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A Proof to Cunningham’s Conjecture on
Restricted Subgraphs and Jump Systems

Yusuke Kobayashi*, Jacint Szab6™, and Kenjiro Takazawa***

Abstract

For an undirected graph and a fixed integer k, a 2-matching is said to be
k-restricted if it has no cycle of length k or less. The problem of finding a
maximum k-restricted 2-matching is polynomially solvable when k& < 3, and
NP-hard when & > 5. On the other hand, the degree sequences of the k-
restricted 2-matchings form a jump system for £ < 3, and do not always form
a jump system for k > 5, which is consistent with the polynomial solvability of
the maximization problem. In 2002, Cunningham conjectured that the degree
sequences of 4-restricted 2-matchings form a jump system and the maximum
4-restricted 2-matching can be found in polynomial time.

In this paper, we show that the first conjecture is true, that is, the degree
sequences of 4-restricted 2-matchings form a jump system. We also show that
the weighted 4-restricted 2-matchings in a bipartite graph induce an M-concave
function on the jump system if and only if the weight function is vertex-induced
on every square. This result is also consistent with the polynomial solvability
of the weighted 4-restricted 2-matching problem in bipartite graphs.

Keywords: restricted 2-matchings, jump systems, M-convex func-
tions

1 Introduction

A jump system, introduced by Bouchet and Cunningham [5], is a set of integer lattice
points with an exchange property (to be described in Section [2); see also [20, 26].
It is a generalization of a matroid [32] 38, 4], a delta-matroid [4] [6] [10], and a base
polyhedron of an integral polymatroid (or a submodular system) [I5]. Many efficiently
solvable combinatorial optimization problems closely relate to these structures. For
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Section 1. Introduction 2

instance, the degree sequences of all matchings in an undirected graph form a delta-
matroid, and the degree sequences of all even factors form a jump system if the given
digraph has a certain property called odd-cycle-symmetric [25].

In the present paper, we investigate the relationship between jump systems and
k-restricted 2-matchings, which was first considered by Cunningham [7]. We consider
only simple undirected graphs in this paper. An edge set M is called a t-matching
if at most ¢t edges in M are incident to each vertex (these are usually called simple
t-matchings in the literature). For an integer k, a 2-matching M is said to be k-
restricted if M has no cycle of length £ or less. The k-restricted 2-matching problem is
to find a k-restricted 2-matching of maximum size for a given graph and given k. Note
that the case k < 2 is exactly the classical simple 2-matching problem, which can be
solved efficiently. Papadimitriou showed that the k-restricted 2-matching problem is
NP-hard for £ > 5 (see [9]), and Geelen [16] proved that it is NP-hard when & = 6 and
the graph is bipartite. On the other hand, Hartvigsen [17] proved that the problem
is polynomial-time solvable for k = 3. The case k = 4 is left open.

Cunningham [7] conjectured that the degree sequences of k-restricted 2-matchings
form a jump system if and only if the k-restricted 2-matching problem is polynomial-
time solvable (see Section [ for the definition of degree sequences). He proved this
conjecture for cases k = 3 and k > 5. That is, he proved that the degree sequences
of the 3-restricted 2-matchings form a jump system and those of the 5-restricted
2-matchings do not. (His counterexample for the case £ > 5 will be simplified in
Section 3.2)

For the case k = 4, Cunningham [7] conjectured that the 4-restricted 2-matching
problem is polynomial-time solvable and that the degree sequences of the 4-restricted
2-matchings form a jump system. In this paper we prove the second conjecture. These
conjectures of Cunningham were based on Russel’s augmenting path theorem [35]
and Kiraly’s min-max formula for the 4-restricted 2-matching problem in bipartite
graphs [21]. Later, polynomial-time algorithms for the 4-restricted 2-matching prob-
lem in bipartite graphs are devised by Hartvigsen [I8] and Pap [34].

Recently, generalizations of k-restricted 2-matchings to t-matchings are studied
actively. Frank [14] first considered K ,-free t-matchings, which are t-matchings not
containing a K;; as a subgraph. Note that, when ¢ = 2 and the given graph is
bipartite, the K;-free t-matchings are exactly the 4-restricted 2-matchings. Also,
the notion of Ky, -free t-matchings, which are t-matchings not containing a K;,; as
a subgraph, is a generalization of that of 3-restricted 2-matchings. The K, -free ¢-
matching problem and the K, ;-free t-matching problem are solved in some classes of
graphs. For the former problem in bipartite graphs, a min-max formula is given by
Frank [14], and a combinatorial algorithm by Pap [34, [33]. For the both problems in
graphs with degree at most ¢ + 1, a min-max formula and a combinatorial algorithm
are given by Bérczi and Végh [3].

In this paper, we prove Cunningham’s conjecture, stating that the degree sequences
of 4-restricted 2-matchings form a jump system, by showing a general theorem for t-
matchings. Now we state our main result. We say that a graph G = (V, E) is a
complete partite graph if there exists a partition {Vi,...,V,} of V such that £ =
{(u,v) | w € V;,v € V;,i # j}. In other words, a complete partite graph is the
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Section 1. Introduction 3

complement of the disjoint union of complete graphs. A graph is t-regular if the
degree of every vertex is t. For a set H of graphs, a subgraph of G is an H-subgraph
if it is isomorphic to a member of H, and a subgraph (or an edge set) is H-free if
it contains no H-subgraph (resp. no edge set of an H-subgraph). In particular, “k-
restricted” and “{Cs, ..., Ck}-free” mean the same condition for a 2-matching, where
C} denote a cycle with ¢ vertices. For a graph H, we denote “{H }-subgraph” and
“{H}-free” simply by “H-subgraph” and “H-free,” respectively. Our main result is
stated as follows.

Theorem 1.1. Let t be an integer and H be a set of t-reqular graphs such that any
proper subgraph of a member of H is not in H. Then, the degree sequences of all
H-free t-matchings in G form a jump system for any graph G if and only if every
member of H is a complete partite graph.

As special cases of this theorem, we obtain the following as corollaries. In particular,
Corollary [I.4] solves Cunningham’s conjecture.

Corollary 1.2. The degree sequences of all Ky, 1-free t-matchings in a graph form a
Jump system.

Corollary 1.3. The degree sequences of all K, -free t-matchings in a graph form a
Jump system.

Corollary 1.4. The degree sequences of all 4-restricted 2-matchings in a graph form
a jump system.

We also discuss the weighted version from the viewpoint of discrete convex analy-
sis [29]. The concept of M-concave (M-convex) functions on constant-parity jump sys-
tems is a general framework of optimization problems on jump systems [30] (see Sec-
tion ] for a definition), and it is a generalization of valuated matroids [I1], [13],
valuated delta-matroids [12], and M-convex functions on base polyhedra [28].

We consider the weighted k-restricted 2-matching problem in bipartite graphs.
When k£ > 6, it is NP-hard even for the unweighted case [16]. Moreover, Z. Kiraly
proved that the weighted 4-restricted 2-matching problem in bipartite graphs is also
NP-hard (see [14]). This problem is, however, tractable if the weight function is
vertex-induced on every Kss. A weight function is said to be vertex-induced on H
for a subgraph H if there exists a function py on the vertex set of H such that
w(e) = pg(u) + pg(v) for every edge e = (u,v) in H. If the given graph is bipar-
tite and the given weight function is vertex-induced on every K., then the weighted
K -free t-matching problem can be solved in polynomial time [27, [37].

