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A characterisation of weakly four-connected graphs

Tibor Jordan *

Abstract

A graph G = (V, E) is called weakly four-connected if G is 4-edge-connected
and G — z is 2-edge-connected for all x € V. We give sufficient conditions
for the existence of ‘splittable’ vertices of degree four in weakly four-connected
graphs. By using these results we prove that every minimally weakly four-
connected graph on at least four vertices contains at least three ‘splittable’
vertices of degree four, which gives rise to an inductive construction of weakly
four-connected graphs. Our results can also be applied in the problem of finding
2-connected orientations of graphs.

1 Introduction

A graph G = (V, E) is called (k,l)-connected, for a pair of positive integers k, I, if
V| > k+ 1 and for any pair of subsets S C V, L C E with I|S| 4+ |L| < kl the
graph G — S — L is connected. This notion of mixed connectivity was introduced by
Kaneko and Ota [{], see also [B]. By taking [ = 1 (k = 1) we obtain k-connectivity
(I-edge-connectivity, respectively) as a special case.

It turns out that several extremal results on minimally k-connected graphs extend
to minimally (k,[)-connected graphs in a natural way [7]. One may ask whether
the well-known inductive constructions for k-connected graphs (for £ < 3, see e.g.
(@, 13]) and l-edge-connected graphs ([, 9], see also [4]) can be generalized to (k,1)-
connectivity, at least for some pairs of k and [. A closely related question is whether
one can prove ‘splitting off” results for (k,[)-connected graphs. In this paper we shall
prove a splitting off theorem for (2, 2)-connected graphs and use it to show that every
(2,2)-connected graph can be obtained from a graph on 3 vertices by adding edges
and ‘hooking up’ pairs of edges.

Our motivation to study inductive constructions for mixed connectivity comes from
the problem of characterizing graphs which have k-connected orientations. It was
conjectured by Frank [4, Conjecture 7.8] that a graph has a k-connected orientation
if and only if it is (k,2)-connected. This conjecture is still open, even for k = 2. In
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Section 2. Preliminaries 2

fact, it is not known whether sufficiently highly connected graphs have k-connected
orientations (as conjectured by Thomassen [I2]).

By using the inductive construction of 2/-edge-connected graphs it is not difficult to
prove (see [], Problem 6.54(b)]) that 2/-edge-connected graphs have l-edge-connected
orientations, which follows from a deep result of Nash-Williams [[7]. Thus an induc-
tive construction for (2,2)-connected (or equivalently, weakly four-connected) graphs
might be useful in the 2-connected orientation problem. We could indeed apply the
results of this paper to show that (2,2)-connected Eulerian graphs have 2-connected
orientations, and, based on this fact, to show that sufficiently highly connected graphs
have 2-connected orientations. See the forthcoming papers [2, B] for more details.

In the rest of this section we introduce some basic notation and definitions. Let
G = (V, E) be a graph (which may contain multiple edges and loops). For two disjoint
subsets X, Y C V let dg(X,Y’) denote the number of edges connecting X and Y. Let
dg(X) :=dg(X,V — X) denote the degree of X. We use dg(v) to denote the degree
of a vertex v € V. We may omit the subscript if the graph is clear from the context.
We say that G is k-edge-connected if d(X) > k for all ) # X C X. (We shall use C
to denote proper set containment and C to mean C or =.) The subgraph induced by
aset X CV in G is denoted by G[X]. For some vertex v € V' the set of neighbours
of v, that is, the set of vertices adjacent to v, is denoted by N (v).

For simplicity we shall use the term weakly four-connected instead of saying (2, 2)-
connected. Thus, by definition, a graph G is weakly four-connected if and only if
|[V(G)] > 3, G is 4-edge-connected, and G — z is 2-edge-connected for all z € V(G).
The operation splitting off deletes two incident edges su, sv from G and adds a new
(copy of) edge uv. We say that the splitting is made at vertex s, and when the
common vertex s is clear from the context, we denote the resulting graph by G,. If
d(s) is even, we may consider a complete splitting at s, which is a sequence of d(s)/2
splittings at s. The operation hooking up deletes two specified edges xy, tu, and adds
a new vertex s and four edges sx, sy, st, su to the graph. It is the inverse of a complete
splitting at a vertex of degree four.

