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A note on the existence of EFX allocations

for negative additive valuations
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Abstract

We study the problem of fairly allocating a set S of m indivisible items

among a set N of n agents with individual preferences. The notion of fairness

considered here is envy-freeness up to any item (EFX), a well-studied relaxation

of envy-freeness. In spite of the considerable e�orts over the past years, the

existence of EFX solutions is wide open. In particular, the problem of �nding

EFX solutions has been resolved only in very restricted cases of negative additive

valuations.

In this paper, we show that there always exists an EFX solution for at most

seven items and four agents, each having one of two possible negative additive

valuations. Our proof is algorithmic and so provides an e�cient procedure that

determines an EFX allocation.

1 Introduction

In a fair division problem we are given a set S of m items and a set N of n agents with
individual preferences over the subsets of items, and the goal is to allocate the items
to agents in such a way that that each agent �nds the allocation fair. The problem is
motivated by numerous real-world applications, such as the division of taxi fare or rent,
task distribution, division of inheritance, partnership dissolutions, divorce settlements,
electronic frequency allocation, airport tra�c management, and exploitation of Earth
observation satellites. Due to its wide applicability, deciding the existence of fair
allocations is an active research area in mathematics, social choice theory, dispute
resolution, and computer science, see [3, 2, 5, 9, 12, 16, 18, 21, 15, 17, 19].
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Previous work. The origins of problem goes back to the work of Steinhaus [22].
Following his work, several fairness concepts were introduced. Among them, the
notion of envy freeness (EF), introduced by Foley [14], is probably the most prominent
and well-established one which requires that each agent prefers his own bundle over
that of any other agent. The work on envy-free allocations mainly focused on divisible
items [1, 4, 13].
When the items are indivisible, an envy-free allocation does not necessarily exist,

which motivated several relaxations of envy-freeness [8, 9, 18]. One of these relax-
ations, introduced by Lipton [18] and Budish [8] for non-negative valuations is envy-
freeness up to one item (EF1). In this setting, an allocation of indivisible items is EF1
if any envy between agents can be eliminated by deleting some item from the envied
agent's bundle. Note that no item is removed from the envied agent's bundle, this is
just a thought experiment to quantify the envy that the envious agent has toward the
envied agent. For additive valuations, a simple round-robin algorithm always gives
an EF1 allocation [10], while a standard envy-graph based algorithm provides an EF1
allocation for more general (sub-additive) valuations [18].
In many situations, the most valuable item might be the main reason for the pres-

ence of envies. Therefore, stronger notions of fairness are inevitable. Caragiannis et
al. [10] suggested another interesting relaxation of envy-freeness, called envy-freeness
up to any item (EFX), which attracted considerable attention. An allocation is said to
be EFX if no agent envies another agent after the removal of any item from the other
agent's bundle. Thus EFX, though strictly weaker than EF, is strictly stronger than
EF1. As remarked in [9]: �Arguably, EFX is the best fairness analog of envy-freeness
of indivisible items�. In contrast to EF1 allocations, the existence of EFX allocations
is open apart for some restricted cases. Plaut and Roughgarden [21] proved that
EFX allocations exist for two agents with arbitrary valuations, and for any number
of agents with identical valuation functions. Bérczi et al. [6] formalized variants of
EFX for non-monotone instances with indivisible items, and showed that an EFX
allocation may not exist for two agents with non-monotone, non-additive, identical
valuation functions. They also proved the existence of an EFX allocation for non-
positive instances with identical monotone valuation functions. Quite recently, for
non-degenerate additive valuation functions, Berger et al. [7] veri�ed the existence of
an EFX allocation in the setting of four agents. Similarly, EFX allocations was shown
to exist when the agents can be partitioned into two types based on their additive
valuation functions [20], or when agents have dichotomous preferences [2].
The long list of results show that deciding the existence of EFX allocations is indeed

a central problem. However, most works concentrated on non-negative valuations.
The goal of this paper is to initiate a systematic study of negative additive valuations
as well.

Our results. There are various tools that proved to be helpful when dealing with
non-negative valuations. Somewhat surprisingly, these standard techniques are not
applicable for negative valuations, and settling the existence of EFX allocations re-
quires new tools and ideas.
Motivated by the result of Berger et al. [7], it is natural to ask the following: Can
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one always �nd an EFX allocation for four agents with negative additive valuations?
This problem already seems to be quite intricate in general, hence we concentrate on
the special case when each agents's valuation is one of two negative additive valuation
functions. Our main contribution is a proof showing that such an EFX allocation
exists if the number of items is at most 7.