In this paper, we show a relationship between the weighted K, ;-free t-matchings
in bipartite graphs and M-concave functions on constant-parity jump systems. For a
weighted bipartite graph (G, w), let J;;(G) be the set of degree sequences of all K ;-
free t-matching in G, which is a jump system by Corollary [L3l We define a function
ft,t on Jt,t<G) by

fri(x) = max {Z w(e)

eeM

M is a K, -free t-matching, dy, = x} .
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Section 2. Definitions 4

Theorem 1.5. For a weighted bipartite graph (G,w) and an integer t > 2, f;; is
an M-concave function on the constant-parity jump system Jy+(G) if and only if w is
vertez-induced on every K, in G.

This theorem suggests that assuming the weight function to be vertex-induced on
every K;; is reasonable in considering the weighted K, ,;-free t-matching problem in
bipartite graphs. We also remark that a general algorithm maximizing an M-concave
function on a constant-parity jump system [30] 31, B36] cannot be applied directly to
the weighted K, ;-free t-matching problem in this assumption. In such an algorithm,
we compute the function value polynomially many times. Thus, in order to obtain a
polynomial algorithm based on Theorem and the general framework of maximizing
M-concave functions on a constant-parity jump system, we need a polynomial-time
algorithm computing f; ;.

This paper is organized as follows. In Section [2] we give some definitions on graphs
and jump systems. In Sections [Bl and [4, we prove Theorems [L.T] and [[.5] respectively.

2 Definitions

Let G = (V, E) be an undirected graph with vertex set V' and edge set E. Assume
that G is simple, that is, G has neither parallel edges nor self-loops. In what follows,
we often omit to declare that the graph is simple or undirected. An edge connecting
u,v € V is denoted by (u,v). The set of edges incident to v € V' is denoted by §(v).
Recall that, for a positive integer ¢, an edge set M C F is said to be a t-matching
if |[M Né(v)| <t for every v € V. In particular, a 2-matching is a vertex-disjoint
collection of paths and cycles. The degree sequence dp € Z" of an edge set F C E is
defined by
drp(v) =|FnNdo)| (veV).

We denote a bipartite graph with color classes Vi and V; by (V4, Va5 E). For a
positive integer ¢, K; and C; denote a complete graph with t vertices and a cycle
with t vertices, respectively. For positive integers a and b, K, is a complete bipartite
graph (A, B; E) with |A| = a, |[B|=band E = {(u,v) |u € A, v € B}. A graph Ky,
is called a star.

For a subgraph H of G, the vertex set and edge set of H are denoted by V(H)
and F(H), respectively. Recall that, for a set H of graphs, a subgraph of G is an
H-subgraph if it is isomorphic to a member of H, and a subgraph (or an edge set)
is H-free if it contains no H-subgraph (resp. no edge set of an H-subgraph). While
it causes no confusion, we sometimes identify a subgraph and its edge set. We also
recall that for a positive integer k, we say that a 2-matching is k-restricted if it has
no cycle of length k or less, that is, it is {Cj, ..., Cy }-free.

Let V be a finite set. For v € V, we denote by ¥, the characteristic vector of u,
with x,(u) = 1 and x,(v) = 0 for v € V \ {u}. For z,y € ZV, a vector s € Z" is
called an (z,y)-increment if x(u) < y(u) and s = x,, for some u € V', or x(u) > y(u)
and s = —y, for some u € V.
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Definition 2.1 (Jump system [5]). A nonempty set J C ZY is said to be a jump
system if it satisfies an exchange axiom, called the 2-step axiom:

Axiom 1. For any z,y € J and for any (z,y)-increment s, with x + s; ¢ J, there
exists an (z + s1,y)-increment s, such that z + sy + s9 € J.

A set J C ZV is a constant-parity systemif Y, (z(v) —y(v)) is even for any z,y €
J. A constant-parity jump system is a generalization of the base family of a matroid,
an even delta-matroid [39, [40], and a base polyhedron of an integral polymatroid.
The degree sequences of all subgraphs in an undirected graph is a typical example of
a constant-parity jump system. That is, for a graph G = (V, E),

Jsa(G) ={dr | F C E}

is a constant-parity jump system [5, 26]. The set of all degree sequences of t-matchings
is the intersection of Jsq(G) and a box {0, 1,...,¢}", and hence it is also a constant-
parity jump system. However, Corollaries [[.2] [[.3] and [[.4] are not obvious since the
additional conditions make the situation more complicated.

3 'H-free subgraphs and jump systems

In this section, we first investigate the relationship between H-free t-matchings and
jump systems. We prove the sufficiency and the necessity in Theorem [L1] in Sec-
tions 3.1l and B.2] respectively. After that, we consider the relationship between H-free
subgraphs and jump systems in Section [3.3

3.1 Sufficiency

First, we show the sufficiency (“if” part) in Theorem [Tl

Proposition 3.1. Let H be a set of t-reqular complete partite graphs and G = (V, E)
be a graph. Then, the degree sequences of all H-free t-matchings in G form a jump
system.

Proof. Let Jy(G) be the set of the degree sequences of all H-free t-matchings in G.
For z,y € Jy(G), let M and N be H-free t-matchings in G such that dy; = x and
dy =y, and let s; be an (z,y)-increment. Note that z + s1 & Jy(G). We present an
algorithm for finding an (x + s1, y)-increment s, satisfying Axiom 1. In what follows,
we consider the case where s; = x, for some u € V. The case where s; = —x, can
be dealt with in a similar way:.

Let P be the set of pairs of an H-free t-matching and a vertex defined by

P ={(M' )| M"is an H-free t-matching in G, v’ € V, dpy + xw = T + $1}.

In order to show the proposition, we use the following lemma, whose proof is given
below.
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3.1 Sufficiency 6

Lemma 3.2. When we are given a pair (M’ u') € P, we can find either an (x +
s1,y)-increment so with © + $1 + so € Jy(G) or a new pair (M",u") € P such that
(|M" U N|,dyran (u")) is lexicographically less than (|M'U N|, dppan(u'))

Since (M, u) € P and (|[M'UN/|, dppnn(u')) is finite for (M’ u') € P, we obtain the
proposition by using Lemma [B.2] repeatedly. O

Hence, what remains is the proof of Lemma 3.2

Proof of Lemma[32. For (M',u') € P, —xu is a desired (x + s1,y)-increment if
dy(u') > y(u'). Thus, we may assume that dyy(v') < y(u'), that is; x. is a (dyy, y)-
increment, which means that it suffices to consider the case where the given pair is
(M, u).

To prove Lemma [3.2] we use the following claims.

Claim 3.3. Fort > 3, there ezists at most one edge e € (N \ M) Nd(u) such that
M U{e} contains an H-subgraph.

Proof. Assume that both e; = (u,v;) and ey = (u,vq) are in (N \ M) Nd(u) and both
M U{ei} and M U {es} contain H-subgraphs. Let H; be an H-subgraph contained
in M U{e;} for i = 1,2. Since x, is a (dp,y)-increment and y(u) < t, we have that
|IM N §(u)| =t — 1. Therefore, there exists an edge (u,w;) € M N é(u), which is
contained in both H; and H,. Since M is a t-matching, |[M Ndo(w)| =t and all edges
in M Nd(w;) are contained in both H; and Hs.

Assume that there exists an edge (wy,ws) in M with we # u,vy,ve. Then, |M N
d(wy)| = t and all edges in M N §(wq) are contained in both H; and Hs. This
means that, by the definition of complete partite graphs, both V(H;) and V(Hs)
are identical to the set of all end vertices of M N (6(wy) U d(ws)), denoted by V(H).
Hence, v is adjacent to ¢ vertices of V/(H) both in H; and H,, which contradicts that
(u,v1) € E(Hy) \ E(H3).