2 Preliminaries

Let G = (V + s, E) be a graph with a designated vertex s. It will be convenient to
work with the following weaker version of weak four-connectivity. We say that G is
weakly four-connected in V if the following two conditions are satisfied:

d(X)>4forall ) # X CV, (1)

dg—o(X)>2forallz e Vand 0 #X CV — . (2)

Note that if d(s) = 0 then () and (B) hold if and only if G[V] is weakly four-connected.
In the rest of this section let G = (V + s, E') be weakly four-connected in V. We say
that splitting off a pair su, sv is admussible if G, is also weakly four-connected in
V. A complete splitting is admissible if the graph on vertex set V' obtained by the
sequence of splittings is weakly four-connected. We call s admissible if there is an
admissible complete splitting at s.
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We shall give a necessary and sufficient condition for the admissibility of s when
d(s) = 4. By using this characterisation we shall give sufficient conditions for the
existence of an admissible vertex of degree four in a weakly four-connected graph.
This will imply, among others, that minimally weakly four-connected graphs have at
least three admissible vertices of degree four. A corollary of this fact is an inductive
construction for weakly four-connected graphs.

The graph H on Figure 1 is weakly four-connected, and hence it is weakly four-
connected in V(H) — s for all s € V(H). There is no admissible complete splitting at
vertex v. However, vertices a, b, and ¢ are admissible.

Figure 1: A weakly four-connected graph with three admissible vertices of degree four.

The next proposition follows easily from ([) and (B) and the definition of admissi-
bility.

Proposition 2.1. Ifd(s) = 2 then s is admissible.

Thus a vertex s of degree four is admissible if and only if there is an admissible
splitting at s.

We now characterise when a given split is non-admissible and prove structural
properties of the ‘blocking configurations’. We call a set ) # X C V edge dangerous
if d(s,X) > 2 and d(X) < 5. A pair (X,r) withr e Vand ) #X CV —risa
vertex dangerous pair if d(s, X) > 2 and dg—,(X) < 3. A pair (Y,r) with r € V and
0 #£Y CV —risavertex critical pairif d(s,r) > 1,d(s,Y) =1, and dg_,(Y) = 2.

Lemma 2.2. A pair su, sv is non-admissible if and only if one of the following holds:
(a) there is an edge dangerous set X with u,v € X,

(b) there is a vertex dangerous pair (X,r) with u,v € X,

(c) there is a vertex critical pair (Y,r) with u = r and v € Y (or with v = r and
uey).

Proof: If (a) holds then G, violates ([). If (b) or (c) holds then G,, violates (B)
by choosing x = r. Conversely, suppose that G, is not weakly four-connected in V.
Then () or (B) does not hold. Tt is easy to check that if ([l]) fails for some ) # X C V
then X satisfies (a). Similarly, if (B) fails for some x € V and ) # X C V — x then
one of (b) or (¢) must hold (depending on whether z € {u, v} or not). .

Lemma 2.3. Suppose that d(s) = 4. Then
(a) if X is edge dangerous then d(s, X) = 2, G[X] is 2-edge-connected, and V — X is
also edge dangerous,
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2.1 Maximal edge dangerous sets 4

(b) if (X,r) is a vertex dangerous pair then d(s,X) = 2, G[X] is connected, and
either d(s,7) = 0 and (V — X —r,r) is also a vertex dangerous pair, or d(s,r) = 1
and (V — X —r,r) is a vertex critical pair,

(c¢) if (Y,r) is a vertex critical pair then G[Y] is connected, and either d(s,r) =1 and
(V=Y —r,r) is a vertex dangerous pair, or d(s,r) =2 and (V =Y —r,r) is a vertex
critical pair.

