove Theorem through a series of lemmas and propositions. First, in
Lemma |5.5(and [5.6| we show that if ||u, (W, o) —u, (W’ o’)||; is sufficiently small then
the quantities m,, and M, as defined in Section , are also close for (W,o) and
(W', ¢"). Next, in Proposition [5.8 and we show that if do(W,W’) and ||o — o'||s
are small then ||Uwo — Uyo'||y and || f(W, o) — f(W’,0')||1 are also small. Finally, in
the proof of Theorem [5.2] we put these ingredients together in an inductive argument.

Lemma 5.5. Suppose o is a chip configuration on the graphon W and o' is a configu-
ration on the graphon W'. Let d > 0 and n € N be given. If mindeg(W’) > d, ||o’||; <

200y and |Ju, (W, ) —un,(W,0') ||y < &, then mu, (W', 6") > m, (W, o) — (5 + 4'[1—”)
Proof. Suppose that m, (W' ¢') < m,(W, o), otherwise we have nothing to prove.
Since [|u,(W,0) — u,(W',0")|l1 < £ and the odometer is integer-valued, for the set
A={z€0,1]: u,(W,0)(x) # u,(W',0")(z)} we have \(4) < 4.

Let B = {z € [0,1] : u,(W',0")(x) = m, (W' ,o')}. By definition of m, (W', d’),
A(B) > 0. Note that B C A except for a measure zero set. For almost all x € B,
degyy(z,[0,1] \ A) > £ since A(A) < 4. In the parallel chip-firing started from o’
on W’ almost all vertex of [0,1] \ A fired at least m,, (W, o) —m, (W’ o’) times more
than almost all vertex in B, hence for almost all vertex x € B,

U0’ (x) 2 o' (2) + (mn(W, 0) —ma (W', 0"))

N

Using Lemma , Upo'(z) <14 @, and thus Uj}o'(z) <1+ @ for almost
all 2 € [0,1]. Tt follows that m, (W, o) — m,(W',0') < 2 + 4”;#. O

For the analogous claim about M,, we need the chip configuration ¢’ to be bounded.
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Lemma 5.6. Suppose o is a chip configuration on the graphon W and o' is a configu-
ration on the graphon W'. Let d > 0, K € N andn € N be given. If mindeg(W') > d,
[un(W,0) = u, (W, o)1 < & and o'(z) < K for almost all x, then M,(W’,o') <
M,(W,o) + %.

Proof. The proof of the lemma is similar to the previous one. Using the boundedness
of o/, M,(W' ') < oo, hence we can suppose that M, (W,o) < oo as well. We can
also suppose that M, (W’ ¢") > M, (W, o), otherwise we have nothing to prove. Let
A be defined as in the proof of Lemma[5.5 and let B = {z € [0,1] : u,(W’,0')(z) =
M,(W’,o’)}. Then again, A(A) < 4, A(B) > 0, B C A and for almost all z € B,
degW’(xv [07 1] \ A) > g

In the parallel chip-firing started from ¢’ on W', almost all vertex of [0, 1]\ A fired at
least M, (W', o') — M, (W, o) times less than almost all vertex in B, hence for almost
all vertex r € B,

0 <Upo'(x) <o'(z) — (M,(W' o) — M,(W,0))

[\ S

Using o/(z) < K, it follows that M, (W’ o') — M,(W,0) < 2. O

The following technical lemma is used many times in the proof of the next propo-
sition.

Lemma 5.7. For two arbitrary graphons W and W', || degy, — degy |1 < 2dn(W, W').
Therefore, for anyn > 0, A\({z € [0,1] : | degy, (z) — degy(z)| > n}) < 2d|:|(‘:7V,W )

Proof. Let A= {x € [0,1] : degy, (z) > degy-(z)}. Then

Ao (W, W) > / / W(a,y) — Wa,y) dy do = / degy (z) — degyy(2) da
= [ ldeg (@) - desyy(@)] do.

Similarly, one can show that [,.|degy () — degy.(x)|dz < do(W, W), hence the
first assertion of the proposition follows. O

We state the next proposition in a more general form than what is needed to prove
Theorem As a consequence, the proof requires an extra technical step. However,
the statement is simpler this way, and we believe it might be interesting on its own.

Proposition 5.8. Let o be a chip configuration on a connected graphon W such that
(W, o) is a smooth pair. Then for any ¢ > 0 there exists a § > 0 such that if o’ is a
chip configuration on a connected graphon W' with do(W, W') < 6 and ||c —d'||; < 6,
then ||Uyo — Uw.o'||; < e.

Proof. Throughout the proof we use the notation f(z) = f(W, o)(z) for the given pair
(W, o), and similarly f'(z) = f(W’,o")(z) for a graphon W’ and a chip configuration
o’ satisfying the conditions of the proposition for a § > 0 specified later.
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For n > 0 we collect the points at which the graphons or the chip configurations
behave badly, so let

N ={z€[0,1]: f(z) # f'()},

1 r R 1
Un:{xe[o,l]:a(x)zg}, Un—{xE[O,l].a(x)Zn},
Ly ={z €0,1] : degy (z) < n}, Ly, ={zel0,1]: degy,(z) <n},
A, =NUU,UU UL, UL,

Then we have the following.

Lemma 5.9. For any & > 0, there exist n > 0 and 6 > 0 such that if W' is a
graphon and o’ is a chip configuration with do(W,W') < § and ||c — o'||1 < J then
fAn oc+o <é.

Proof. We first claim that for a given £’ > 0 it is enough to find » > 0 and § > 0
such that if the conditions of the lemma hold then A(4,) < &”. Indeed, since o is in
L', for any ¢ there exists ¢” such that A\(4,) < ¢” implies [ 4,0 < %/ Let us fix such

an €”. Since |l —o'||; < 4, fAn o <6+ fAn 0. Therefore, if  and § are small enough
so that § < £ and A(4,) < &” then ‘fAn o+o <€

Let us fix an €” > 0 towards proving the above statement. First we deal with
the sets U, and U,. Since o € L', there exists 1y > 0 such that if n < 7y then
A(Us,;) < &. Then AUy \ Uzy) < 216, since |lo — o'[ly < 0. Hence, as U, C Uy,
MU, UU;) < %” + 2nd. Clearly we can choose ¢ small enough so that for any n < n,
AU, UU) < £

Next, we bound the measure of L, U L;. Since W is connected, A({z : degy (z) =
0}) = 0. It follows that there exists 7; > 0 such that if n < n; then A(Lo,) < %". It
is easy to check that L) C Ly, U{z : |degy (v) — degy~(x)| > n}. Therefore, using
Lemmaand the fact that do(W, W’) < 6, A(L; \ La,) < %’W” < %. Then, using
L,) C Ly, for any fixed n < n; we can choose § > 0 so that A\(L, U L’n) < %ﬁ

Finally, we deal with N. For ¢ > 0 let

B ={x:3t e N(tdegy (z) +((t+1) <o(z) < (t+1)degy (z) — ((t+1))}.