Thus, the remaining case is when ¢ = 3 and M Nd(wy) = {(wq, u), (wy,v1), (w1, ve)}.
Note that 3-regular complete partite graph is either K, or K33. Since (u,vs) is not in
H,, H, is not a K, but a K33. However, Hy contains {(u,v1), (wy, w), (wy,v1)}, which
is a contradiction. ]

Claim 3.4. Fort = 2, either one of the following statements holds.

e There exists at most one edge e € (N \ M) N d(u) such that M U {e} contains
an H-subgraph.

o H = {Kj3, Koo} and there exist three vertices v, w, z € V such that (u,v), (u, w) €
N\ M and (u,z),(z,w), (w,v) € M.

Proof. Assume that the former statements does not hold, that is, M U {e;} and
M U {es} contain H-subgraphs for distinct edges e; = (u,v;) and ey = (u,v9) in
(N \ M)Né(u). Note that 2-regular complete partite graph is either K3 or Kjs.
Let H; be an H-subgraph contained in M U {e;} for i = 1,2. In the same way as
Claim B3 we can take an edge (u,w;) € M N §(u) such that |M N§(wq)| = 2 and all
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3.1 Sufficiency 7

edges in M N é(w,) are contained in both H; and H,. Let (wq,ws) be an edge in M
with wq # u. Since both M U {e;} and M U {ey} contain H-subgraphs, we have that
wsy coincides with vy or vy, one of H; and Hj is K3 and the other is Ky, and there
exists an edge (vy,ve) € M. This shows that we have the latter statement by setting
z = wq, {v,w} = {v,ve}. O

In order to prove Lemma B.2] we consider the following two cases separately.

Case 1. Assume that there exists an edge e = (u,v) € (N \ M) N d(u) such that
M U {e} contains no H-subgraph. Then, we define M’ = M U{e}. If dpy(v) < dy(v),
then so = x, is an (z + s1,y)-increment and = + s1 + $2 = dyp € Jy(G). Otherwise,
since dy (v) = dpy(v) + 1 > dy(v), there exists an edge (v,w) € (M'\ N)Nd(v). In
this case, the pair (M”, w) defined by M"” = M’ \ {(v,w)} is in P and satisfies the
condition in Lemma B2 because |M" U N| = |M U N| — 1.
Case 2. Assume that there exist no such edges, that is, for every edge e € (N '\ M) N
d(u), M U {e} contains an H-subgraph. Since dy(u) > dp(u) by the definition of an
(x,y)-increment, at least one edge is in (N \ M)Nd(u). Hence, by Claims B3] and B:4]
we have the following two possibilities.

(2-1) There exists an H-subgraph H containing u such that §(u) N E(H) C N and
E(H)\ {(u,v)} € M for some v € V(H).

(2-2) t = 2, H = {Kj;, K55}, and there exist three vertices v,w,z € V such that
(u,0), (u,w) € N\ M and (u, 2), (2,w), (w,v) € M.

In the case (2-2), the pair (M’, z) € P defined by M’ = (M U {(u,v)}) \ {(v,w)}
satisfies the condition in Lemma [B.2] because |M' U N| = |M U N| — 1. Note that
(v,w) € N, because N contains no H-subgraph.

In the case (2-1), there exists an edge (wy,ws) € E(H) that is not contained in N,
because N does not contain H. Since at least one of (v,w) and (v, ws) is in E(H) by
the definition of complete partite graphs, we can assume that (v,w;) € E(H) without
loss of generality. Now we show the following claim.

Claim 3.5. Suppose that there exists an H-subgraph H such that uw € V(H), §(u) N
E(H) C N and E(H) \ {(u,v)} C M for some v € V(H). Then, H is the unique
H-subgraph in M U {(u,v)}.

Proof. Let M’ = M U {(u,v)}. Assume that M’ contains an H-subgraph H' # H.
Since |M Né(u)| <t — 1, we have |[M’' N §(u)| = t and all edges in M’ N (u) are
contained in both H and H'. Let (u,w) be an edge in M’ N §(u) with w # v. Then,
w is contained in both H and H’'. Since |M' N J§(w)| = t, all edges in M’ N j(w) are
contained in both H and H'. By the definition of complete partite graphs, both V(H)
and V(H') are the set of all end vertices of M’ N (6(u)Ud(w)), which contradicts that
H +H. O

Define M" = (M U {(u,v)}) \ {(v,w;)}. Since H is the unique H-subgraph in
MU{(u,v)} by Claim[B.5 M" contains no H-subgraph, which implies that (M",w;) €
P. Then, (M" wy) is a desired pair in Lemma B2, because |M"” U N| < |M U N|,

EGRES Technical Report No. 2010-04



3.2 Necessity 8

dynn(u) = t—1, and dypran(wr) < [(M"N5(wq))\{ (w1, ws)}| = t—2. This completes
the proof of Lemma 3.2 ]

3.2 Necessity
We prove the necessity (“only if” part) in Theorem [L1]

Proposition 3.6. Let ‘H be a set of t-reqular graphs such that any proper subgraph
of a member of H is not in H. If the degree sequences of all H-free t-matchings in G
form a jump system for any graph G = (V, E), then every member of H is a complete
partite graph.

Instead of proving Proposition 3.6] we show the following stronger theorem.

Theorem 3.7. Let t be a positive integer and H be a set of graphs such that any
proper subgraph of a member of H is not in H, and every member of H has no
1solated vertices and has maximum degree at most t. If the degree sequences of all
H-free t-matchings in G form a jump system for any graph G, then every member of
H is a complete partite graph.

Proof. Assume to the contrary that H € H is not a complete partite graph. We
prove that the degree sequences of all H-free t-matchings in H = (V| F) itself do not
form a jump system. The complete partite graphs are exactly those graphs in which
non-adjacency is a transitive relation, and hence H has three vertices vy, vo,v3 € V'
such that (v1,vq), (v1,v3) € E and (va,v3) € E. Since H has no isolated vertices,
there exists a vertex u € V adjacent to v;. Let M = E \ {(vy,u)}, and

N = {e € E | e is incident to some vertex in the neighborhood of v, },

where the neighborhood of vy is the set of vertices adjacent to v;. Since N does not
contain (vy,v3), N is an H-free t-matchings, and so is M. Let x = dy, y = dy, and
$1 = Xu- Then, z and y are degree sequences and s; is an (z, y)-increment. However,
there exists no (x + sp,y)-increment s, such that x 4+ s; + sq is a degree sequence of
an H-free t-matching. This is because,

e for a vertex v in the neighborhood of vy, (z + s1)(v) = y(v),

e for a vertex v not in the neighborhood of vy, z + s1 — xy» = dg — X, — X 1S nOt
a degree sequence of a subgraph of H since (v1,v) € E, and

e for a vertex v not in the neighborhood of vy, x 4+ s; + x, is a degree sequence of
a subgraph of H only if v = vy, but in this case it is a degree sequence of E(H ),
which is not H-free.

]

It follows that C}, itself is an example for which the degree sequences of k-restricted
2-matchings do not form a jump system for £ > 5. This counterexample is somewhat
simpler than that of Cunningham [7]. It also follows that the degree sequences of
Cy-free 2-matchings do not always form a jump system for k& > 5.
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3.3 Degree sequences of H-free subgraphs 9

3.3 Degree sequences of H-free subgraphs

In this subsection, we investigate when the degree sequences of all H-free subgraphs
form a jump system for a graph H.

Theorem 3.8. Let H be a graph. The degree sequences of all H-free subgraphs form
a jump system in any graph iof and only if H is a star.

Proof. By Theorem .7 if H is not a complete partite graph then the degree sequences
of H-free subgraphs of H itself do not form a jump system.

