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A short proof on the local detachment theorem

Zoltan Szigeti*

Abstract

A simplified and shortened proof is presented for a theorem of Jordan and
Szigeti [2] on detachments preserving local edge-connectivity.

1 Introduction

Let G = (V + s, FE) be a graph. A degree specification for s is a sequence f(s) =
(di,...,dp) of positive integers with 37 | d; = dg(s). An f(s)-detachment of G at
s is the graph G’ obtained from G by replacing s by a set sq,...,s, of independent
vertices and distributing the edges incident to s among them in such a way that
dei(s;) = d; (1 <i < p). Note that all the other ends of the edges in G remain the
same. For a requirement function r : V x V — Z, . we say that G is r-edge-connected
if Ag(u,v) > r(u,v) Yu,v € V, where Ag(u,v) is the local edge-connectivity between
v and v in G, that is the size of a minimum edge cut separating v and v in GG. The
following theorem characterizes graphs having an r-edge-connected f(s)-detachment.

Theorem 1.1 (Jordan, Szigeti [2]). Let r be a requirement function for G = (V +
s, E) with r(u,v) > 2 Yu,v € V. Let f(s) = (di,...,d,) be a degree specification
for s with d; > 2 Vi. Let ¢ = Y V| %]. Then there exists an r-edge-connected f(s)-
detachment of G at s if and only if

G is r-edge-connected, (1)
G—s is (r—¢)-edge-connected. (2)

The aim of this paper is to provide a short proof for Theorem [L]. We mention that
Theorem is a common generalization of Mader’s theorem [d] on splitting off pre-
serving local edge-connectivities between vertices in V' (f(s) = (2,dg(s)—2),r(u,v) =
Ag(u,v) Yu,v € V) and Fleiner’s theorem [I] on k-edge-connected detachments
(r(u,v) = k Yu,v € V). This paper does not provide a new proof for Mader’s theorem
because it applies it. For a new proof on a generalization of Mader’s threorem the
reader is referred to [A].
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Research, Eotvos University, Budapest.
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2 Definitions, preliminary results

Recall that G = (V + s, E) is r-edge-connected if A\g(u,v) > r(u,v) Vu,v € V. Note

that it is equivalent to hf(X) > 0 VX C V., where hj;(X) = de(X) — R(X) and

R(X) := max{r(u,v) : u € X,v € V — X}. The following basic property “skew-

submodularity” of the function h (see in [3]) will be usefull. dg(X,Y) denotes the

number of edges between X —Y and Y — X,dg(X,Y) = dg(XNY,V +s— (X UY)).
For any two subsets X,Y C V at least one of the following inequalities holds:

WE(X) + ha(Y) > ha(XNY)+ (X UY) + 2de(X,Y), (3)
G

>
he(X)+ hi(Y) > ha(X =Y) +ha(Y — X) +2da(X,Y). (4)

If XUY =V then (f]) always holds (with equality).

For X C V, the cut 6g(X) is the set of edges leaving X. For T' C d¢(s), the T-
split of G is the (|T|,da(s) — |T|)-detachment G' of G at s where d¢/(s1) = T. Let
e(T, X) = |0g(X)NT].

3 The proof

Proof. Necessity: Let G' := (V + {s1,...,5,}, E) be an r-edge-connected f(s)-

detachment of G at s. Since the identification of {sy, ..., s,} does not destroy r-edge-

connectivity in V, () is satisfied. Applying for every vertex s; 1 < ¢ < p that the
d;

deletion of s; can decrease the local edge-connectivities in V' by at most | %] it follows

that (B) is satisfied. O

Sufficiency: Wlog. p > 2 and ¢ > 2. As we already mentioned, ([[) and (B) can be
reformulated as

h(X) > 0 VX CV, (5)
heH(X) = 0 VXCV (6)

We shall use induction on z(G) := |V| + dg(s). Note that

W (X)) = hiy(X) —da(s, X)+ o VX CV. (7)

Lemma 3.1. We may assume that
every set X with hi,(X) = 0 is a singleton. (8)

Proof. Suppose there exists a set @ with hfz(Q) = 0 and |@Q| > 1. Then let G =
(V, E) be obtained from G by contracting @ into a vertex ¢ and let #(u, v) := r(u, v)
if u,v €V — ¢, and max{r(w,z) : w € Q} if ¢ € {u,v} where x = {u,v} — ¢. It can
be verified easily that R(X) = R(X) VX CV, so (f) and A(B) are satisfied for G and

