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Abstract

We present a characterization of Eulerian graphs that have a k-arc-connected
orientation so that the deletion of any vertex results in a (k− 1)-arc-connected
directed graph. This provides an affirmative answer for a conjecture of Frank
[2]. The special case, when k = 2, describes Eulerian graphs admitting 2-vertex-
connected orientations. This case was proved earlier by Berg and Jordán [1].
These results are specializations of the related results from [5].

This paper concerns orientations of undirected graphs. We denote an undirected
graph by G = (V, E) and a directed graph by ~G = (V, A). Multiple edges are allowed,
but loops are not. For an undirected graph G, a set X ⊆ V and u, v ∈ V, let
dG(X)= |{xy ∈ E : x ∈ X, y ∈ V −X}|, TG= {v ∈ V : dG(v) is odd}, λG(u, v)=

min{dG(Y ) : u ∈ Y, v /∈ Y }. For a directed graph ~G, a set X ⊆ V and u, v ∈ V,
let δ ~G(X)= |{xy ∈ A : x ∈ X, y ∈ V − X}|, % ~G(X)= δ ~G(V − X), λ ~G(u, v)=
min{δ ~G(Y ) : u ∈ Y, v /∈ Y }.

An undirected graph G = (V, E) is called k-edge-connected if λG(u, v) ≥ k for
all u, v ∈ V. A directed graph D = (V, A) is called k-arc-connected if λ ~G(u, v) ≥ k
for all u, v ∈ V, and D is called k-vertex-connected if |V | > k and G − X is 1-
arc-connected for all X ⊆ V with |X| < k. Throughout the paper we assume k ≥ 1.

The starting point is the weak orientation theorem of Nash-Williams.

Theorem 1. [8] A graph G has a k-arc-connected orientation if and only if G is
2k-edge-connected.

A pairing M of G is a new graph on vertex set TG in which each vertex has degree
one. A pairing M of G is called k-feasible if

dM(X) ≤ dG(X)− 2k for all X ⊂ V, X 6= ∅. (1)

The following claim is straightforward using the fact, that in any Eulerian orien-
tation ~G of an Eulerian graph G = (V, E), δ ~G(X) = % ~G(X) = dG(X)/2 for all
X ⊆ V .
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Claim 1. If M is a k-feasible pairing of the 2k-edge-connected graph G then for every
Eulerian orientation ~G + ~M of G + M , ~G is a k-arc-connected orientation of G.

The following lemma plays a central role in this paper.

Lemma 1. Every 2k-edge-connected graph G = (V, E) has a k-feasible pairing.

Proof. We prove the statement by induction on |E|, if E = ∅ then the statement is
trivial.
Case 1 There is a vertex s ∈ V with d(s) even. Then, by Lovász’ splitting off

theorem [6], there exists an edge-pairing {uis, svi}d(s)/2
i=1 at s, such that replacing each

non-parallel pair uis, svi by a new edge uivi and then deleting the vertex s, the new
graph G′ is 2k-edge-connected. Note that TG′ = TG and |E(G′)| < |E| so by induction
there is a pairing M of G′ that satisfies (1) for G′. Then M is a pairing of G and,
since dG′(X) ≤ dG(X) for all X ⊂ V − {s}, clearly M satisfies (1) for G as well and
we are done.
Case 2 Otherwise, TG = V. By a result of Mader [7], since there is no vertex v with
d(v) = 2k, there exists an edge uv ∈ E such that G′ := G− uv is 2k-edge-connected.
Note that TG′ = TG − {u, v} and |E(G′)| < |E| so by induction there is a pairing M ′

of G′ so that (1) is satisfied for G′ and M ′. Let M := M ′∪{uv}. Then M is a pairing
of G and for all ∅ 6= X ⊂ V either dM(X) = dM ′(X) ≤ dG′(X)− 2k = dG(X)− 2k or
dM(X) = dM ′(X) + 1 ≤ dG′(X) + 1− 2k = dG(X)− 2k, so (1) is satisfied for G and
M and this completes the proof.

For an Eulerian graph G, an edge-pairing at vertex v is an arbitrary partition
of the edges incident to v into pairs. Suppose that we are given an edge-pairing at
each vertex. An Eulerian orientation is called admissible if at each vertex every
prescribed edge-pair becomes a directed path. The following statement is an easy
exercise.

Proposition 1. We are given an Eulerian graph G and an edge-pairing at every
vertex. Then there exists an admissible Eulerian orientation of G.

The aim of this paper is to prove the following result.

Theorem 2. Suppose that k ≥ 2. An Eulerian graph G = (V, E) has a k-arc-

connected orientation ~G such that ~G− v is (k− 1)-arc-connected for all v ∈ V if and
only if G is 2k-edge-connected and G− v is (2k − 2)-edge-connected for all v ∈ V .

Proof. We define an edge-pairing for all v ∈ V as follows. Take a maximum number
of disjoint pairs of parallel edges incident to v. Since G is Eulerian, the other edges
from v go to TG−v. These edges can be naturally paired, defined by a (k− 1)-feasible
pairing Mv of G − v, where Mv exists by Lemma 1. By Proposition 1 there is an
admissible Eulerian orientation ~G of G. Then ~G is a k-arc-connected orientation of
G. Let ~Mv be the natural orientation of Mv (for all v ∈ V ) defined by ~G. Now
~G−v + ~Mv is an Eulerian orientation of G−v +Mv, so by Claim 1, ~G−v is a (k−1)-
arc-connected orientation of G − v for all v ∈ V . The necessity of the conditions is
straightforward.
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The statement of Theorem 2 is not necessarily true for non-Eulerian graphs, as
an example, consider the graph obtained from K4 by replacing each edge by three
parallel edges.

We continue by a conjecture on vertex-connectivity orientation (see in [3]).

Conjecture 1. Let G = (V, E) be an undirected graph with |V | > k. Then G has a
k-vertex-connected orientation if and only if for all X ⊂ V with |X| < k, G −X is
(2k − 2|X|)-edge-connected.

The following result, that is equivalent to Theorem 2, was conjectured by Frank in
[2] as a specialization of Conjecture 1.

Corollary 1. An Eulerian graph G = (V, E) has an Eulerian orientation ~G such that
~G − v is k-arc-connected for all v ∈ V if and only if G − v is 2k-edge-connected for
all v ∈ V .

For the special case of Conjecture 1 when the graph is Eulerian and k = 2, Berg
and Jordán [1] provided a sophisticated proof. Their result below follows immediately
from Theorem 2.

Corollary 2. [1] Let G = (V, E) be a 4-edge-connected Eulerian graph such that
|V | ≥ 3 and G−v is 2-edge-connected for all v ∈ V . Then G has a 2-vertex-connected
Eulerian orientation.
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