Since (W, o) is smooth and W is connected, the set B = {z : degy, (z) = 0 or 3t €
N(o(z) = tdegy(x))} is of measure 0. Since .., B¢ = B¢ and ¢ < ¢’ implies
B¢ O By, there exists ¢ > 0 such that A\(B;) > 1 — %N. Let us fix such a (.

Set

Ne ={z € B¢ : f(z) > f'(x)},
NZ ={x € B¢ : f(z) < ['(2)},

and note that N C Bf U NCI U Ng, hence it is enough to bound the measure of these
two sets.
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If 2 € N} then for some t € N,

o(x) > tdegy (z) +¢(t+1), and
o'(z) < tdegy. (x).
It follows that either o(z) > o'(x) 4 ¢ or degy, (x) > degy, (x) + ¢, hence

Ne € {z:o(x) 2 o'(z) + CE U{z : degy(x) > degy (x) + (}-

Since |lo — o'y < 0, M{z : o(z) > o'(z) + (}) < %. Using Lemma , A{z
degy(z) > degy (z) + (}) < w 2—55. It follows that A(N}) < 3—55.
A simi}/ar argument yields that A(NE) < 3?5, hence, using N C BEHU N} U Ng,
AN) < & +% 65 . It is clear, that by choosing a small enough §, A(N) < &. Therefore

we can complete the proof by first fixing any positive n < mm{no,m} and then
choosing a small enough 9, so that A(U, UU)), \(L, U L, ), \(N) < 5 O

We apply Lemma [5.9) with £’ = £ to obtain > 0 and dy, hence dD(VV, W' < by,
lo —o’'|li < do imply 4,0t o' < £. The final value for ¢ will be chosen to be less
than (50.

Now we investigate the effect of firing the vertices in [0, 1]\ A, and in A, separately.
So let f = fi+ f2 be the unique decomposition with f;(z) = 0ifz € A, and fo(x) =0
if 2 €[0,1]\ A, Let

o1(z) = o(x) — fi(x) degy (x / fiy)W (z,y) dy,

o2(x) = 01(z) — f2(z) degy (z / faly

We define f1, f3, o] and o} analogously for W’ and ¢’. It is straightforward to check
that oo = Uy o and o, = Uy o', so it is enough to prove that ||os — o4]|; < . Since

oo — a5y < [Joa — a1y + lon = o]l + |loy — o5l

it is enough to bound these quantities.
Then

1
H@—alnl—/ —fo(a) degyy (z /f2 a:ydy‘d

/fa z) degy, (v da:+//f2 W(z,y) dy dx
/ dx+//f2 W(z,y)dx dy

/Ano- dx+/ fa(y) degy, (y )dy</Ana(:p)dx+/A o(y) dy

n

IN

IN

IN

2.
5"
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where we used Fubini’s theorem for non-negative functions to interchange the order
of integration. A similar calculation shows that [o} — of|l; < Ze.
It remains to show that |0y — o1]]1 < £, which is the tricky part of the proof.

1
Hal—wﬁuls|w-—ow1+lé |f1(2) degyy () — £1(x) degyn ()] da
1
+
<o [ 1ta)] doguy () — deg ()] da
1
+

1
Using the fact that f(z) < de‘;xzx) <I= n% for every x € Aj and Lemma [5.7}

/01 fi(y)W (x,y) dy — /01 Fly)W(z,y) dy‘ ”

F)W (2, y) — W (z,y))dy| du.

A5

%ﬂM®%@%d%MMM§/

A5
!/
L 2V 26

n? n?

1
ﬁl degy () — degyy (x)] dzx

It remains to bound the integral fol ’fAC fy)(W(z,y) — W'(z,y)) dy‘ dx. This part
n
is the most technical one.
Let K be the largest integer with K < 4 and for 0 < j < K, let E; = {y €
0,1] : f(y) = j}. For each fixed z € [0,1], the integral [, W(z,y) — W'(z,y)dy
J
can be either negative and non-negative for each j < K. These give us 25+! many
possibilities for the sign of the integrals, thus partitioning [0, 1]. We encode the signs
using a finite sequence s € {0, 1}%*, where 0 corresponds to non-negative integrals
and 1 corresponds to negative ones, so let

3

—

Isz{xe 0,1]:Vj < K <s(j):O<:>/E.W(:U,y)—W’(9c,y)dy2O)}.
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Hence

[

W () = W(x,y)) dy]dx

/Z)/ Wiz, y) — W(x,y)) dy‘dq;
/I / (W (x,y) = W(z,y)) dy dx

s€{0,1}K+1 Vs <K Ej

<K Z Z// z,y) — W'(z,y)) dy dx

SE{O 1}K+1 J<K

1 /1 1
< K(K + 125 dg(W, W) < — (—2 + 1) 27,12“6,
ne\n

where we used the definition of dg and Fubini’s theorem for the integrable function
(z,y) = (=1 (W (z,y)—W'(x,y)). Hence, ||o1—a}|; < (5+2—5—|—i ( =+ 1) 277+,
Therefore, by choosing § small enough, we can make sure that H01 —oy]] < £, com-
pleting the proof of the Proposition [5.8]. O]

Proposition 5.10. Suppose (W, o) is a smooth pair, where W is a graphon with finite
diameter and o is a chip configuration. Then for any € > 0 and d > 0 there ezists a
0 > 0 such that if o’ is a chip configuration on a graphon W' with mindeg(W') > d,
do(W,W’') < § and ||l — d’'|| <0, then ||f(W,o) — f(W', o)1 < e.

Proof. Let # = min{mindeg(W),d}, and apply Lemma with ¢/ = £ to obtain
n>0and § > 0. Then, as f(W,0)(z) < 28 < % for almost all z € [0, 1],

degyy (x)
fAn f(W,o) < %fAna < 5. Similarly, fAn f(W', ') < 5. Therefore, ||f(W,0) —
fW' 6|1 < e for every W’ and o’ with dg(W, W') < § and ||oc — o’|| < 6. O

We are now ready to prove the main theorem of this section.