Suppose that H is a complete p-partite graph for p > 3, and denote the color classes
by Vi,...,V,, where |V;| < ... < |V,|. Construct a new p-partite graph G by adding
a new element r to V), that is, V(G) = V(H) U {r} and E(G) = E(H) U {(v,7) |
ve VAV LetueVi,vels 21,20 € Vu{r}, M = E(G) \ {(u,v)}, and
N = E(G) \ {(u,2), (u,z2)}. Observe that M and N are H-free subgraphs and
S1 = Xo 18 a (dy, dy)-increment. We have the following possibilities for (dy; + s1, dy)-
increments: —x, and —y,, for ¢ = 1,2. For the first case, there is no subgraph
whose degree sequence is dyr + X» — Xu = dp(@) — 2Xu- For the second case, the only
subgraph whose degree sequence is dy; + x, — Xz, 18 E(G)\ {(u, 2;) }, which contains an
H-subgraph G —z;. Thus, there is no (dy;+ s1, dy)-increment s such that dys +s1 + 59
is a degree sequence of an H-free subgraph.

Suppose that H is a complete bipartite graph K,; with a,b > 1. Let G = (V, E)
be the graph defined by

V=UuU, UV UVoU{u}U{v},
E={W,v)|v eUyu{u},v e U{v}} U{(u' ) | v € UyU{u},v" € VaU{v}},

where Uy, Uy, V1, Vo, {u} and {v} are disjoint vertex set, |U;| = |Us| = a — 1, and
Vil =[Va] =b—1. Let M = E\ {(u,v)} and N = 6(u) Ud(v). Then, M and N are
clearly H-free subgraphs and s; = x,, is a (dys, dy)-increment. We have the following
possibilities for (dy; + s1, dy)-increments: x, and —y, for z € Uy U Us. For the first
case, dyr + Xu + Xo is the degree sequence of G, which contains a K, ;-subgraph. For
the second case, dys + X, — X is the degree sequence of G — (v, z), in which the vertex
set Uy UVi U{u,v} or Uy U Vo U {u, v} induces a K, -subgraph.

If H is a star with £+1 vertices, then the H-free subgraphs are exactly the subgraphs
with degree at most k — 1. The degree sequences of these form a jump system in an
arbitrary graph G as we described in Section O

4 Weighted t-matchings and M-concave functions

4.1 A main result on the weighted problem

In this section, we give a proof of Theorem [I.5] which shows the relationship be-
tween the weighted K, ;-free t-matching problem in bipartite graphs and M-concave
functions.
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An M-concave (M-convex) function on a constant-parity jump system is a quantita-
tive extension of a jump system, which is a generalization of valuated matroids [11], T3],
valuated delta-matroids [12], and M-concave (M-convex) functions on base polyhe-
dra [28] 29).

Definition 4.1 (M-concave function on a constant-parity jump system [30]). For
J CZV, wecall f:J— R an M-concave function on a constant-parity jump system
if it satisfies the following exchange axiom:

Axiom 2. For any x,y € J and for any (x, y)-increment s;, there exists an (z+s1,y)-
increment sy such that x + sy +s9 € J, y —s1 — s2 € J, and f(x) + f(y) <
flx+ 81+ s2)+ f(y — s1— s2).

It follows from Axiom 2 that J is a constant-parity jump system (see [30]). We
call a function f:J — R an M-convex function if — f is an M-concave function on a
constant-parity jump system. M-concave functions on constant-parity jump systems
appear in many combinatorial optimization problems such as the weighted matching
problem [30], the minsquare factor problem [I], and the weighted even factor problem
in odd-cycle-symmetric digraphs [7, 8, 25]. Some properties of M-concave functions
are investigated in [23, 24], and efficient algorithms for maximizing an M-concave
function on a constant-parity jump system are given in [31l, [36].

Recall that, for a weighted bipartite graph (G, w), J;+(G) is the set of degree se-
quences of all K ,-free t-matching in G and a function f;; on J;;(G) is defined by

fri(x) = max {Z w(e)

eeM

M is a K, -free t-matching, dy = x} .

We restate Theorem here.

Theorem [1.5l For a weighted bipartite graph (G,w) and an integer ¢t > 2, f;, is
an M-concave function on the constant-parity jump system J;,(G) if and only if w is
vertex-induced on every K;; in G.

Our proof of Theorem consists of three parts: the necessity for t > 2 (Propo-
sition [1.2)), the sufficiency for ¢ > 3 (Proposition .3), and the sufficiency for ¢t = 2

(Proposition [£14]).
4.2 Necessity
This subsection is devoted to proving the necessity in Theorem [L.5l

Proposition 4.2. For a weighted bipartite graph (G,w) and for an integer t > 2, if
fre is an M-concave function on the constant-parity jump system Jy4(G), then w is
vertex-induced on every Ky, in G.
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4.3 Sufficiency for the case of t > 3 11

Proof. Let H be a Ktyt—subgraph in G such that V(H) = {u,...,u,v1,...,0}
and E(H) = {(w,v;) | i,j = .,t}. Denote dg(ay\{(uiv)} € Jtt(G) by z, and
dE(EH\{(uiv)) € J1e(G) by y for some i,j € {2,.. t} Then, M = E(H) \ {(u1,v1)}
and N = E(H) \ {(ui,v;)} are the unique edge sets such that dy; = = and dy =y,
and hence f;(z) = w(M) and fi,(y) = w(N).

For an (z, y)-increment s; = x,,, one can see that s = —y,, is the only (z + s1,y)-
increment such that z + s1 4+ s € J14(G) and y — s; — s2 € Ji4(G). Since M’ =
E(H) \ {(uj,v1)} and N' = E(H) \ {(u1,v;)} are the unique edge sets such that
achieve the degree sequences x + s; + so and y — s; — s9, respectively, we have that
fei(z+s1+52) = w(M') and fi:(y—s1—s2) = w(N'). If fi; is an M-concave function
on J (@), by Axiom 2, we have w(M) +w(N) < w(M’) +w(N'), which means that

w(uy,vy) + w(ug, v;) > w(ug, v) + w(ug, v;)). (1)
A similar argument shows that
w(u;, vr) + wlug, v;) > w(ug, vr) + w(u,, v;)). (2)
By () and (2)), we have
w(ug, v1) + w(ug, vy) = w(u;, vr) + w(ug, v;). (3)

Note that this equality is obvious when 7 =1 or j = 1.
Define a function p: V(H) — R by

p(ui) = w(ug,v1),  p(v;) = wlug,vy) —w(ug,vy)

for i,7 = 1,...,t. Then, w(u;,v;) = p(u;) + p(v;) holds for any 4,5 € {1,...,t} by
(@), which shows that w is induced by p on H. ]

4.3 Sufficiency for the case of t > 3
In this subsection, we show the sufficiency for the case of t > 3 in Theorem [I.3

Proposition 4.3. Let t > 3 be an integer and G = (V1, Va; E) be a weighted bipartite
graph with a weight function w. If w is vertex-induced on every K, in G, then fi; is
an M-concave function on the constant-parity jump system Jy.(G).

We prove Proposition by presenting an algorithm for finding an (z + sq,y)-
increment s, satisfying Axiom 2 for given z,y € J;4(G) and (x,y)-increment s;. In
what follows, we consider the case where s; = —y, with v € V;. The other cases can
be dealt with in a similar way:.

4.3.1 Properties of triples

Our algorithm to find an (x + s, y)-increment keeps a triple (M, N,u) of M\,N C E
and v € V) UV, satisfying a certain condition. The purpose of this subsection is
to define this condition and to show some properties of the triples. Note that the
definitions in this subsection make sense only for the case where s; = —y, with
v e V.
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Definition 4.4. For two edge sets M, N C FE and for a vertex u € V; U Vy, the
semi-degree of (M, N, u) is a pair (2/,y’) of vectors in Z"1“"2 such that

o ' =dy — xuand ¥y =dy + x, if u e Vi,
o ' =dy+ xy and ¥ = dy — x if u € V5.
For an integer ¢ and vectors 2’,y' € {0,1,...,t}V19"2 we define

T.(2' y)={(M,N,u) | M\,N C E,u € VUV, M and N are K, free,
the semi-degree of (M, N,u) is (z/,y')}.