The paper is organized as follows. Basic notations and the precise de�nitions of the
di�erent fairness concepts are introduced in Section 2, together with an explanation
why previous techniques are no longer applicable in our setting. Section 3.1 shows the
existence of an EFX solution when all agents but one have the same negative additive
valuation function. In Section 3.2, we prove that an EFX allocation always exists
for at most seven items and four agents, each having one of two negative additive
valuation functions.

2 Preliminaries

Notation. We denote the set of non-positive reals by R−. In our setting, a fair
allocation problem consists of a set N of n agents and a set S of m items. Each agent
i ∈ N has a valuation function vi : 2

S → R over the subsets of S. By convention,
we assume that vi(∅) = 0 for i ∈ N . Throughout the paper, we consider additive
valuations where the value of a set of items for any agent is equal to the sum of the
values of the individual items in the set, i.e., for any agent i ∈ N and any set of items
X ⊆ S we have vi(X) =

∑
s∈X vi(s). A valuation is negative if the value of any subset

of items is non-positive. In our setting, we assume that each agent has one of two
negative additive valuation functions, denoted by vα and vβ.
An allocation of the items is a partition π = {π(1), . . . , π(n)} of S, where π(i) ⊆ S

is the bundle of agent i. Agent i envies agent j if vi(π(i)) < vi(π(j)). In our setting,
let (vα(si), vβ(si)) denote the values of the i

th item with respect to vα and vβ. To any
allocation π, we associate a directed graph Gπ = (N,E) called the envy graph, where
there is a directed edge from i to j if agent i envies agent j for the given allocation
π. Given an allocation π and a directed cycle C in Gπ, the cycle-swapped allocation
πC is obtained by reallocating bundles backwards along the cycle. For each agent i
in the cycle, de�ne i+ to be the agent for which i is in the cycle. Using this notation,
π(i)C = π(i+) if i ∈ C, otherwise π(i)C = π(i).

Envy-freeness for negative additive valuations. Assume that each agent has
a negative additive valuation and consider an allocation π = {π(1), . . . , π(n)}. The
allocation is envy-free if no agent envies another agent:

(EF) For any i, j ∈ N inequality vi(π(i)) ≥ vi(π(j)) holds.

The allocation is envy-free up to one item if envies might be present, but those can
be eliminated by deleting an item from the envious agent's bundle:

(EF1) For any i, j ∈ N at least one of the following holds:
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(i) vi(π(i)) ≥ vi(π(j))

(ii) vi(π(i)− s) ≥ vi(π(j)) for some s ∈ π(i).

In this paper, we are focusing on a less permissive relaxation of envy-freeness called
envy-freeness up to any item in which envies might be present, but those can be
eliminated by deleting any item from the envious agent's bundle:

(EFX) For any i, j ∈ N at least one of the following holds:

(i) vi(π(i)) ≥ vi(π(j))

(ii) vi(π(i)− s) ≥ vi(π(j)) for every s ∈ π(i).

If vi(π(i)) < vi(π(j)) for some allocation π, then we refer to this envy as an EFX envy
if i and j satisfy (ii), otherwise it is called a non-EFX envy.

Applicability of old techniques. Among the techniques used in the earlier works
to show existence of EFX solution for positive value items, cycle-elimination and
champions are the most prominent ones. Both techniques are primarily based on
graph-theoretical concepts, namely the envy-graph and the champions-graph.
The notion of champions was introduced in [11] for positive valuations. To under-

stand this concept, we �rst need the notion of a most envious agent, �rst appeared
in [12]. Consider an allocation π of the items, and a set Z ⊆ S of items that is
envied by at least one agent i. Let Zi ⊆ Z be a subset of smallest size satisfying
vi(π(i)) < vi(Zi). That is, for any Ti ( Zi, we have vi(π(i)) ≥ vi(Ti). The agent i
with the smallest value of |Zi| is called the most envious agent for set Z. Now let π′ be
a partial EFX allocation, and let s be an unallocated item. We say that i champions
j with respect to s if i is a most envious agent for π′(j) + s. The champions graph
Mπ′ is a directed graph in which each vertex corresponds to an agent, and there is a
directed edge (i, j) ∈Mπ′ if and only if i champions j.
By relying on the aformentioned tools, Berger et al. [7] showed the existence of EFX

allocations for four agents with positive additive valuation functions. They iteratively
constructed a sequence of partial EFX allocations in which each allocation Pareto
dominates its predecessor to obtain an EFX allocation that leaves at most one item
unallocated. Moreover, their results extend beyond additive valuations to all nice
cancelable valuations. Using similar techniques, Mahara [20] showed the existence of
EFX allocations when every agent's valuation function is one of two positive additive
valuations. The idea of their proof is to reshu�e the current partial allocation based
on the envy-graph or the champions-graph to obtain a new allocation with higher
potential, while preserving the EFX property.
At �rst glance, an instance with negative valuations seems to be just the opposite of