Proof of Theorem[5.4 Let K =1+ 2@. We first claim that it is enough to prove
the theorem for chip configurations that satisfy o(z) < K, o'(x) < K for almost all
x € [0, 1]. To see this, suppose that the theorem is known if o(z) < K,o'(z) < K for
almost all x € [0,1], and let ¢ and o’ be arbitrary. Then a(W, Uy o) = a(W, o) and
a(W', Uyo") = a(W’,0’), and using Lemma , Uypo(z) <1+ % and Uyo'(z) <
1—|—@ for almost all z € [0, 1]. If we set 0 to be less than ||o||;, then K is an essential
upper bound for Uy o and Uyro’, hence the weak version allows us to find ¢’ small
enough so that the conclusion of the theorem holds for Uy,o and Uyo’ instead of o
and ¢’ provided that ||[Uwo — Uyo’||y < ¢’. Then one can use Proposition 5.8 with
e =0"to find § < ¢’ so that ||o — ¢'||1 < ¢ implies ||Uywo — Uyro'||; < ¢, and we are
done.

So now let W, o, d and ¢ be fixed with o(x) < K for almost all x € [0, 1], where
K=1+ 2@. We need to show that one can find § > 0, 6 < ||o||; such that for
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every (W', o') with mindeg(W’) > d, dg(W,W’) < 0, |[c — d'||1 < § and o'(z) < K
for almost all z € [0, 1] we have |a(W,0) — a(W',0')| < .
Using Propositions and [4.15]

lim —mn(VV, o) = lim —Mn(I/V’ o)
n—oo n n—oo n
and W MW
M < a(W,o) < % for each n.

Therefore we can choose n large enough so that

M,(W,o)  mu(W,0) € 2d + 4]|o||1 ~ € and 2K L€
J— — _— — n — f—
n n 2’ nd? 2 dn 2’
where the latter two quantities come from Lemma [5.5] and Lemma/[5.6] Note that the
choice of n only depends on ¢,d, o and W.

We claim that it is enough to prove that if ¢ is small enough and W', ¢’ satisfy the
conditions of the theorem, moreover, o’(z) < K for almost all = € [0, 1], then

2 4
mn(W/,O'/) Z mn(VV, U) - <_ + ||O-”1

) and M,,(W' o") < M,(W, o) + % 9)

d d? d

Indeed in this case 5>a(W,0) —¢, and M"(nW’J) < M"(:V’U) +

mp(W',0’) > mp (W,o)
n - n
5 < a(W,0) 4 ¢. Since W' has finite diameter,

my (W', o) mg(W’, o) S m, (W', o")

a(W',o") = khigo . = sup k > " > a(W,o0) —e.
Similarly,
M !/ / M / / M ! /
a(W' o'y = lim M:inf QUSRS < n(W', o) <a(W,o) +e.

By Lemmasand for @D to hold, it is enough to chose § small enough so that if
do(W,W’) < § and |jo—d’||; < J, then ||0'[|; < 2||o]|; and ||un (W, o) —u, (W', 0|1 <
4. The first condition is satisfied since § < ||o||;. To satisfy the second one, we apply
Propositions [5.8 and repeatedly. It is clearly enough to choose ¢ small enough so
that for every k <n, k > 1, |[(uxg(W, 0) —up_1 (W, 0)) = (ur,(W’, ") —up_1 (W', ")) |, =
(W0l o) — (W, Ul o)1 < 4.

We first apply Proposition % to (W, U o) and € = % to get 9, > 0 so that

U e — Ut |l < 6, and da(W, W) < 6§,

imply
_ ) Tl d
| f (W, Upo) — fFW, Uit o) < o

Now let £,_1 = min {5n, % and apply both Proposition and Proposition m
with e =¢, 1 toget 0 =9,_1 >0, 6,,_1 <, so that

UG 20 — Ui %0’ ||y < 6n1 and do(W, W') < 8,4
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imply
||U§fla — U%710/|\1 < gpn_q <9, and

!/ n— / d
LF(W. Ui 20) = f(W', U 0"l < en1 < 5

—2n

By continuing downwards in a similar fashion, we can arrive at 6 = 9; > 0 such
that |lo — 0’|y < & and dg(W,W’) < § imply ||Uf o — Ul to’|ly < 6 and thus
I fW, Ul o) — fF(W, Ul o) |li < & for each k < n, k > 1. Therefore |ju,(W,0) —
u, (W', 0")[1 < %, and the proof of the theorem is finally complete. O

The next proposition shows that (W, o) being a smooth pair is not a very strong
condition.

Proposition 5.11. For any chip configuration o : [0,1] — R and any connected
graphon W, the set {p € [0,1] : (W, 0 + p - degy,) is not a smooth pair} is countable.

Proof. Fix the chip configuration ¢ and for any p € [0, 1], let us use the notation
0, =0+ p-degy. Forape[0,1] and n,f,k € N, let

bad(p,n, l, k) = {x € [0,1] : u,(W,0,)(z) = ¢, Uo,(z) =k - degy (x)}.

It is clear from the definition that bad(u,n, ¢, k) is measurable for each p € [0, 1] and
n,l,k € N. Let us fix n, (,k € N, we now show that if p/ # p then A(bad(u,n, ¢, k)N
bad(u',n, ¢, k)) = 0. Suppose that y > p, then by Lemma u,(W,00)(x) >
u,(W,0,)(x) for almost all = € [0,1]. Then for an x € bad(u,n,l, k) Nbad(y',n, L, k)
with degy, (z) > 0,

Urop ()
=0M@—MMWQH@%®%N®+AUAWMM@W%nw@
IUM@—WMM%WW¢%M@+AUMWQH@thMy

>%@—%MM%W®%@+AUNWW@W@M@
=U"0,(z),

contradicting the fact that U"o,(z) = Um0, (z) = k - degyy, (z). Hence indeed, almost
all z € [0, 1] cannot be in both bad(u,n, ¢, k) and bad(p',n, ¢, k).

If for fixed n, ¢, k € N uncountably many g exists with A(bad(u, n, ¢, k)) > 0, then
for infinitely many of those, A(bad(p,n,?, k)) > ¢ for some € > 0. By taking at least
é + 1 sets of those, two will intersect in a set of positive measure, a contradiction. We
conclude that for fixed n, ¢,k € N, only countably many p exists with the property
that bad(u, n, ¢, k) is of positive measure. Therefore all, but countably many p has the
property that A(bad(u,n, ¢, k)) = 0 for every n, ¢, k € N, hence for all, but countably
many 4 € [0,1], (W,0,) is a smooth pair. O
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Section 6. The Devil’s staircase phenomenon 30

6 The Devil’s staircase phenomenon

In this section we use our previous results to prove the Devil’s staircase phenomenon in
some situations. First, we prove that under mild conditions, the activity diagram of a
chip configuration on an Erdés—Rényi random graph is close to a Devil’s staircase with
high probability. Then we show a one-parameter family of random chip configurations
on Erdos-Rényi random graphs that exhibit the Devil’s staircase phenomenon with
high probability. Let C, denote the graphon with C,(x,y) = p for all z,y € [0, 1].