Definition 4.5. For (M1, N1, uy), (Ms, No,us) € Ty(2',y'), we say that (My, N1, uq) is
adjacent to (Ms, No, us) if they satisfy one of the following conditions:

o u; € Vi, (ur,uz) € My \ Ny, My = My \ {(u1,uz)}, and Ny = Ny U {(uq,u2)}.
o uy € Vs, (ur,ug) € Ny \ My, My = My U{(u1,uz)}, and No = Ny \ {(u1,u2)}.

It is obvious that if (Mj, Ny, u;) is adjacent to (M, Na,ug), then (M, No,ug) is
adjacent to (My, N1, uq).

We say that (M, N,u) € T,(z',y) is active, if u € V; and dp;(u) > dy(u), or u € Vs
and dy(u) < dy(u). A triple (M, N,u) € Ty(2',y') is stable if u € V; and dp(u) <
dy(u) + 1, or u € Vo and dy(u) < dy(u) + 1. Note that if (M, N,u) € Ty(2',y/) is
stable, then M and N are t-matchings. We also note that if (M, N,u) € T;(z,y) is
not stable, then it is active. The definition of stable triples means that y, or —yx,, say
Sg, is an (2’ y')-increment such that dy; = 2’ + s and dy = 3/ — s9 (see Claim [.T3)).
Hence, our algorithm stops when we find a stable triple.

We now show some properties of the triples, which will be used in our algorithm.

Lemma 4.6. Let (M, N,uy) be a triple in Ty(2',y'), uy € V1, and e = (uy,us) € M\N.
If NU{e} is K -free, then (M \ {e}, N U{e},uz) is in T(2',y") and adjacent to
(M, N, ul).

Proof. The semi-degree of (M \ {e}, N U{e},usy) is

(dargey + Xuzs ANULey — Xup) = (dar = Xuy» AN + Xuy) = (2',9),

which means (M \{e}, NU{e}, us) € Ty(2',y/). It is obvious that (M \{e}, NU{e}, us)
and (M, N,u;) are adjacent by the definition. ]

Lemma 4.7. Let (M, N,u) be a triple in Ty(z',y'), u € Vi, and dy(u) — dy(u) > 2.
Then, one of the following conditions holds:

e (M, N,u) is adjacent to at least two triples in Ty(z',y').

o (M,N,u) is adjacent to exactly one triple in Ty(2',y') and there exists a Ky,-
subgraph H containing u in G' such that §(u)NE(H) C M and E(H)\{(u,v)} C
N for some v € V(H).
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4.3 Sufficiency for the case of t > 3 13

/

Proof. Suppose that (M, N,u) is adjacent to at most one triple in Z;(z’,y'). Slnce

[(MNo(u)\N| > dpr(u)—dy(u) > 2, by LemmalL@ we have that [(MNd(u))\ N

and NU{e} has a K;, for one edge e € (M Nd(u))\ N. Note that, since dy(u) <

there exists at most one edge e € §(u) such that N U {e} contains a K.
Therefore, there exists a K, ;-subgraph H containing u such that E(H)\ {(u, )}

N for some v € V(H). To the end, since dp(u) — dy(u) = [(M Nd(u)) \ N| =

have that §(u) "N C M, and hence 6(u) N E(H) = (6(u) N N)U {e} C M.

| =
t— 1

DCD

The following lemma can be proved similarly.

Lemma 4.8. Suppose that (M, N,u) is a triple in T (2',y"), v € Vi, and dp(u) —
dy(u) > 1. Then, one of the following conditions holds:

e (M, N,u) is adjacent to at least one triple in T;(z',y').

o (M,N,u) is adjacent to no triple in Ty(z',y') and there exists a K;;-subgraph
H containing u in G such that 6(u) N E(H) C M and E(H) \ {(u,v)} C N for
some v € V(H).

4.3.2 Updating a triple

In this subsection, we consider a procedure of updating a given triple, which is a
subroutine of our main algorithm. Roughly speaking, when a triple (M, N,u) is
given as the input, this procedure increases w(M) + w(N) and decreases |M U N/,
maintaining its semi-degree. The procedure is described as follows.

Procedure A

Input. An integer ¢ > 3, a bipartite graph G = (V4, V,; E) with a weight function
w that is vertex-induced on every K, vectors ',y € {0,1,...,t}"*"Y"2 and an active
triple (M, N,u) € T := T, (2, ).

Output. A triple (M*, N*,u*) € T satisfying one of the following:

1. w(M*) +w(N*) > w(M) + w(N).
2. w(M*)+w(N*) =w(M)+w(N) and |[M*U N*| < |M U N|.
) =

3. w(M*) + w(N*
stable.

w(M) +w(N), |[M*UN*| = |M UN|, and (M*, N*,u*) is

Step 0. Set 7:=0, M© := M, N := N, and u(®) := u. Then, go to Step 1.

Step 1. If (M N® () has an adjacent triple (M’, N’,u/) € T which is
different from (MY N1 4=D) (we ignore this condition if 7 = 0), then set
(MFD NHD (DY .= (M’ N’,/) and 7 := 7 + 1, and go to Step 2. Otherwise,
go to Step 4.

Step 2. If u( = u(™) for some 7/ < 7, then execute one of the following:
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u(T_l) u(T) (%1
@
Vg U3
. edges in M. —— edges in MUFD,
. edges in N, —— edges in N(T+1),

Figure 1: Definitions of M+, N+ and (D).

o If w(MT)) > w(M), then output (M) N (7)) € T and stop the proce-
dure.

o If w(M)) < w(M™), then output (M, N () € T and stop the proce-
dure.

o If w(M(T/)) w(M (7)), then either |M) U ND| < |MT) U N or MM U

™| < IMT) U NT| holds (see Claim EI0). In the former case, output

(]\/[ ), N u(T) € 7 and stop the procedure. In the latter case, output
(M (T (™) u(M) € T and stop the procedure.

Otherwise, go to Step 3.

Step 3. If (M, N () is a stable triple, then output (M, N ) ¢ T
and stop the procedure. Otherwise, go to Step 1.

Step 4. If ul” € Vi, then execute Step 4-1. Otherwise, execute Step 4-2.

Step 4-1. If 7 > 1, then dy;¢) (u”) — dye) (u?) > 2, because (M, N (1) is
not stable by Step 3. If 7 = 0, then dy;) (u(”) — dye (™) > 1 by the activeness
of the input. Therefore, by Lemmas A7 and A8 there exists a K;;-subgraph H
containing u(™ in G such that §(u)N E(H) € M and E(H) \ {(uv",v,)} € N™
for some vy € V(H).

Then, there exists an edge (vq, v3) € E(H)\M (™ such that v, € V1, v3 € V, (possibly
vz = v1), and (M \ {(u v3)}) U {(vy,v3)} contains no K;; (see Claim LIT]). As
shown in Figure [II we define

MY = (MO {7, 03)}) U {(v2,v3)},
N+ . (N(T) \ {(v1,12)}) U {(u(T),vl)},

T = gy,

Then, (MY N+ 3+D) € T (see Claim EI2). Set 7 := 7+ 1, and go to Step 2.
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Step 4-2. Execute a similar procedure to Step 4-1 by switching M (™ and N(™).

If (™) = u(™) for distinct 7, and 7, then Procedure A stops in Step 2, which assures
that each step is executed at most |V;| + |Va| times. We now show the correctness of
the procedure. First, we can easily show the following claim.