7. Since |Q] > 1, 2(G) < 2(G) and hence, by induction, G has an #-edge-connected
f(s)-detachment G’. We show that the graph G’ obtained from G’ by “blowing up” @
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is r-edge-connected and we are done. Let X' C V’. Using that hl,(Q) = hi(Q) = 0,
the skew-submodularity of Ay, and the fact that if X’ and ) are not intersecting then
hey(X') = 0 (because if X' C @ then h¢, (X') = hi(X) > 0 by (B) and if @ C X’ or
QN X' = then hl,(X') = hg, (X') > 0 since G’ is #-edge-connected) we get that
hi(X') > 0 as we wanted. O

Lemma 3.2. There exists T C dg(s) with |T'| = 3 if f(s) = (3,3,...,3) and |T| = 2
otherwise such that the graph G’ obtained from G by the T-split satisfy

G’ is  7’-edge-connected in V', 9)

G —s is (r' — (¢ — 1))-edge-connected in V', (10)

where '(u,v) := r(u,v) if u,v € V and 2 otherwise and V' =V U sy.
Proof.
Claim 3.3. (9) and (I0) are equivalent to

he(X)

>
e(T,C) >

2 (T, X) — |T| VX CV, (11)
1 vC e C, (12)

where C is defined as the minimal sets X with hg % (X) = 0.

Proof. (f) is satisfied if and only if 0 < hZ,(X’) wlog. Vs; € X’ which is, by
hr (X') = (X)) — e(T, X) + (|T| — (T, X)) with X = X’ — s1, equivalent to ([LT).
() is satisfied if and only if 0 < hgf_ﬁl (X) wlog. Vs; ¢ X’ which is, by hgf_ﬁl (X) =
he (X)) + e(T, X) — 1, equivalent to ([L2). 0

Claim 3.4. The following are true for C :

the sets in C are pairwise disjoint, (13)
da(s,C) > ¢ for each C € C, (14)
IC| € {0, 2,3}, (15)
if |C| = 3 then f(s) =(3,3,...,3) and hi,(C) =0 VC € C. (16)

Proof. By the submodularity of h; % (X), the minimality of the sets in C and (), ([L3)
follows. ([]) and () imply (I4). By ([4), (L3) and d; > 2, |Clp < > e da(s, C) <
da(s) =0 d; <337 |%] = 3¢ that is [C| < 3. Moreover, if X € C, then there
exists Y C V — X with Y € C implying ([[§). It also follows that if |C| = 3 then
each d; = 3, that is f(s) = (3,3,...,3) and for every C € C, dg(s,C) = ¢, so by ([),
hi,(C) = 0. O

By ([7), either |C| = 3 or |C| € {0,2}. If |C| = 3, then, by ([G), f(s) = (3,3,...,3).
By ([4), there exists T C dg(s) with |T| = 3 that satisfies ([2). T also Satlsﬁes
(D). Indeed, by (I8), (§) and (T3), da(s, X) > @ ¢(T, X). So, by (@), (B) and ¢ > 2
h(X) > da(s, X) — ¢ > o(e(T, X) — 1) > 2(e(T, X) — 1) > 2¢e(T, X) — |T|. From
now on |[C| € {0, 2}.
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Lemma 3.5. There exists T = {su, sv} that satisfies (1) and ([13).