6.1 A sufficient condition for the Devil’s staircase phenomenon
on C),

Here we give a sufficient condition for the activity diagram of a chip configuration on

C, to be a Devil’s staircase. We deduce the sufficient condition from the analogous

theorem of Levine [§], which concerns Cy. Let us first note the relationship of the
activity on C} and on C,.

Proposition 6.1. For any o and 0 <p <1, a(Cy,0) = a(C1, 7).

Proof. 1t is enough to show that for each n, %ng(a) = U¢,($). This implies that
L%U(’}p(a)(m)J = [U¢g, (%)()] for each n, hence the odometers are the same.
Proving %ng (o) = Ug, (%) is straightforward by induction on n. O

Now we can use the results of [§] that gives a sufficient condition for the activity
diagram of a chip configuration on the graphon C to be a Devil’s staircase. (We note
that [8] uses a different terminology, in particular, it does not refer to graphons.)

For [8], a generalized chip configuration is a measurable function o : [0, 1] — [0, 00)
(hence every chip configuration on a graphon as defined in the current paper is a
generalized chip configuration as defined in [8]). The update operator U defined
in equation (8) of [8] coincides with the parallel update rule for the graphon Cj if
o(z) < 2 for each x € [0,1]. In [§], the activity of a generalized chip configuration on
C} is defined as lim,, o B"Y(LU) (if it exists), where B,(0) = S22 A{z : Ula(z) > 1}).
One can make the obvious generalization and for an arbitrary graphon W and chip
configuration o. Set

—_

n—

Bu(W,0) = » A({z: U'o(x) > degy (2)}).

%

I
=)

Proposition 6.2. If W has finite diameter and o(x) < 2degy, (x) for almost all x €
[0, 1], then the two definitions of the activity coincide, that is, a(W, o) = lim,,_,« Bun(Woa)

n

Proof. By Theorem [4.11] if W has finite diameter, then there exist a(W, o) such that
lim, o0 “2) = (W, o) for almost all z € [0,1]. Notice that o(z) < 2degyy () for

n

almost all z € [0, 1] implies U'c(x) < 2degy, (z) for all i € N and almost all = € [0,1],
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and hence u,(x) = [{i e N: 0 < i < n,U'c(z) > degy,(z)}| for almost all x € [0, 1].
Therefore

Bn(W,0) = /Olun(x) dz.

As lim,, 00 ”"T(w) = a(W, o) for almost all z € [0,1], for any &, we can choose ny
such that for any n > ng, for A, = {z € [0,1] : |“"T(I) —a(W,0)| < €}, we have
AMA,) >1—e.

Then for n > ny,

Bu(W0) / ()

n n

dxg/ (a(l/[/,a)+5)dx+/ ldx < a(W,0) + 2¢.
An [0,1\An

Hence lim,,_s o BnWoo) a(W, o).

Similarly, for n > ng,

Bn(I/V, U) _ /1 un(x) dx > / (a(m o') — 8) dx > (1 - 6)((1(1/{/, U) - 5)'
0 An

n n

Bn(W,0)

Hence lim,,_, > a(W, o), and the proof is complete. ]

Now we collect the results from [§] that we need. The statements and arguments
that follow are all present in [§], but not everything is in a form convenient for us,
so we repeat some of the arguments of that paper. We call a chip configuration o on
Cy preconfined if o(x) < 2 for all x € [0,1]. To each preconfined o, let us define the
function f, : R — R the following way. For z € [0, 1], let

fol@)=A{v:0@) > 1} +AX{v:0) €[l —x, 1) U2 —x,2)}). (10)

It is easy to check that f is an increasing function with f,(1) = f,(0) + 1. Hence
there is a unique extension of f, to R as an increasing function, which we also denote
by f,, that satisfies f,(x+1) = f,(z)+1. If f, is continuous then it has a well-defined
Poincaré rotation number ")

x

p(fs) = lim I,

n—oo n

which is independent of z, see [§].

Lemma 6.3 ([8, Lemma 6]). If o is preconfined and f, is continuous then a(Cy, o) =

p(fa)'

It is easy to check (and the computation can also be found in [§]) that if y € R
is given such that o + y is also a preconfined chip configuration on C; (that is, 0 <
o+y < 2), then foi,(r —y) = f,(x). As stated also in [§], conjugating by the
homeomorphism R, : R — R defined by R,(z) = x + y does not change the rotation
number. Then, for any y € R, p(foiy) = p(Ry(fory(R—y))). The function inside is
z = Ry(fory(z —y)) = Ry(f-(2)), hence, using also the previous lemma, we have the
following.
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Lemma 6.4. If o is a chip configuration on Cy, y € R such that o and o +y are
preconfined, and both f, and f,4, are continuous, then a(Cy,0+y) = p(Ry o f5).

Let o be a stable chip configuration on C, that is, o(v) < 1 for almost all v € [0, 1].
Note that for y € [0,1], o and o + y are both preconfined. Now define ®,, : R — R
by

D, (z) =[z] = A{ve[0,1]:0(v) < [z] —2x}) +y.

It is easy to check that ®, , is continuous if A({v : o(v) = 2}) = 0 for all z € [0, 1],
and also that ®,,(x) = R,(f,(x)), hence

s(Cr,0)(y) = a(Cr,0 +y) = p(Poy),

where s is the activity diagram as defined in Section 2 Since @, ,(x+1) = D, (x)+1
for every = € R, it makes sense to denote by @, the corresponding map from R/Z =
St to St

Theorem 6.5 (|8, Proposition 10]). If o(v) < 1 for almost all v € [0,1], A({v :
o(v) =c}) =0 for each c € R and EZW # Id for any ¢ € N\ {0}, then s(Cy,0) is a
Dewil’s staircase. Moreover, if a is irrational, then s(Cy,0) Y (a) is a point, and if y
is rational then s(Cy,0) " (y) is an interval of positive length.

Applying Proposition [6.1], we get the following corollary for C,,.

Theorem 6.6. For some 0 < p < 1, if o(v) < p for almost all v € [0,1], A({v :
o(v) =¢}) =0 for each c € R and (IDq;my # Id for any q € N\ {0}, then s(Cp,0) is a
Deuvil’s staircase. Moreover, if « is irrational, then s(Cy, o)™ () is a point, and if y
is rational then s(C,, o)~ (y) is an interval of positive length.