Claim 4.9. In Steps 1 and 4, w(MTY) 4 w(NTHD) = w(MT) + w(ND) and
M(T—H) U N(T—H) C M(T) U N(T)

Proof. Since w is vertex-induced on every K,
w(u'™, vs) + w(vy, ve) = w(va, v3) + wul™, vy)

in Step 4, which shows that w(M ™) + w(N™) = w(M+Y) + w(NTT) holds in
Step 4. The other parts are obvious. O

By this claim, if Procedure A outputs a stable triple (M*, N*,u*) € 7 in Step 3,
then w(M*) + w(N*) = w(M) +w(N) and |M* U N*| < |M U N|, which shows that
(M*, N*,u*) is a desired output. Similarly, we can see that the output in Step 2 is
also a desired triple.

The correctness of Steps 2 and 4 of Procedure A is guaranteed by the following
claims.

Claim 4.10. Ifu™ = u(™ for some 5 < 7 and w™) =+ w1 =1 are distinct,
then either |M(™) U N| < |[M) U NOD| or M) U NT)| < M) U N holds.

Proof. Suppose we update a triple in Step 1 when 7 = 73, and let e3 = (u(™), u(+1).
Since we update a triple in Step 1 at least twice while 7, < 7 < 71 — 1, we may assume
that u(™) # u(™) and u(#+Y) % w(™) by choosing appropriate 7.

Now we observe that, for an edge e, if we update {e} N M or {e} N N in
Step 4, ie., {e} N M £ {e} N M+ or {e} N N #£ {e} N N+ then u(™
or w1V is an end vertex of e. Since u(™) w(™tY 4= are distinct, by the
above observation, {es} N M(" is updated only when 7 = 73. Thus, either e; €
(MO NTOY A (N2 M) or eg € (N N\ M) 0 (M) \ N(T2)),

In the former case, e5 ¢ M™IUN ) and M UN) C MEUNT) | which implies
|M) U NT| < |MT) Uy N Similarly, we have |M ™) u N)| < |MT) y N(T|
in the latter case. This completes the proof. O

Claim 4.11. In Step -1, there exists an edge (vo,v3) € E(H)\M™) such that vy € V1,
v3 € Vy (possibly vs = vy ), and (M \ {(u,v3)}) U {(va,v3)} contains no Ky ;.

Proof. Since M does not contain H, one of the following holds:
Case 1. There exists a vertex vy € Vi \ {u(™} such that |5(vq) N (E(H)\ M™)| > 2.

Case 2. There exists a vertex vy € V; \ {u(™} such that |§(vy) N (E(H)\ M™)| = 1.
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We consider these cases separately.

Case 1. Let e; = (v, 21), €2 = (2, 23) be edges in 6(vy) N (E(H)\ M™). We show
that at least one of e; and es satisfies the condition. To the contrary, we assume that
M U{e;} contains a K; ~subgraph H; for i = 1,2. Since |[§(ve) N (M7 U{e,ea})] <
t +2 and t > 3, there exists a vertex z € V5 \ {21, 22} contained in both H; and
Hj. Then, all the ¢ edges in 6(z) N M (™) are contained in both H; and H,, and hence
V(H,)NVy = V(Hy) N'Vi. This means that there exists a vertex 2z’ € Vi \ {u(™, vy}
contained in both H; and H,. Since all the ¢ edges in §(2’) N M) are contained in
both Hy and H,, we have V(H;) N'Vy = V(Hs) N Va, which is a contradiction.

Case 2. Let e; = (9, 21) be the edge in §(vy) N (E(H) \ M™). In order to show
that e; satisfies the condition, we assume that (M \ {(u(7), 2,)}) U {e;} contains a
K, ~subgraph H; to derive a contradiction. Since |(6(vy) N M)\ E(H)| = |6(vs) N
M| —(t—1) < 1and t > 3, there exists a vertex z € (V(H)NVa) \ {21} contained
in H;. Then, all the ¢ edges in §(z) N M) are contained in H;, which implies that
(u(7), ) is contained in H;. On the other hand, since M (") contains no K., Hy
contains e; = (vy, 21). This contradicts that H; does not contain (u(™, z;). O

Claim 4.12. In Step 4-1, (M) N+ 4+ ¢ T

Proof. By the definition, MY contains no K. Since N (7) is K, -free, H is an
unique K;; contained in N U {(u(,v;)}, and hence N+ = (N™\ {(v,15)}) U
{(u'™,v;)} contains no K;;. It is obvious that (MT+D N+ 4T+ satisfies the
degree constraints, which completes the proof. O

Note that we can show the correctness of Step 4-2 in the same way. The above
claims show the correctness of Procedure A.

4.3.3 A main algorithm

In this subsection, we give an algorithm for finding an (z + s1,y — s1)-increment sy
using Procedure A. The algorithm is described as follows.

Algorithm FIND-INCREMENT

Input. An integer ¢t > 3, a bipartite graph G = (V4, V,; E') with a weight function
w that is vertex-induced on every K;;, K;;-free t-matchings M and N in G with
dy = x and dy = y, and an (z,y)-increment s; = —y,, with v € V.

Output. An (x + s,y — s1)-increment s, and K, -free t-matchings M’ and N’ in
G such that dyy = x4 s1+ 82, dyr = y— 81— 89, and w(M') +w(N') > w(M)+w(N).

Step 1. Execute Procedure A for (M, N,u) € Ty(x + s,y — s) to obtain a triple
(M*,N*, u*) € Ty(x + s,y — s) satisfying one of the following:

1. w(M*) + w(N*) > w(M) + w(N).

2. w(M*)+ w(N*) =w(M) +w(N) and |M*UN*| < |M UN]|.

EGRES Technical Report No. 2010-04



4.3 Sufficiency for the case of t > 3 17

3. w(M*) +w(N*) = w(M) +w(N), |[M*UN*| = |MUN|, and (M*, N*,u*) is
stable.

Then, go to Step 2.

Step 2. If (M*, N*,u*) is stable, then output se := dp+ — x — 59, M’ := M*, and
N’ := N*, and stop the algorithm. Otherwise, update M, N, and u as M := M*,
N := N*, and u := u*, and go to Step 1.

In the algorithm, (w(M) + w(N))¢ — |M U N| increases monotonically, where ¢ is
a sufficiently large number, and this shows that FIND-INCREMENT terminates in
finite steps. The correctness of FIND-INCREMENT is guaranteed by the following
claim.

Claim 4.13. If we obtain sy in Step 2 of FIND-INCREMENT, then sy = dp+ —x— 51
is an (x + s1,y — s1)-increment.

Proof. Suppose that u* € Vi. Then, dy« —x — 81 = —dny+ +y — 81 = Xu+ by the
definition of 7;(z + s1,y — s1). Since dy+(u*) — dy«(u*) < 1 by the definition of a
stable triple, (y — s1)(u*) — (z + s1)(u*) = (dn+(u*) + 1) — (dps=(u*) — 1) > 1, which
means that s, = x,+ is an (z + s1,y — $1)-increment. We can deal with the case when
u* € V5 in the same way. O]

Now we show how we obtain an (z + sy, y)-increment so, and prove Proposition

Proof for Proposition [{.3 For z,y € Ji;(G) and an (z,y)-increment s;, we choose
K -free t-matchings M and N in G such that dyy =z, dy =y, w(M) = fi(z), and
w(N) = fi+(y). Furthermore, we choose M and N minimizing |M U N|.

By executing FIND-INCREMENT, we find K} ;-free t-matchings M’ and N’ and
an (xr + s1,y — s1)-increment sy that satisfy dyy = x + s1 + So, dyv = y — 81 — So,
and w(M') + w(N') > w(M) + w(N). We now prove that the output sy of FIND-
INCREMENT is an (z + s1, y)-increment, that is, dyy # x, dy» # y, when we assume
the minimality of |[M U N|.