Proof. If |C| = 0, then, by Mader theorem [@], there exists T' C d¢(s) with |T| = 2
that satisfies ([[1]) and in this case ([J) is automatically satisfied. If C = {C;, C>},
then, by ([4), there exists T' C dg(s) with |T'| = 2 that satisfies ([2). We claim that
T satisfies ([I1). Suppose X C V violates ([I). Then e(7,X) = 2 and hi(X) < 1.
Wlog. €y — X # 0, otherwise C; U Cy C X so, by ([) (B) and (I3) (I4), 1 >
hi(X) > da(s, X) — ¢ > da(s,C1UCy) — ¢ > 2 — ¢ > 2, contradiction. Since C) €
C,hg % (Cy—X) > 1. Then, by (), h.(C1 — X) = hi £(CL— X) +da(s, C1 — X) —p >
14+dg(s,Ch) —da(s,CiNX) —p =hi(C1) + 1 —de(s,Ci N X). Suppose (f]) applies
for Cy and X. Then, by (B), 1 + h5;(C1) > hi(X) + hip(Cr) > hip(X — C) + hi(Cr —
X) +2da(X,Ch) > hL(C — X) + 2dg(X N Ch,s) > hiy(C) + 1 +dg(s,Cr N X) >
h,(Ch) + 2, contradiction. So (B) applies for C; and X and C; U X # V. Since
C={C1,Co},hi; 2(CLUX) = hi; #(V — (C1 U X)) > 1. Then, by (), hiz(C1 U X) =
hTG__i(ClLJX)—{—d(;(S, 01UX)—30 Z 1+d(;(8, C1)+dg(8, CQHX)—QD Z hg(C’l)—l—Q Then,
by (B), 1+ hi(Cy) > hi(X) + hi(Ch) > hi(X N CY) + b (CLU X)) > i (CL U X) >
hi(Ch) + 2, contradiction. O

If f(s) # (3,3,...,3), then we are done. From now on f(s) = (3,3,...,3). Then
dg(S) = 3g0.

Lemma 3.6. T can be extended to T" C 0¢(s) with |T'| = 3 such that T" satisfies

(1)-

Proof. First suppose that I'(s) = {u,wv}. Since dg(s) = 3¢ and ¢ > 2, wlog.
dg(s,u) > ¢ + 1 and hence there exists another copy ¢’ of su. Then 7" := T U ¢
satisfies ([[1). Hence I'(s) # {u,v}. Suppose indirect that there exists a minimal set
M of subsets of V' such that for every z; € I'(s) — {u, v} there exists a set M; € M
violating ([[1) for 7" := T' U sz;. Then, by the fact that 7" satisfies ([I]) and by (§),
e(T", M;) = 3 so {u,v,z} C M; and h,(M;) < 2. Since I'(s) # {u,v},|M]| > 1. By
@, (B), b (M) < 2 and o > 2, | M| > 2.

Claim 3.7. If M;, M,; € M, then

hg(MZ — MJ) = 0, (80, by (B), ]\4Z — Mj = Zi;) (17)
da(M, M) = 2, (18)

Proof. 2 > hiy(M;),2 > hi(M,), hi(MinM,) > 2e(T, M;NM;)—|T| > 2x2—2 =2
(by (1) and {u,v} C M; N M;), hi,(M; U M;) > 3 (by the minimality of M),
so (B) cannot be satisfied for M; and M;. Then M; and M; satisty (f) implying
(I7) and (I§). Moreover, 2 < hi(z;) + hi(M; N M;) = hi(z) + hi(M; — 2z) <
hi(M;) — 2 4 2da(zi, M — 2z;) < 2dg(zi, Mi — 2;). O

Claim 3.8. |[M| > 3.

Proof. Suppose M = {M;, Ms}. Then, by ([1),(I7),(H),([[8), 3¢ = da(s) = da(s, z1)+
da(s, zo)+da(s, MiNMy) = hiz(z1) —hg_%(z1) +o+hi(z2) —hg % (22) Fp+da(s, MiN
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Ms) < 2p+2 < 3p. It follows that hg % (21) = 0, so 21 € C, that is ([[J) is violated
for T, contradiction. O

Let Ml,_]WQ,M3 < M Then, by (@), (lm), (@), 1 S dg(M3 — 23723) = dg(Ml N
My, z3) < dg(My, My) — dg(M; N Ms,s) < 2 —2 =0, contradiction. This completes

the proof of Lemma B.8. O
Since T satisfies ([[2), so does 7" and the proof of Lemma B.2 is complete. O

Let G’ be obtained from G by the T-split from Lemma B.3. Let us denote the
new vertex of G’ of degree |T'| by t. Wlog. dy > dy > ... > d,. If d, = |T| then
let f'(s) := (di,...,d,—1) otherwise (|T'| = 2,d; > 4) let f'(s) := (d1 — 2,da, ..., dp).
Then (G, f'(s)) satisfies (J) and ([[0) and 2(G’") < z(G), so by induction, G’ has
an r-edge-connected f’(s)-detachment G”. Then, in the former case G”, in the latter
case the graph obtained from G” by identifying s; and ¢, is an r-edge-connected f(s)-
detachment of G. O
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