6.2 Random graphs

We give a sufficient condition for the activity diagrams of random graphs converging
to a Devil’s staircase. We collected the necessary background on random graphs in
Appendix [A]

First, we need the following result.

Theorem 6.7. [J, Theorem 11.32], [10, Corollary 2.6] If G,, = G(n,p) is a sequence
of Erdés—Rényi graphs then G, — C,, with probability 1.

We note here, that the referenced papers use the unlabeled cut distance to prove
the above theorem. However, as noted in Section 2}, 65(G,,, Cp) = do(G,, C,) for each
graph G,,, hence the theorem remains true if the convergence is understood using the
labeled cut distance. We also note that by definition, do(G,,Cy) = do(We,,, Cp),
hence the convergence also holds for the graphon version of the graphs.

To deal with the convergence of chip configurations on graphs, we do the following:
for a graph G with vertices labeled vq,...,v,, we define the graphon version ¢ :
[0,1] = R of a chip configuration o by 5(z) = Lo(v;) if = <z < L. For a sequence
of chip configurations (o), such that o, lives on the graph G,,, we say that they are
convergent if the sequence of graphon versions (é,,), is convergent in the ||.|[; norm.
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Theorem 6.8. Suppose that (G,,), is a sequence of (labeled) Erdés—Rényi random
graphs, where G, = G(n,p), 0 < p <1, 0, is a chip configuration on G,, for each n,
and ||, — ||y — 0 for some chip configuration o on C, such that o(x) < p for almost
all z € [0,1]. Moreover, suppose that A({x € [0,1] : o(z) = ¢}) = 0 for each ¢ € R
and aﬁl/p)w # Id for any y € [0,1] and q € N. Then with probability 1, the sequence
of activity diagrams (s(Gp, 0n))n converges uniformly to the Devil’s staircase s(Cp, ).

Proof. Since the activity diagram s(C), o) is a Devil’s staircase by Theorem , it is
enough to prove that with probability 1, s(G,,0,) — s(C,, o) uniformly as n — oo.

We would like to apply Theorem for the graphon C), and the chip configuration
oy =0 +yplp.

As noted above, with probability 1, do(G,,C,) — 0. By our assumption, the
graphon versions 71, g, ... converge to o in ||.|;.

We need to show that C), has finite diameter, but this is trivial, since for any set A
with A(A) > 0, ¢ = pA(A) works to show that I'.(A4) = [0, 1].

We claim that (C,,0,) is a smooth pair for any value of y € [0,1]. First notice
that o,(x) < 2p for each y € [0,1] and z. This implies U'c,(z) < 2p for each i by
induction. (Indeed, in any step, any vertex fires at most once. Hence any vertex
can gain at most p chips in a step. But if a vertex already had at least p chips,
then it also fires, hence its number of chips does not increase.) We now claim that
AM{z:U"oy(z) =c}) =0forany n € N,y € [0,1] and ¢ € R. Let us fix y € [0,1] and
define ¢; = A({x : U'o,(x) > p}). Our claim for n = 0 is a condition of the theorem,
and for n > 0 we have

{z:U"oy(z) =c} ={2:U" " o,(z) <pand U" o () =c—c, 1 }U
{z:U" o (x) >pand U 'o,(x) = c—c,1 +p}.

One can easily show by induction on n, using the above equality, that {z : U"o,(z) =
c} is indeed a set of measure 0 for each n, y and c.
Fix d < p and € > 0. We show that

with probability 1 there exists ng such that if n > ny and y € [0, 1], then
la(Cyp,0y) — a(Gy,0p +ydegg, )| < e.

For any y € [0, 1], we can apply Theorem for the pair (C,, 0,) with ¢ and d to
get 0. Let U, = Wg, be the graphon corresponding to GG,,. Notice that the graphon
version of o, +y degq is 7, +ydegy . It is also easy to see that a(G,, 0, +ydegg ) =
a(Un, 0n 4y degy, ), since the chip-firings on G, and on U, correspond to each other.
Therefore to get using Theorem and Theorem we need to show that
with probability 1, there exists ng such that for n > ng, U, is connected, has minimal
degree at least d, d5(Cp, U,) < 6, and for any y € [0, 1], ||o, — (6, +y degy )|li <. U,
has degree at least d for each point if and only if G,, has degree at least dn. Hence by
Proposition with probability 1 there exists an index n; such that for each n > nq,
the graphon U,, has mindeg(U,,) > d. If G,, is connected, then U, is connected, hence
by Proposition [A.4] there exists ny such that for n > ng, U, is connected. With
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probability 1, dg(C)p,U,,) tends to 0 by the remark after Theorem , hence there
exists an index ng such that do(C,, U,,) < 0 for n > n3. Now

oy — (6n +ydegy, )1 < llo—GnllL + [lyplo,y — ydegy, |1

Here |jo — 7,]|1 tends to 0 by the assumptions of the theorem, hence it is below /2
for n > ny for some index ny. For a fixed x € [0, 1] let v be the vertex of G,, such that
x belongs to the part of [0, 1] corresponding to v. Then, using that y <1,

P [Hy e [0,1] <|yp — ydegy, (z)| > g)] <P Dp ~ degy (a)] > g}

d ) ) 2,
Hp— egGT”(U) > 5] =P {\pn — degg, (v)| > 771 < 2e~ %"

=P

2n
by Claim |A.3| As G, has n vertices, P[3z € [0,1] : |p — degy (x)] > /2] < 2ne= 5"
_5277,

Since anl 2ne~ s < oo, by the Borel-Cantelli lemma, with probability 1 there
exists ns such that |p — degy (x)] < §/2 for all n > ns and all z € [0,1]. Then for
n > ns we have |yp —ydegy ()| < 6/2 for all z € [0,1] and y € [0, 1], hence

1
7 T S / lyp — ydegy, (2)|dx < 5/2.
0

Now with probability 1 the index ny = max{ny, ns,ng,n4, ns} exists and the con-
ditions of Theorem are satisfied with W' = U,, and o' = &, + ydegy, for n > ng
and y € [0,1]. We conclude that for each ¢ > 0, with probability 1, there exists an
index ng with |a(C,, 0y) — a(Gp, 0, + ydegg )| < € for n > ng and y € [0,1]. Taking
a sequence of ¢ values tending to 0, we conclude that with probability 1, s(G,,0,)
tends to s(C), o) uniformly, therefore the proof is complete. n

6.3 Geometric random chip configurations

We show a concrete example where the activities of a one parameter family of chip
configurations on a random graph give a Devil’s staircase with high probability. We
will again take an Erd6s—Rényi random graph, but this time we put a random number
of chips on the vertices independently following geometric distribution, and look at
how the activity changes if we increase the mean of the geometric distribution.