If Procedure A outputs (M*, N*,u*) € Ty(z + s,y — s) with w(M*) + w(N*) >
w(M)+w(N) or [M*UN*| < |[MUN]| at least once in Step 1 of FIND-INCREMENT,
then the output (M’, N') of Algorithm FIND-INCREMENT satisfies that either

o w(M')+w(N")>w(M)+w(N) or
o w(M')+w(N')=w(M)+w(N)and |[M'UN'| < |MUN|,
which implies dyp # dpr and dys # dy by the minimality of |[M U N|.
Otherwise, when we execute Procedure A for the first time, it outputs a stable
triple (M*, N*,u*) € Ty(x + s1,y — s1) with w(M*) + w(N*) = w(M) + w(N) and

|[M*UN*| = |[MUN]|. Therefore, (M*, N* u*) is not outputted in Step 2 of Procedure
A, and hence u* # u, which means sy # —s.
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By the above arguments, we obtain new K ;-free t-matchings M’ and N’ and an
(x 4 s1,y)-increment s, that satisfy dyy = x + 51 + S92, dyv = y — 81 — S92, and
w(M) 4+ w(N) <w(M')+w(N'). Then, we have

ft,t(f) + ft,t(y) =w(M)+w(N)
< w(M') + w(N')
< fea(w 4 514 52) + fra(y — 51— 52).

Hence f;; is an M-concave function on J;;(G). O

4.4 Sufficiency for the case of t = 2
Next, we show the sufficiency for the case of ¢ = 2 in Theorem [L.5

Proposition 4.14. For a bipartite graph G = (V1, Va; E) with a weight function w,
if w is vertez-induced on every Cy in G, then fao is an M-concave function on the
constant-parity jump system Ja2(G).

In the same way as Proposition 1.3, we prove Proposition [£.14] by presenting an
algorithm for finding an (x 4 s1,y)-increment s, satisfying Axiom 2 for given z,y €
J22(G) and (x, y)-increment s;. In what follows, we consider the case where s; = —x,
with u € V7.

4.4.1 S-squares

We call a C, in a bipartite graph as a square. Let S = {51,S5,,...,5,} be a set of
vertex-disjoint squares in G. We say that a square S is an S-square if S € § or S is
vertex-disjoint from every member of S. We say that an edge set is S-square-free if it
contains no S-square.

In the same way as Z;(«’,y’) in Section A3l we define 7, (S,2’,y’) as follows.
For a bipartite graph G = (V3, Va; E), vectors a’,y' € {0,1,2}V1°"2 and a set S of
vertex-disjoint squares, we define

To(S, 2" ) = {(M,N,u) | M\,N C E,u € V;UVa, M and N are S-square-free,
the semi-degree of (M, N,u) is (', y)}.

We define stable triples, active triples, adjacency of triples in Ty (S, 2’,y’) in the
same way as those in Ty(2’,4"). Then, Lemmas [0, .7, and L8 can be modified to
lemmas for 7, (S, ', y') by replacing K;,’s with S-squares.

4.4.2 Updating a triple

In this subsection, we consider a procedure of updating a given triple in G, which
modifies the procedure in Section Note that we need a modification because
Claim [£.17] does not hold when t = 2. In the procedure, we use edge sets M, N and a
maximal set S of vertex-disjoint squares such that F(S) C M UN and |[E(S)NM| =
|[E(S) N N| = 3 for each S € §. In other words, M, N and S satisfy the following
assumption.
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Assumption 4.15. For an S-square S, it holds that S € § if and only if E(S) C
M UN and |E(S)NM|=|E(S)NN|=3.

The modified procedure is described as follows.

Procedure B

Input. A bipartite graph G = (V, Va; E) with a weight function w that is vertex-
induced on every square, vectors z’,y’ € {0,1,2}V1Y"2 a set S of vertex-disjoint
squares, and an active triple (M, N,u) € T := Ty (S,2',y’) satisfying Assump-
tion [4.15]

Output. A triple (M*, N*,u*) € T such that £(S) C M UN and |E(S)NM| =
|E(S) N N| =3 for any S € S, and one of the following holds:

L. w(M*)+w(N*) > w(M) 4+ w(N).
2. w(M*) +w(N*) = w(M) +w(N) and |M* U N*| < |M U N].

3. w(M*) + w(N*) = w(M) +w(N), |[M*UN*| = |MUN|, and (M*, N*,u*) is
stable.

Step 0. Set 7:=0, M© .= M, N := N, and u(” := u. Then, go to Step 1.

Step 1. If (M(T N, ()) has an adjacent triple (M’ N',u') € 7T which is
different from (M~ D , N (=) (we ignore this condition if 7 = 0), then set
(M(T“),N(T“),u(”l)) = (M’,N’, 'Y and 7 := 7 + 1, and go to Step 2. Otherwise,
go to Step 4.

Step 2. If u(” = «(™) for some 7/ < 7, then execute one of the following:

o If w(M)) > w(MT), then output (M) N™ (7)) € T and stop the proce-
dure.

o If w(M)) < w(M®™), then output (M N () € T and stop the proce-
dure.

Otherwise, go to Step 3.

Step 3. If (M N@ 4()) is a stable triple, then output (MM, N™ ™) ¢ T
and stop the procedure. Otherwise, go to Step 1.

Step 4. If u(” € Vi, then go to Step 5. Otherwise, execute a similar procedure to
Step 5 by switching A and N,

Step 5. If 7 > 1, then d;¢) (™) — dye) (™) > 2, because (M(T) N 4 is
not stable by Step 3. On the other hand, if 7 = 0, then dy; (u(”) — dye (™) > 1
by the activeness of the input. By the modifications of Lemmas 4.7 and 4.8 there
exists an S-square S = (u™ vy, vy,v3) in G such that {(u™,v1), (u™, v3)} € M)
and {(u,v1), (v1,v2), (va,v3)} € N,

If S €8, then go to Step 5-1. Otherwise, go to Step 5-2.
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ug—n 4 V3 47D u) U3
—
(%1 (25 U1 vy = u(™tD)
. edges in M. —— edges in MU*D,
. edges in N7, ——: edges in NO+D,

Figure 2: Definitions of M+ N+ and (D).

Step 5-1. By Assumption BI5, we have that E(S) N N = E(S)\ {(u),v3)}
and E(S) N M = E(S)\ {(vs, 2)}, where z is either v; or vs.
Define MY N+ and «(™t) by

M) . (M(T) \ {(u(T), 2D U {(vg,2)},

N = (N { (g, v5)}) U {(u™, v3)},
(t+1) .__
u = Vg,

and then go to Step 2.

Step 5-2. By Assumption BI85, we have that E(S) N M™ = {(u™, 1), (u(, v3)}
and E(S) NN = {(u™,v1), (v1,v2), (v2,v3)}.

As shown in Figure @ define M+D N+ and o) by

M = (MO {(u, 01)}) U{ (2, 01)},
N = (NN {(vg, v3)}) U {(u,03)},

T = gy,

If M+ is S-square-free, then output a triple (M T+ N+ 4 (+D) ¢ T which
satisfies that [MT*VUNT+H)| = [MUN|—1 (see Claim {18, and stop the procedure.
Otherwise, there exists an S-square S’ = (vy, vy, v4,v5) in M+ where {u(™, v3} N
{v4,v5} = 0 (see Figure B]). Then define

M(7-+2) — M(T+1) \ {(,027,05)}7

N2 = N U {(vy,05)},

w2 = oy,

Output a triple (M+2), N(+2) 4(7+2)) ¢ T which satisfies that |M(+2) U N+2)| =
|M UN| —1 (see Claim [£.19), and stop the procedure.