Proof: We only prove (a). The proof of (b) and (c) is similar. Let X be an edge
dangerous set. Since d(s, X) > 2 and d(s) = 4, we have d(V — X) = d(X) —d(s, X) +
d(s,V—X) <d(X) <5. Thus V — X is also edge dangerous and, by (), d(s, X) =2
must hold. Now suppose A U B is a bipartition of X with d(A, B) < 1. Then ([)
implies that d(A,V +s— X) >3 and d(B,V + s — X) > 3, which gives d(X) > 6, a
contradiction. This proves that G[X] is 2-edge-connected. .

2.1 Maximal edge dangerous sets

In this subsection we summarise (and for completeness, we prove) some properties of
edge dangerous and ‘critical’ sets. These properties have been described earlier (see
e.g. [8]) in the context of splitting off edges preserving k-edge-connectivity. We shall
need the following well-known equalities. Let H = (W, F') be a graph and X,Y C W.
Then
dAX)+dY)=dXNY)+dXUY)+2d(X,Y), (3)
dX)+dY)=dX -Y)+dY - X)+2d(XNY,V - (XUY)). (4)
We say that G = (V +s, E) is k-edge-connected in V if d(X) > kforall) # X C V.
Let G = (V + s, E) be k-edge-connected in V. We call a set ) # X C V' k-dangerous
in Gif d(s,X)>2and d(X) < k+1. We call it k-critical if d(X) = k holds.

Lemma 2.4. Let G = (V + s, E) be k-edge-connected in V' for some even integer k,
and let d(s) be even. Suppose that there exists a k-dangerous set X' with uw € X' for
some u € N(s). Then the mazimal k-dangerous set X with uw € X is unique.

Proof: Suppose that M, M, are intersecting maximal k-dangerous sets contaning w.
By (@) we have 5+5 Z d(M1)+d(M2) Z d(Ml—M2)+d(M1—M2)+2d(S7MlﬂMQ) Z
444+ 2. Thus d(M; — My) = 4 and d(s,M; N M) = 1. Since d(s) is even,
if V.= M; U M, then this implies that d(s,M;) > 3 for some ¢ € {1,2}. But
then d(V — M;) < d(M;) — 2 < 3 would follow. So M; U My # V. Then we can
use (B) to obtain 5 +5 Z d(M1> + d(MQ) Z d(M1 N MQ) + d(M1 U Mg) 2 4 + 6,
which implies that d(M; N Ms) = 4 and d(M;) = 5. Since d(M; — M,) = 4 and
d(My) = d(My N M) + d(M; — My) — 2d(M; N My, My — Ms), this is impossible. o

The proof of the next lemma is similar, by using ().

Lemma 2.5. Let G = (V + s, E) be k-edge-connected in V. Suppose that for all
u € N(s) there exists a k-critical set X| with u € X'. Then the minimal k-critical
set X, with u € X, is unique, for allu € N(s). If, in addition, G[V] is (k — 1)-edge-
connected, then X, N X, =0 for all pairs u,v € N(s), u # v.
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3 Sufficient conditions for admissibility

Let G = (V + s, E) be weakly four-connected in V' and let d(s) = 4.

Lemma 3.1. Suppose that there exists an edge dangerous set in G. Then s is admis-
sible.

Proof: Let A’ be an edge dangerous set and suppose that u € A’N N(s). By Lemma
P-4 there is a unique maximal edge dangerous set A containing u. It follows from
Lemma P.3(a) that B = V — A is also edge dangerous and that we have d(s, A) =
d(s,B) =2. Let v € BN N(s). We shall prove that the pair su, sv is admissible. For
a contradiction suppose that su, sv is a non-admissible pair. By the maximality of A
and by the choice of v there is no edge dangerous set containing both v and v. Thus
Lemma 2.3(b) or (c¢) must hold.

First suppose that there is a vertex dangerous pair (X,r) with u,v € X. By
interchanging the role of u and v, if necessary, we can assume that r € A. By Lemma
R.3(b) it follows that d(s,X) = 2 and (V — X — r,r) is either vertex dangerous or
vertex critical. Since d(s, X) = 2, we must have (N(s)NB)—X # (). Thus B—X # 0.
Lemma P.3(a) implies that G[B] is 2-edge-connected. Since BN X # (), we obtain
dg_-(X) > 4, contradicting the fact that (X, r) is vertex dangerous or vertex critical.