Let G, = G(n,p) for some 0 < p < 1. Suppose that for v € V(G,), o/(v) ~
Geometric(ﬁ) independently for some p > 0. Here we mean the geometric distribu-
tion as P(a*(v) = k) = (un)*/(1+ un)k*1 for k > 0. Note that this way, the expected
value Eo#(v) = un. Let us relabel the vertices such that o/ (vy) < o#(vy) < ..., and
let us denote by ¢# the corresponding chip configuration on the graphon W, . Let
us take these random chip configurations independently for each n € N. For different
values of u, we couple the random chip configurations in the following way. For each
vertex v, we independently generate countably many independent uniform random

variables between 0 and 1. For some value u, we put k chips on v if the first &k of its
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random variables are between f and 1, and the (k + 1) is between 0 and ——.
un 14+pun

This way we obtain independent Geometric(ﬁ) random variables for each vertex.
We show the following.

Theorem 6.9. Suppose that G,, = G(n,p) for 0 <p <1, and o¥ is a chip configura-
tion where the number of chips on each vertex is an independent Geometric random
variable with mean pn, coupled for different values of p as above. Then with proba-
bility one, the sequence of functions p — a(G,, ") converges pointwise to a Dewvil’s

staircase on the interval p € [0, 5]

To prove this theorem, we need to find out the limit of the chip configurations.
Let o#(v) = —plog(l — v) be a chip configuration on C,, where by log we mean the
natural logarithm. We will show the following:

Lemma 6.10. For any fized u > 0, ||6¥ — o*||; — 0 with probability 1 as n — 0.

We will prove the lemma later. As G,, — C, with probability 1, one needs to
examine the behaviour of the activity of o# on Cj,. Unfortunately we cannot directly
apply Theorem here, as we do not talk about activity diagrams, but a different
one-parameter family of chip configurations. However, we can still show the following.

Lemma 6.11. The map pu— a(Cy,0") is a Devil’s staircase on [0, 5]

Proof. The chip configuration ¢* is unbounded, but Uc* is bounded, and since
a(o*) = a(Ud"), it is enough to deal with the latter. To calculate Uc*, let us denote

by {z}, the p-fractional part of x € R, that is, the unique number in [0, p) with the
property that x + kp = {z}, for some k € Z. Then

Uc*(v) = {—=plog(1 —v)}, +p Y AM{u: —plog(l —u) > np}). (12)

n>1

Now, as it is easier to handle monotone increasing chip configurations and Uc* is not
increasing (as a function v — (Uo*)(v)), we try to rearrange it to an increasing chip
configuration " with the property that

A{v:Ud"(v) <z}) = A{v:3"(v) < x}) for every x € R. (13)

Clearly, if holds, the analogous statement will hold for U*(Uc*(v)) and U* ("),
hence, by Proposition a(@*) = a(Ud") = a(c*).

To define an increasing o* satisfying , our only option is that #(v) = z if and
only if A\({u : Uo*(u) < x}) = v. Since

Y

A{u: —plog(l —u) > y}) = e r, (14)

P> A{u: —plog(l —u) > np}) = 21 = y(u). (1)

1 l—e =
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From we also have for z € [0,p) that

A{v: {—plog(1 —v)}, < z}) = )\({v : —plog(1 —v) € | J[np, np + @})

n>0
_np Cpte 1—ek
— Ze L — e 13 = 7 -
>0 1—en
Hence, using also ((12) and ([15)),
l—ex _»
AMu:Ud*(u) <x+y(p)}) = I =v & o =—plog(l—v+uve «),
thus
_P
_ _Pp _p pe »
o' (v) = —plog(l —v+wve w) +y(p) = —plog(l —v+ve )+ ——

It is easy to check that it satisfies (13)), and also that o*(v) < 2p if v € [0, 1] and

D

p € [0, ﬁ]. Since —plog(l — v +wve #) > 0 if v € [0, 1], we can apply Proposition

and Lemmal[6.4) with o = 3 — y(1) and y = y(p) to get that
a(aﬂ) = p(RM (fﬁ“—y(u) ))7

where fzu_yq is defined as in ([10)).

P

With the notation f* = Ry (fmuy(u)), our task is to show that u — p(f*) is a
p

p
Y

Devil’s staircase. For x € [0, 1]

o) a(for ot vty s 12

_p(l—=m) _pr _p(l-=)
ylp) e v —en e
= 2 = _p-
p 1—e 1—e =

To show that p +— p(f*) is a Devil’s staircase, as in [§], we need to show that p — f#
is increasing, continuous with respect to the supremum norm, and that (fM)™ # idg +k
for each n > 1, k € Z. (Note that the last condition says that if St — Stis the

circle map corresponding to f# then (f)" is not the identity.)
To show that u +— f* is increasing, we need to show for x € [0,1], p < y that

_p(d-2x) _p(-2x)

f*(x) < f(x). This inequality easily follows from e~ » <e~ # and1— eTh >

s}

1—e .
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Now we show that pu +— f* is continuous with respect to the supremum norm. For
p<

p(l—x) p(l—=z) p(1—z) p(1—z) _p(l-=z) _p(l-z)

e W e » e e e e »
—_pr _P —_r _p —p )
l—e W 1—ewn l—e W 1—ewn l—ew 1—e =

_p(l-=) _p(l-=z)
‘ 1 1 n e W e u
—_pr _P _P —P |
1—e W l—e=x 1l—e 1l—e

where, using the fact that for > 0,1 —e™ < x,
1 _p(i-2) _(p0=2)_p(l-=)
D D> pep”/ (1—€< H ' ))
l—e v 1—e=n 1l—en»

P (p(l—x)_p(l—l“)>_ 1 (p—p)p(l — =)

_p(-=) _p(-=)
I

(& H € H

T l—en T W) 1—en i’
s
<1 p(u Hp.
1—en  p
Thus,
) 1 1 1 w—p)p
I 1 < | - g
l—e v 1—e=® l—ew My

showing that pu +— f* is continuous.

It remains to show that (f*)" # idg +k for any n > 1, k € Z. Let us fix n > 1, and
choose & > 0 small enough so that (f#)*((0,¢)) does not contain an integer point for
any k < n. To finish the proof of the proposition, we now show that (f#)" is strictly
convex on the interval (0, ¢).