If (™) = (™) for distinct 7, and 75, then Procedure B stops in Step 2, which assures
that each step is executed at most |Vi| + |V5| times. We now show the correctness of
the procedure.
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u(T—l) u(’T) U3 u(T—l) u(’T) U3
— @&—0© — @¢&—©
—
v, = u(™t) vo = (™D
U1 U1
. edges in MY, — : edges in M(7t2),
. edges in N+, — : edges in N2,

Figure 3: Definitions of M2 N(+2) and w72,

First, since w is vertex-induced on every square, we can see the following in the
same way as Claim [£.9

Claim 4.16. In Steps 1 and 5-1, w(M+Y) + w(NTHD) = w(M®) + w(N™) and
M) g N = A0y N

By this claim, if Procedure B outputs a stable triple (M*, N*,u*) € 7 in Step 3,
then w(M*) + w(N*) = w(M) + w(N) and |M* U N*| = |M U N|, which shows that
(M*, N*,u*) is a desired output. To show that the output in Step 2 is also a desired
triple, we prove the following claim.

Claim 4.17. In Step 2, (M) N v and (M, NT) w()) are both in T and
|IMT)UND| < |MUN|.

Proof. Asboth (MM N® 4™ and (M), N w)) arein T, both (M), N 4(7)
and (M), N(T/),U(T)) are in 7.
Since we update a triple in Step 1 at least once when u(™ € Vi, (M \ N)n
(NN MY # (. Thus, we have
‘M(T’) U N(T)\ - ’M(T) U N(T)] — (M M \M(T’)) \ N(T)| + |(M(T’) \M(T)) \ N(T)]
= [MTUND| - |(M7\ M)\ NO|
< |M™UND
= |M U N|.
[

Next, in order to show the correctness of Step 5-2, we prove the following claims.

Claim 4.18. In Step 5-2, NU*Y is S-square-free and |[MT+YDUNCTT)| = [MUN|—
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Proof. First, (u{™,v) is the unique edge in N N §(u™) and N N (v,) =

{(u™,vy), (v1,v2)}. Thus, N1 does not have an S-square containing (u(™, v3), and
hence N7+ is S-square-free because N(7) does not have an S-square. Furthermore,
by Claim 16, M+ U NCH)| = MO UND| —1=|MUN| - 1. O

Claim 4.19. In Step 5-2, (M(7+2) NT+2) (7+2)) ¢ T and M+ U NTH2)| = |M U
N|—1.

Proof. Since C' = (vy,v1,v4,v5) is the unique S-square in MUV MU+ is S-
square-free. On the other hand, since N2 1 §(vy) = {(v1,v2), (va,vs5)}, NT+2 N
S(v1) = {(u,v1), (v1,v2)}, and (u",v5) & N2 N2 does not have an S-
square containing (vg,vs). Thus, by Claim EI8, N *?) is S-square-free, and hence
(M2 NO+2) 4y (7+2)) ¢ T. Claim also implies that |[M+2 U NO+2)| =
|MT+D U NCH)| = MU N| - 1. O

The above claims show the correctness of Procedure B.

4.4.3 A main algorithm

In this subsection, we give an algorithm for finding an (z + s1,y — s1)-increment s,
using Procedure B. We modify Algorithm FIND-INCREMENT by using a set S of
squares.

Algorithm FIND-INCREMENT II

Input. A bipartite graph G = (Vi, V,; F) with a weight function w that is vertex-
induced on every square, square-free 2-matchings M and N in G with dj; = x and
dy =y, and an (z,y)-increment s; = —x, with u € V.

Output. An (z + s1,y — s1)-increment s, and square-free 2-matchings M’ and N’
in G such that dyy = 481482, dyy = y—s1— 2, and w(M')+w(N') > w(M)+w(N).

Step 1. Let 51,5, .., 5, be vertex-disjoint squares in G such that E(S;) C MUN
and |E(S;)) N M| = |E(S;))NN|=3fori=12,....,p. We take such 51,S,...,5,
maximally and define § = {5}, 5, ..., S,}.

Step 2. Execute Procedure B for (M, N,u) € T3((S,x + s,y — s) to obtain a triple
(Z\/[*, N* u*) € Too(S,x + s,y — s) satisfying one of the following:

w(M*) + w(N*) > w(M) + w(N).
w(M*) + w(N*) = w(M) + w(N) and |[M* U N*| < |[M U N|.
) +

3. w(M*
stable.

w(N*) = w(M) +w(N), |M*UN*| = |M U N|, and (M*, N*,u*) is

Then, go to Step 3.

Step 3. If (M*, N*,u*) is stable, then output sy := dp» — x — 59, M’ := M*, and
N’ := N*, and stop the algorithm. Otherwise, update M, N, and u as M := M*,
N := N*, and u := u*. While there exists an S-square S such that S ¢ S, FE(S) C
MUN, and |[E(S)N M| = |E(C)NN| =3, add S to S. Then, go to Step 2.

EGRES Technical Report No. 2010-04



Section 5. Discussion 23

The correctness of FIND-INCREMENT II can be shown in the same way as FIND-
INCREMENT. By using FIND-INCREMENT II, we can prove Proposition d.14] in
the same way as Proposition [4.3] and so we omit the proof. We only mention here
that if a 2-matching L is S-square-free and |E(S) N L| = 3 for any S € S, then L is
a square-free 2-matching.

5 Discussion

Major open problems on k-restricted 2-matchings are the 4-restricted 2-matching
problem and the weighted 3-restricted 2-matching problem. In this paper, we have
proved that the set of the degree sequences of all 4-restricted 2-matchings is a jump
system. So, as Cunningham [7] conjectured, we anticipate that the 4-restricted 2-
matching problem can be solved in polynomial time.

Related results reported recently are due to Bérczi and Kobayashi [2], Bérczi and
Végh [3], Hartvigsen and Li [19], and Kobayashi [22]. Bérczi and Végh [3] presented
a min-max formula and a polynomial algorithm for the K, ;-free -matching problem,
the Ki;ii-free t-matching problem and the {K;:, K;1}-free t-matching problem in
graphs all of whose vertices are incident to at most ¢ + 1 edges. In particular, the
4-restricted 2-matching problem is solved in polynomial time in subcubic graphs, in
which each vertex is incident to at most three edges.

Bérczi and Kobayashi [2] extended Corollary to a weighted version for a special
case where ¢ = 2 and the graph is subcubic. That is, they proved that the weighted
2-matchings without Cj4 in a subcubic graph induce an M-concave function on a
constant-parity jump system if the weight function is vertex induced on every Cj.
Moreover, based on a general framework of maximizing an M-concave function on a
constant-parity jump system [30, BI], 36], they gave a polynomial algorithm for the
problem of finding a maximum-weight 2-matching without C; in subcubic graphs if
the weight function is vertex induced on every Cj.

Hartvigsen and Li [19] and Kobayashi [22] presented polynomial algorithms for the
weighted 3-restricted 2-matching problem in subcubic graphs. Hartvigsen and Li [19]
devised a primal-dual algorithm for the weighted 3-restricted 2-matching problem in
subcubic graphs by a polyhedral approach. Kobayashi [22] solved the same problem
from the viewpoint of discrete convex analysis. By Corollary [L2, we know that the
degree sequences of the 3-restricted 2-matchings form a jump system. Kobayashi
extended this result to a weighted version in subcubic graphs, that is, he proved that
the weighted 3-restricted 2-matchings induce an M-concave function on a constant-
parity jump system if the graph is subcubic. He then presented an algorithm for
the weighted 3-restricted 2-matching problem in subcubic graphs, which is based on
the general framework of maximizing M-concave functions on a constant-parity jump
system.

All of these resent developments are established in certain classes of graphs (in
subcubic graphs, mainly). It would be interesting to consider whether these results
can be extended to general graphs.
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