Next suppose that there is a vertex critical pair (X, u) with v € X. (The case when
there is a vertex critical pair (X,v) with v € X is similar.) By definition we have
d(s,X) = 1. Since d(s, B) = 2, this implies (N(s) N B) — X # 0, and so B — X # 0.
Since G[B] is 2-edge-connected by Lemma P.3(a), v € X N B and u ¢ B, this implies
that dg_,(X) > 3. This contradicts the fact that (X, u) is a vertex critical pair.

Thus su, sv is an admissible pair, as claimed. Since d(s) = 4, the lemma now follows
from Proposition 2.1 °

Lemma 3.2. Suppose that d(s,u) =2 for some u € N(s). Then s is admissible.

Proof: By Lemma B we may suppose that there is no edge dangerous set in G.
If su, su is an admissible pair then we are done by Proposition B.1. So we may also
suppose that the pair su, su is non-admissible. Now it follows from Lemma P2 that
there is a vertex dangerous pair (X,r) with u € X. (Clearly, Lemma P.9(c) cannot
hold when v = w.) By Lemma P.3(b) we have d(s, X) = 2. Thus we have u # w, y for
the other two neighbours w,y of s. (But w = y is possible.)

By Lemma 2.3(b) we have d(s, V —r—X) > 1. We may assume that w € N(s)—r—
X. We shall prove that su, sw is an admissible pair. Suppose, for a contradiction, that
this is not the case. Then we can use Lemmas .2, .3, and the fact that d(s,u) = 2 to
deduce that there is a vertex critical pair (X', u) with w € X'. Let X" =V —u— X".
By Lemma B.3(c) the pair (X", u) is also vertex critical and we must have y € X”.
By relabelling w and y, if necessary, we may assume that r ¢ X’

Since dg_,(X') = 2 and d(X’) > 4 by ([[), we have d(X",u) > 2. f XNX' =10
then this implies dg_,.(X) > 4, contradicting the fact that (X,r) is a vertex dan-
gerous pair. If X N X’ # () then, since G[X'] is connected by Lemma R.3(c), we
have d(X N X', X’ — X) > 1. If equality holds here then dg_, (X' — X) = 2 and
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d(u, X' — X) > 2 also follow, since d(X’' — X) > 4 by (). Hence we can deduce
dg_-(X) > 4, contradicting the fact that (X, r) is vertex dangerous. Thus su, sw is

an admissible pair, as claimed. This completes the proof of the lemma by Proposition
2. °

4 QObstacles

Let G = (V + s, E) be weakly four-connected in V' and let d(s) = 4. Now we define a
general configuration in G’ which precludes the existence of an admissible (complete)
splitting at s. By Lemma B.2 we may assume that s has four distinct neighbours. Let
N(s) = {t,v,w,y}.

Suppose that for t € N(s) there exist three pairwise disjoint sets A, B,C' C V —t
with
(i)ve A,w e B,y € C, and
(ii) dg_+(A) = dg_(B) = dg_+(C) = 2.

In this case vertex t and the sets A, B, C' form a configuration that we call a t-star
obstacle at s in G and denote by (t, A, B,C'). An obstacle at s is a t-star obstacle at s
for some t € N(s). Note that if (¢, A, B, C) is a t-star obstacle then (A, t), (B, t), (C,t)
are vertex critical pairs. By Lemma P2 this implies that if there is a t-star obstacle
at s then there is no admissible pair of edges containing the edge st, and hence there
is no admissible complete splitting at s. For example, in the graph of Figure 1,
(r,{a},{b},{c}) is an r-star obstacle at v.

It follows from (P) that G — z is 2-edge-connected in V — z for any = € N(s).
Furthermore, G[V' — z] is connected, since d(s) = 4 and z € N(s). Thus the next
lemma follows from Lemma B, applied to G — ¢t and k = 2.