one with positive valuations, and thus one might intuitively expect that the natural
adaptation of algorithms designed to construct a sequence of EFX allocations for
positive valuations would also work for this setting. However, it turns out that this
is not the case, as we explain below.
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Example 1. Consider the following instances with eight items s1, . . . , s8 and four
agents with valuation function vα and vβ, where vα is the valuation of agents 1 and
2, and vβ is the valuation of agents 3 and 4; see Table 1.

s1 s2 s3 s4 s5 s6 s7 s8
vα -1 -2 -3 -3 -5 -6 -6 -6
vβ -5 -2 -2 -5 -1 -4 -5 -6

Table 1: The values of vα and vβ.

Let π denote the allocation π(1) = {s5, s6}, π(2) = {s3, s8}, π(3) = {s2, s4},
π(4) = {s1, s7}. It is not di�cult to check that π is an EFX allocation. Still, the
directed cycle 1 → 4 → 2 → 3 → 1 is contained in the envy-graph. In the case
of positive valuations, a standard step is to remove this cycle by applying a cycle-
elimination step when for each edge ij of the cycle, the bundle of agent i is replaced
with that of agent j. In our example, such a step results in the allocation π′ where
π′(1) = {s1, s7}, π′(2) = {s2, s4}, π′(3) = {s5, s6}, π′(4) = {s3, s8}. Then, for the
allocation π′, agent 1 envies agent 2, and this is a non-EFX envy as deleting s1 from
the bundle of agent 1 does not eliminate it.

The above example shows that, unlike for positive valuation functions, the standard
cycle-swapping step is no longer applicable for negative valuation functions. As for
the champions-graph, it is not clear how to extend the notion of champions to the case
of negative additive valuations since if vi(π(i)) < vi(Z) for some agent i and subset Z
of items, then vi(π(i)) < vi(Z

′) holds for every subset Z ′ ⊆ Z by vi(Z − Z ′) ≤ 0.

3 EFX allocations for two negative additive valua-

tions

In this section, we discuss the existence of EFX allocations for two negative additive
valuation functions. When there is at most one agent whose valuation di�ers from the
others', the existence of such a solution follows from previous results. However, the
case when there are two such agents is signi�cantly more di�cult. As a starting step
toward understanding the general case, here we concentrate on the case of four agents
with at most seven items. In this setting, the proof is based on a careful analysis of
the relation of the two valuations.

3.1 Almost identical valuations

As a warm up, we show that an EFX allocation always exists when all agents but at
most one have identical negative additive valuations, and the possibly remaining agent
has a di�erent negative addditive valuation. The proof relies on a more general result
of [6] on EFX allocations of chores for monotone (not necessarily additive) valuation
functions.
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Theorem 1. There always exists an EFX allocation when all agents but at most one
have the same negative additive valuation vα, and the possibly remaining agent has a
di�erent negative additive valuation vβ.

Proof. If all agents have the same negative additive valuations, then an EFX allocation
exists by [6, Theorem 3]. Assume now that one of the agents has a di�erent negative
additive valuation vβ. In this case, �nd an EFX allocation using [6, Theorem 3] as if
all agents Shared the same valuation function vα. Then give the bundle with highest
vβ value to the agent with valuation vβ. We claim that the allocation thus obtained
is EFX. Indeed, if an agent with valuation vα envies another agent, then this envy
is EFX due to the construction, while the agent with valuation vβ received the best
bundle with respect to vβ, hence she does not envy anyone else.

3.2 Four agents with at most seven items

Now we turn to the proof of the existence of an EFX allocation for at most seven
items and four agents with at most two di�erent valuation functions.

Theorem 2. There always exists an EFX allocation for at most seven items and four
agents, each having one of two negative additive valuations vα and vβ.