For z € (0,1), the derivative and second derivative of f# exists at x, and is positive,
since

_p(l-=z) 9 _p(l-2)
PR iy - (P) €7
=2 ey = ()
and using the property f#(x + 1) = f*(x) + 1,
(f*"Y(x) >0 and (f*)"(x) > 0 for every z € R\ Z. (16)

Since the composition of twice differentiable functions is twice differentiable, (f*)*
is twice differentiable on (0,¢). It is enough to show that ((f#)*)”(z) > 0 for any
x € (0,e) and k < n, which we prove by induction on k together with the statement
()4 () > 0.

For &k = 1 the statements follows from (16)). Now suppose that the statements
are true for k < n, we wish to prove it for k + 1. By the choice of &, (f#)*((0,¢)) C
(n,n+1) for some n € Z, hence f* is twice differentiable on (f#)*((0,¢)) with a positive
derivative and second derivative. Hence, ((f*)*™1) = (f* o (f*)*¥)" = ((f*)" o (f*)F) -
((f*)*¥) > 0 on (0,¢) by the induction hypothesis and (16). Similarly, ((f#*)k*!)” =
(0 (PR = (P 0 (F999) - ((CF9))2 + ((F) o (£2)5) - ((F)4)" > 0, again using
the induction hypothesis and . Thus the proof of the proposition is complete. [
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Proof of Lemma[6.10. Let X7,... X" be independent Geometric random variables
with mean un, i.e., X' ~ Geometric( 1+1,m) for all i < n so that o¥(v;) is the i small-
est among { X7, ..., X"}. Let F), : [0, 00] — [0, 1] be the appropriately normalized em-

pirical distribution function, which in our case is F,(t) = £ >°) | I{X} < tn}, where

we normalize by n to match the graphon case. Let E : [0,00] — [0,1], E(t) =1— ek
which is the inverse of o taken as a function from [0,1] to Ry. Notice that the
graph of o* is the mirror image of the graph of E. Moreover, if we connect the points
(x,lim,_,,- 6%(x)) and (x,lim,_,,+ 6%(x)) for all jumping points in the graph of &¥,
and similarly for the graph of F},, then the two obtained broken lines are once again
mirror images of each other. Hence ||6# — o#||; = ||F}, — E||;. Thus, it is enough to
prove that ||F, — F||; — 0 with probability 1 as n — oo.

Let I} (t) = I{X} < tn}. Then F,(t) = £ > p_ I7(t). Let F : [0,00] — [0,1] be
defined as

1 n 1 1+[tn|
F(t)=— E'(t)=1—-1(1-— :
0= 3mr0 =1 (170

Then ||F,, — El|y < ||F,, — Fl|1 + ||FF — E||;. We first bound the term [|F — E|[;.

_t
Il = [ 1—@- ) ~(1-et)
0 L+ pn
. 1 1+|tn]
e n—(1— dt
1+ pun

. 1 1+][tn] | 1 1+[tn]
en—|1- dt+/ en—|1-
1+ pun to 1+ pun

Since fooo eTndt < oo, for any fixed e, for large enough tg, ftzo ]efi\dt < e. Using

dt

dt.

that (1— 2 )" < 1 and that %0 o £ for > 1, it s clear that for 1
a ~ THm S ¢ an at 57, =~ 14 tor n =2 1, 1t 1s clear that for large

enough t,

1+|tn]

00 1 1+|tn] 00 1 1+un\ T+un
/ (1_ ) a- [ <1_ ) it <
to 14+ pn to 14+ pun
oo
1
/ —dt < ¢
to em

for any n > 1. Let us fix a ty large enough so that both conditions are satisfied, then
o | _t 1+[tn]
S le s = (1= ) dt < 2.

1+un
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For this fixed tq,

, 1 14 tn]
e (1 - )
1+ un
1+|tn]
to . 1 1+un 1+pn
:/ e n— 1— dt
0 L+ pn
/to 4 1 1+un\ =
< e n— 1-— dt
0 14+ pun
t 1+[tn]
to 1 1+pun\ w 1 14+pun 1+pn
+ 11— — 11— dt.
/o ( L+ M”) < L+ M")

t x
In the first term, e » — ((1 — ﬁ)”“")% is a continuous function in ¢, and as

n increases, it monotonically tends to 0 pointwise. Hence by the theorem of Dini,

dt

|

t
\e’ﬁ —((1- M—ln)“") # | uniformly tends to the constant zero function as n — oco. Thus,

for a large enough n, the first term is smaller than e.
For the second term,

1+[tn]

to 1 14+pun i 1 14+pn 14+un
S ) ) ) e
0 1+ pun 1+ pun

ptltnp—t—tnp

to 1 Lun 1 I+un\ — wQFem)
= / 1-— 1— — 1| dt
0 1+ pun 1+ pun
t —tog—K
to 1 I+pn\ » 1 14+pun\ w(i+pn)
< / (1 - ) (1 - > — 1] dt,
0 1+ pun 1+ pun

—L_ )+ §5 always less than 1,

where the inequality comes from the fact that (1 —

1+un
so if the exponent, W is positive then multiplying the exponent by —1 and

then decreasing it increases the distance of the expression from 1. If the exponent is
negative, then we simply decreased it, so the distance from 1 increased in this case as
well. The second term of the last product clearly tends to 0, hence the whole integral
is at most ¢ for large enough n.

This means that for an arbitrary ¢, if n is large enough, then ||F' — E||; < 4e.

To bound the term || F,, — F'||1, we copy the standard proof of the Glivenko—Cantelli
theorem. Note that |I](t) — EI}(t)] < 1. Hence we can apply Azuma’s inequality to
get P(|Fo(t) — F(t)| > s) = P(|>__,(I2(t) — EI(t))| > ns) < 2e"% regardless of
the value of ¢.