Lemma 4.1. Let t € N(s) and suppose that every edge su (u # t) enters a set
X CV —t with dg_+(X) = 2. Then for every edge su (u # t) there exists a unique
minimal set X,, C V —t with dg_¢(X,) = 2. Furthermore, for any two distinct
neighbours u,v € N(s) —t we have X, N X, = 0.

Lemma [I.1 has the following corollaries. A t¢-star obstacle (¢, A, B, C) is minimal if
the sets A, B,C C V —t are all inclusionwise minimal 2-critical sets in G — t.

Lemma 4.2. (a) If there exist vertex critical pairs (A',t), (B',t) and (C',t) with
veA,we B,ye ', then there is a t-star obstacle at s.
(b) If there is a t-star obstacle at s then the minimal t-star obstacle is unique.

Lemma 4.3. Let (t, A, B,C) be a minimal t-star obstacle at s. Then

(a) G[A], G|B], G[C] are 2-edge-connected,

(b) there is no r-star obstacle at s forr € N(s) —t,

(c) the subgraphs G[A+s], G[B+s], G[C'+s] are connected and pairwise vertex-disjoint
apart from vertex s.
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Proof: The proof of (a) is similar to the proof of Lemma P.3. (c) follows from (a)
and the definition of a t¢-star obstacle. Consider (b). For a contradiction suppose,
without loss of generality, that there is a y-star obstacle (y, X,Y, Z) at s in G with
t € X. We can also assume that v € A. Now v € A — X. Since dg_(4) = 2
and d(A) > 4, we have d(t, A) > 2. If X N A = () then, since d(t,A) > 2, we have
de—y(X) > 3, a contradiction. Otherwise, since v € A — X and so A — X # 0, it
follows from (a) that d(ANX, A—X) > 2, which gives dg_,(X) > 3, a contradiction. e

5 The characterisation of admissible vertices

In this section we show that if d(s) = 4 and s is non-admissible then there is a ¢-star
obstacle for some t € N(s).

Lemma 5.1. Let G = (V + s, E) be weakly four-connected in V', such that d(s) = 4
and s has four distinct neighbours, denoted by N(s) = {t,v,w,y}. If there exists a
vertex dangerous pair (X,r) with v ¢ N(s) and t,v € X, then there is no vertex
dangerous pair (Y,r") with " ¢ N(s) and v,w € Y.

Proof: For a contradiction suppose that there exists a vertex dangerous pair (Y, r’)
with 7" ¢ N(s) and v,w € Y. Lemma P.4 implies that the maximal set M C V —r
with dg_.(M) < 3 and v € M is unique, and has d(s, M) = 2. Thus r # r'.

Let X'=V —r—Xand Y=V —¢' =Y. It follows from Lemma P.3 that (X', r)
is a vertex dangerous pair with w,y € X’ and (Y’,7’) is a vertex dangerous pair with
t,y € Y'. By relabelling the neighbours of s, if necessary, we can assume that " € X’
and r € Y’. Consider X and Y.

By Lemma P.3(b) G[X] is connected, and hence d(X NY, X —Y) > 1. If d(X N
Y, X —Y) > 2 then dg_(Y) > d(s,Y) +d(X NY,X —Y) > 4, contradicting
the fact that (Y,r’) is a vertex dangerous pair. If d(X NY,X —Y) = 1 then
deg—(X NY) < 3, and hence () implies d(r,X NY) > 1. Thus dg_(Y) >
d(s,Y)+d(XNY, X —=Y)+d(r,Y) > 4, a contradiction. o

Theorem 5.2. Let G = (V + s, E) be weakly four-connected in V' such that |V| > 3
and d(s) = 4. Then s is non-admissible if and only if there is a t-star obstacle at s
for some t € N(s).

Proof: We have already verified the ‘if” direction when we defined obstacles. To prove
the ‘only if” part suppose that s is non-admissible and, for a contradiction, suppose
also that there is no u-obstacle at s for all u € N(s). It follows from Proposition B.]]
that there is no admissible pair of edges incident to s. Thus, by using Lemma B.1] and
Lemma B.2, we may assume that there is no edge dangerous set in G and d(s,u) =1
for all u € N(s). Let N(s) = {t,v,w,y} denote the four distinct neighbours of s.