Proof. If the number of agents having valuation vα is at most one, then an EFX
allocation exists by Theorem 1. The same holds for vβ, too. Hence we may assume
that agents 1 and 2 have valuation vα, while agents 3 and 4 have valuation vβ. Let
α1 ≥ · · · ≥ αm and β1 ≥ · · · ≥ βm denote the values of vα and vβ in a non-increasing
order, respectively. We denote the items by S = {s1, . . . , sm}, where vα(sk) = αk for
1 ≤ k ≤ m. As the ordering of the items with respect to vα and vβ might be di�erent,
vβ(sk) = βk does not necessarily hold. Note that by the negativity of the valuations
and by vα(∅) = vβ(∅) = 0, the envy of an agent i can be non-EFX only if |π(i)| ≥ 2.
If m = 4, then allocating at most one item to each agent arbitrarily results in an

EFX allocation.
If m = 5, then let π(1) := {s1, s2}, π(2) := {s3}, π(3) := {s4} and π(4) := {s5}. It

su�ces to verify that if agent 1 envies another agent, then this envy is EFX. However,
this holds by the fact that vα(π(1)− s1) = α2 ≥ αk for 2 ≤ k ≤ 5.
If m = 6, we consider two cases. If α2 + α3 ≥ α4, then π(1) := {s1, s2, s3},

π(2) := {s4}, π(3) := {s5} and π(4) := {s6} is an EFX solution. If α2+α3 < α4, then
the allocation π(1) := {s1, s4}, π(2) := {s2, s3}, π(3) := {s5} and π(4) := {s6} is an
EFX solution. To see any of these, it su�ces to verify that vα(π(1)− s1) ≥ vα(π(j))
for 2 ≤ j ≤ 4, which clearly holds in both cases.
Finally, we consider the case when m = 7. Observe that the second valuation vβ

has not played any role until now, and an EFX allocation could always be found by
relying on vα only. The di�culties appear when the number of items reaches seven,
when considering only the item values with respect to vα is not enough to provide an
EFX solution to the problem. Instead, we have to consider vα and vβ simultaneously.
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Case 1. vβ(s1) = β7.
Let S1 := {s1, s2}. Furthermore, �nd an EFX allocation of the items {s3, . . . , s7} with
respect to vβ into three bundles S2, S3 and S4. We may assume that 1 = |S2| ≤ |S3| ≤
|S4|. Now de�ne π(i) := Si for 1 ≤ i ≤ 4.
We claim that the allocation π thus obtained is EFX. Indeed, the bundle of agent

1 consists of the two highest valued items with respect to vα, thus vα(π(1) − s1) =
vα(s2) ≥ vα(Si) for 2 ≤ i ≤ 4. Agent 2 has no non-EFX envy towards any other agent
by |π(2)| = 1. Finally, if any of agents 3 or 4 envies agent 2, then this envy is EFX
by the construction of S2, S3 and S4. By the assumption of the case vβ(S1) ≤ vβ(S2)
holds, implying that agents 3 and 4 have no non-EFX envy towards agent 1 either.

Case 2. vβ(s1) 6= β7.
Let s` denote the item with vβ(s`) = β7. By the assumption of the case, ` 6= 1.
Find an EFX allocation of the items {s2, . . . , s7} − s` with respect to valuation vβ
into three bundles S1, S2 and S3. Further, set S4 := {s`}. We may assume that
|S1| ≥ |S2| ≥ |S3| ≥ |S4| = 1. Observe that |S3| = 1 also holds.
Now we de�ne an allocation as follows. Give the bundle with the highest vα value

among S1, S2, S3 and S4 to agent 1, together with the item s1. From the remaining
sets, allocate a bundle of size one to agent 2; note that such a bundle exists. Finally,
assign the remaining two bundles to agents 3 and 4.
We claim that the allocation π thus obtained is EFX. Indeed, if agent 1 envies

another agent, then this envy is EFX as the set π(1) − s1 is one of the bundles
S1, . . . , S4 with the highest vα value. If agent 2 envies another agent, then this envy is
EFX by |π(2)| = 1. Assume now that agent 3 or 4 envies another agent. If the envious
agent's bundle is S4, then this envy is EFX by |S4| = 1. Otherwise, as the bundles S1,
S2 and S3 correspond to an EFX allocation of the items {s2, . . . , s7}− s` with respect
to vβ, the envy is certainly EFX unless the envied agent's bundle contains s`, that
is, the envied bundle is either {s`} itself or {s1, s`}. In either case, the envy must be
EFX as, by |S3| = 1, we have vβ({s1, s`}) ≤ vβ(s`) = β7 ≤ vβ(S3) ≤ vβ(π(i) − s) for
i = 3, 4 and any s ∈ π(i), where the last inequality follows from π(i) ∈ {S1, S2, S3}
for i = 3, 4 and from S1, S2 and S3 being EFX with respect to vβ.

4 Conclusion

In this paper, we considered the problem of fairly allocating a set S of m indivisible
items among a set N of n agents, all having one of two negative additive valuation
functions. We showed the existence of an EFX solution for at most seven items and
four agents using a case-by-case analysis. Deciding the existence of an EFX allocation
remains wide open for higher number of items.
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