Now take tg = 0,t1,...,tm—1tm = 00 such that F(t;) = % This can be done since
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6.3 Geometric random chip configurations 40

F is continuous, it is zero in 0 and tends to one in infinity. Now

ns

2
P <'_1max 1{\Fn(t,) — F(t)]} > s) <2m-e 2.

Take again an arbitrary ¢ > 0. There exists some i such that t; <t < t;,;. As F,
and F are both monotone increasing, F,(t;) < F,(t) < F,(t;11) and F(t;) < F(t )
F(tis1) = F(t;) + . Hence F,(t) — F(t) < F(tis1) — F(t;) = Fo(tiv1) — F(tiz1) + =
and F(t) — F,(t) < F(tis1) — Fu(t;) = F(t;) — F,(t;) + -=. Thus, for any m, and any
t,

1
sup |F,(t) — F(t)| < max |F,(t;) — F(t;)] + —.
teR i=0,...m m

2n1/3
&€

By choosing s = =7 and m = , we get

€ 9
P (ig};{‘F"“) — F(t)[} > W) <P (_rnaa>; {IFn(t) — F(t:)]} > —2n1/3>
oanl/3 al/32
8

<2 -e

€

This implies that for a fixed e, Y2 | P(sup;er{|Fn(t) — F(t)|} > —7) < 0o, hence
by the Borel-Cantelli lemma, with probability one, there exists ny € N such that for
n > ng, sSupyeg{|Fn(t) — F(t)|} < —75. Repeating this argument for a series €1, €9, . . .
tending to zero, we get that with probability one, for each ¢ > 0, there exists ng € N
such that for n > ng, sup,ep{|Fn(t) — F(1)[} < 7.

We have proved that F;, and F' are uniformly close to each other for large n with high
probability. Now we show that the integral of their difference is small for large values of

e

t. Fix g > 0 small enough so that e —¢¢ > 2. Then P(X} > ”4/3) (1—

VEo 1+un )
hence
nd/3 nl/3
nA/3 1 e 1 KN wyze
PlmaxX; > — | <n(1l- =n 1— .
k NG 14+ un 1+ pun
nl/3
For large enough n, n < 2#v% and also (1— ﬁ)‘m < i Hence for large enough
n?

1/3

PlmaxX; > — | < )
k v/ €0 € —&p

00 nA/3
Plmax X! > — ) < 0.
S p (mpexi 2 )

Once again using the Borel-Cantelli lemma with probability one, there ex1sts nyg € N
such that for n > ng, max; X! < T\L/% For ¢ > 0, if ¢ < g9 then % < B f , hence

the above bound holds for each such e.
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Notice that sup{t : F,,(£) < 1} = max{X}’ : k = 1,...,n}. Hence with probability

nl/3

one, for each £ > 0, € < gy there exists ng € N such that for n > ng, F, <%) =1.
Hence with probability one, for each € > 0, ¢ < g¢, there exists ny € N such that
for n > ny,
nl/3

\/E o0
1F=Fl= [ @) - ol [ - Pl <

NG
1/3 8]

9
n1/3 \/_ 1/5
nl/3

VE+ (e R)[TT s = VE e E

NG

e ndr =

This proves that ||F, — F||; — 0 with probability 1 as n — oo.
Altogether, we obtain that || F,, — E'||; — 0 with probability 1 as n — occ. O

Proof of Theorem[6.9. Fix an arbitrary u € [0,1]. We would like to apply Theorem
to C, and o*.

We claim that (C),,0") is s smooth pair. This can be proved analogously to the
corresponding statement in the proof of Theorem [6.8 Also, C), has finite diameter,
as noted in the proof of Theorem [6.8]

By Theorem [6.7, Lemma [6.10] and Proposition [A.1] with probability one we can
apply Theorem to (Cp, 0*) to get that for any € > 0, if n is large enough, then
a(Cyy %) — a(Gr, 0¥)] < <.

Applying the above argument to a dense countable subset of y values and a se-
quence of ¢ values tending to zero, we get that with probability one, a(G,,, ") tends
to a(Cy, o*) for a dense set of p values. Because of the way we coupled the random
chip configuration ¢, if we increase the value of p, then the number of chips mono-
tonically increases on each vertex in each outcome. Hence on each outcome, a(G,,, o¥)
monotonically increases if we increase i, using Lemma/[2.3| ¢* also increases pointwise
in p, hence a(C,, o) also increases monotonically. As p — a(C,,0") is continuous,
if a(G,,,o#) tends to a(C,,o") for a dense set of y values, then a(G,,o#) tends to

a(C,, ot) for each i € [0, 1]. We conclude that with probability one, a(G,,, o¥) tends to
a(C,, o*) pointwise. As by Lemma , the map pu — a(C,, 0#) is a Devil’s staircase,
we obtained the statement of the Theorem. O]

A Basic properties of random graphs

Here we collect some well-known basic properties of random graphs. Throughout the
section, G(n,p) again means the random graph with n vertices, where each edge is
present independently with probability p.

Proposition A.1. Let d < p be a fized constant. If (G )nen 1S a sequence of random
graphs where G, = G(n,p), then with probability one, there exists an index ng such
that for each n > ng, mindeg(Gy) > dn.
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We will use the following form of Azuma’s inequality.

Theorem A.2 (Azuma’s inequality). Suppose that X1, ..., X, are independent ran-
dom wvariables, E[X;] = 0 for each i € N, and for each i there exist ¢; > 0 such that,
|.X;| < ¢ almost surely. Then

P §§3)Q >t

i=1

2
- n 2
< e 22719,

Claim A.3. For a vertex v € V(G,), P[| degg; (v (v) — np| > nn] < 90— "8~

Proof. We use Azuma’s inequality with X\, = L{uu is an edge} — P- Then { X, }uev\ (v} is
a set of independent random variables, E[X,] = 0 and |X,| < max{p,1 —p} <1 for
any u € V' \ {v}. Azuma’s inequality applied for {X,}ucv\ (o} and for {—X,}uev\ (o}
gives us the above bound. ]

Proof of Proposition[A.1. Let A, be the event that mindeg(G,) < dn. We need to
show that the probability that infinitely many A,’s occur is zero. By the Borel-
Cantelli lemma, it suffices to show that ">~ P(4,) < cc.

P(A,) = P( U {degq, (v) < dn}) < Z P(degg, (v) < dn)

vEV(Gn) vEV (Gn)
n(p— 2
< Z IP( |degG —np| > (p—d)n) < 2ne” s ,
veV(Gp)

where the last inequality follows from Claim [A.3]
Hence

o o (o 2
Z]P)(An) < ZZne‘ < .
n=1 n=1

]

Proposition A.4. If (Gy)nen is a sequence of random graphs where G, = G(n,p),
then with probability one, there exists an index ng such that for each n > ngy, G, is
connected.

Proof. This is a well-known fact; we include its short proof for completeness. We
bound the probability that GG, is disconnected. If GG, is disconnected, then there is a
set S of k vertices for some k < n/2 such that no edge links S to S¢. Hence one can
bound

[5]
P(G,, is disconnected) < ( ) (n—k) < an k(n—k) <
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where ¢ = 1 — p. For large enough n, ngz < %, hence P(G,, is disconnected) < 2ng?
for large enough n. Hence Y P(G, is disconnected) < co. By the Borel-Cantelli
lemma, we can conclude the statement of the proposition. O
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