First suppose that there is a vertex critical pair (A,t) for t € N(s). By symmetry
we may assume that v € A.
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Claim 5.3. There ezists a vertex critical pair (X,t) with w € X.

Proof: For a contradiction suppose that there is no vertex critical pair (X, t) with
w € X. Since there is no edge dangerous set in G, and the pair st,sw is non-
admissible, it follows from Lemma P.2 that either (i) there is a vertex dangerous pair
(Y,r) with t,w € Y, or (ii) there is a vertex critical pair (Y, w) with t € Y.

Case 1. There is a vertex dangerous pair (Y,r) with t,w € Y.

Let B:=V —t— A. Clearly, y € B—Y. By Lemmas P.3(b),(c) and B.2, (B,1) is a
vertex dangerous pair and G[B] is connected. We have two subcases to consider.
Subcase 1: r ¢ N(s)

First suppose that r € A. If d(YNB, B—Y') > 2, then dg_,(Y) > 4, a contradiction.
fdlYNB,B—-Y)=1thendg+(B—-Y)<dg_+(B)=3and hence d(t, B—Y) > 1
by (B). Thus dg—,(Y) > d(s,Y)+d(YNB,B—Y)+d(t, B—Y) > 4, a contradiction.

Now suppose r € B. If Y N A = () then, since we have d(t, A) > 2 by ([), we obtain
dg—r(Y) > 4, a contradiction. If Y N A # () then, since G[A] is connected by Lemma
R.3(c), either d(Y N A, A—Y) > 2, and hence dg_.(Y) >4, or dY NA,A-Y) =1,
and hence d(t,A —Y) > 2 and dg_.(Y) > 5 follow. These contradictions complete
the proof in the first subcase.

Subcase 2: r € N(s)

Now we have r € {y,v}. First suppose r = y. Then by Lemma P.3(c) there is a
vertex critical pair (Z,y) with v € Z. Focus on A and Z. If A C Z then d(t,A) > 2
implies dg_,(Z) > 3, a contradiction. We have a similar contradiction when Z C A.
Otherwise, by similar arguments that we used above, we obtain d(t, AN Z) + d(AN
Z,A—Z) > 2, which gives dg_,(Z) > 3, a contradiction.

Now suppose r = v. Then by Lemma P.3(c) there is a vertex critical pair (Z’, v) with
y € Z'. Focus on B and Z'. Since w € B— 7', we have B— 7' # 0. If d(B—Z', BN
Z") > 2 then dg—,(Z") > 3 follows, a contradiction. If d(B — Z', BN Z') = 1, then
d(t,BNZ") > 1, and hence dg_,(Z") > d(s,Z")+d(t, BNZ'")+d(B—-Z',BNZ") > 3,
a contradiction.

Case 2. There is a vertex critical pair (Y,w) with t € Y.

Consider Y and A. If Y N A = () then, since d(¢t,A) > 2 and ¢t € Y, we must
have dg_,(Y) > d(s,Y) + d(t, A) > 3, a contradiction. If ANY # () then either
d(A-—Y,ANY)>2ord(t,A—Y) > 2. In both cases dg_,(Y) > d(s,Y) + d(A —
Y,ANY)+d(t,A—Y) > 3, a contradiction. This completes the proof of the claim. e

Claim 5.3 and Lemma [.3(a) imply that there is a t-star obstacle at s, which
contradicts our assumption.

Thus we may assume that there is no vertex critical pair (X,r) with r € N(s).
Hence, by Lemma R.3(b), there is no vertex dangerous pair (X',r) with r € N(s)
either. Consider the pair st,sv. Since this pair is non-admissible, it follows from
Lemma P.7 that there is a vertex dangerous pair (Y,r) with r ¢ N(s) and t,v € Y.
Now Lemma p.1 implies that the pair sv, sw is admissible, a contradiction. This com-
pletes the proof of the theorem. °
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6 Weakly four-connected graphs

In this section we shall apply the results of the previous sections to find vertices of
degree four in (globally) weakly four-connected graphs that can be split off preserving
weak four-connectivity. Let G = (V| E) be weakly four-connected. We call a vertex
s € V with d(s) even admissible if there is a complete splitting at s for which the
graph obtained by the splittings on vertex set V' — s is weakly four-connected. Recall
that we used the same definition of admissibility in the case when G was assumed to
be weakly four-connected only in V' — s. Observe that if G is weakly four-connected
then G is weakly four-connected in V' — s for every s € V. Thus we may apply the
previous results to vertices of degree four in GG. In particular, we can use Theorem p.2
to deduce that if d(s) = 4 then s is admissible if and only if there is no obstacle at s.

A subset ) #£ X C V is called an edge fragment in G if d(X) = 4. Tt is called a
mized fragment if dg_,(X) = 2 for some z € V — X. A fragment is an edge fragment
or a mixed fragment. Note that if (A,¢) is a vertex critical pair (in particular, if A
belongs to a t-start obstacle (¢, A, B, C')) then A is a mixed fragment.

Lemma 6.1. Let Y be a fragment and suppose that (u, A, B,C') is a minimal u-star
obstacle at s for some u € N(s), s €Y. Then if

(a) Y is a mized fragment, or

(b)Y is an edge fragment with |Y| > 2,

then ACY or BCY orC CY holds.

Proof: For a contradiction suppose that A—Y, B—Y, C'—Y are all non-empty. First
consider the case when Y is a mixed fragment. By definition, we have dg_,(Y) = 2
for some z € V=Y. Since s € Y and Y is a mixed fragment (and hence |[N(Y)| < 3),
Lemma [.3(c) implies that u € Y, |[N(Y)| = 3, and each of the sets A, B, C' contains
precisely one neighbour of Y. Let N(Y') = {z,b,c}. We may assume that x € A,b €
B,c € C. Since G is 4-edge-connected and dg_,(B) = dg—.(C) = 2, we must have
d(u,B),d(u,C) > 2. Since dg_,(Y') = 2, it follows that d(Y, B—Y) = d(Y,C-Y) = 1.
Thus BNY # (0 # CNY. By Lemma [l.3(a) G[B] and G[C] are 2-edge-connected.
This implies dg_,(Y) > d(BNY,B—-Y)+d(CNY,C —Y) > 4, a contradiction.
Next consider the case when Y is an edge fragment with |Y| > 2. Now we have
d(Y) = 4. Since G is 4-edge-connected, we must have d(s,Y —s) > 2. Thus
we may assume that ANY # (. By Lemma f3(a) G[A] is 2-edge-connected,
and hence d(ANY,A—-Y) > 2. Since d(Y) = 4, Lemma f.3(c) now implies
dY,B—-Y) =d(Y,C —-Y) =1 and u € Y. Since G[B] and G[C] are also 2-
edge-connected, this gives BNY =0 = CNY. Since G is 4-edge-connected and
dg_u(B) = 2, we must have d(u, B) > 2. This contradicts the fact that u € Y and
d(Y,B) = 1. °

Lemma 6.2. Suppose that every mized fragment of G contains a vertex of degree four
and let (t, A, B,C) be a t-star obstacle at s for some s € V. Then each of the sets
A,B,C contains an admissible vertex of degree four.
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Proof: Let Ay = {v € A:d(v) =4}. By our assumption A4 # ). For a contradiction
suppose that each vertex of A, is non-admissible. By Theorem there is a minimal
t(s)-star obstacle (t(s), X7, X35, X3) at s for some t(s) € N(s) for each vertex s € Ay.
Let us choose s and X7 in such a way that no other vertex s’ € A, and set X;/
satisfies X ]‘?/ C X7?. Since X is a mixed fragment, our assumption implies that there
is a vertex ¢ € Ay N X}. Now we can use Lemma [.]] to deduce that X! C X} for
some 1 <[ < 3. This contradicts the choice of s and X7 . °

Theorem p.2 and Lemma imply the following sufficient condition for the exis-
tence of an admissible vertex of degree four. (This condition will be used in [2].)

Theorem 6.3. Let G = (V, E) be weakly four-connected with |V| > 4 and suppose
that V' as well as every mized fragment of G contains a vertex of degree four. Then
G has an admissible vertex of degree four.

Theorem 6.4. Let G = (V, E) be weakly four-connected with |V| > 4 and suppose
that every fragment of G contains a vertex of degree four. Then every fragment Y of
G with |Y| > 2 contains an admissible vertex of degree four.

Proof: Let Y; = {v € V : d(v) = 4}. For a contradiction suppose that each vertex in
Y, is non-admissible. Let s € Y,. By Theorem b.7 there is a t-star obstacle (¢, A, B, C)
at s for some t € N(s). We may assume, by using Lemma .1, that A C Y. Thus Y
contains a mixed fragment. Let A’ be a minimal mixed fragment in Y and let s’ be
a vertex of degree four in A’. By Lemma [.1(a), and the choice of A’, we can deduce
that s’ is admissible, a contradiction. °

6.1 Minimally weakly four-connected graphs

Let G = (V, E) be weakly four-connected. We say that G is minimally weakly four-
connected if G — e is not weakly four-connected for all e € E. By specialising a more
general result [, Lemma 7] to the case of weakly four-connected graphs, we obtain:

Lemma 6.5. [7, Lemma 7] Let G be a minimally weakly four-connected graph and
let A be a fragment of G. Then there is a vertex v € A with d(v) = 4.

Since every minimally weakly four-connected graph contains a fragment (in fact,
every edge enters a fragment), Lemma p.5 and Theorems 6.3, imply:

Theorem 6.6. Let G = (V, E) be a minimally four-connected graph with |V| > 4.
Then G has an admissible vertex of degree four and every fragment Y of G with
|Y| > 2 contains an admissible vertez of degree four.

Mader [10, Theorem 20] proved that a minimally (k, [)-connected graph has at least
k + 1 vertices of degree kl. For minimally weakly four-connected graphs this implies
the existence of at least three vertices of degree four. By using this fact and Theorems
5.2, b.3 we can slightly improve on the first part of Theorem [.G.

Theorem 6.7. Let G = (V, E) be a minimally four-connected graph with |V| > 4.
Then G has at least three admissible vertices of degree four.
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7 The inductive construction

Let K2 denote the graph which has three vertices {a,b, c} and six edges {ab,ab, ac,
ac,be,be}. This graph is (minimally) weakly four-connected. We omit the proof of
the following simple lemma.

Lemma 7.1. Let G = (V, E) be weakly four-connected and let e, f € E be distinct
edges such that if one of them is a loop then they have no common end-vertex. Then
the graph obtained by hooking up e and f is weakly 4-connected.

Theorem 7.2. A graph G = (V, E) with |V| > 3 is weakly four-connected if and only
if it can be obtained from K2 by the following operations:

(a) adding a new edge, which connects existing vertices,

(b) hooking up two edges (such that if one of them is a loop then they have no common
end-verter).

Proof: The ‘if’ direction follows from Lemma [/.1. To prove the ‘only if’ direction
it suffices to show that if G is weakly four-connected and G' # K3 then it is possible
to perform the inverse operations of (a) or (b) on G in such a way that the resulting
graph is also weakly four-connected. The inverse operations are edge deletion and
splitting off at a vertex of degree four. If GG is not minimally weakly four-connected
then there is an edge e € E such that G' = G — e is weakly four-connected. If G is
minimally weakly four-connected (and |V'| > 4) then there is an admissible vertex s
of degree four in G by Theorem B.G, so it is possible to split off a vertex of degree
four preserving weak four-connectivity. This completes the proof of the theorem by
noting that for such an admissible vertex s we must have d(s,u) < 2 for all u € N(s),
and hence if one of the split edges is a loop then the two split edges have no common
end-vertex. °
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