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A note on onservative ostsKristóf Bérzi and Erika Renáta Kovás⋆

AbstratLet G = (V,E) be an undireted graph and c : E → {−1,+1} a onservativeost funtion. We show that the problem of determining the maximum numberof edges whose ost an be hanged from 1 to −1 without violating the onser-vativeness of c is NP-omplete. A similar result about direted graphs is alsoproved.1 IntrodutionLet G = (V, E) be an undireted graph and c : E → {−1, +1} a ost funtion. For ayle C, its node-set and edge-set is denoted by VC and EC , respetively. If D = (V, A)is a direted graph and C is a direted yle, then AC is used instead of EC . We all
c onservative if c(EC) =

∑

e∈EC
ce ≥ 0 for eah yle C of G. In direted graphsthis is required only for direted yles. A subset of edges F ⊆ E (or ars, in thedireted ase) all having ost 1 is alled negatable if hanging their ost to −1 resultsin another onservative ost funtion. We denote the ost funtion thus obtained by

cF . A natural question is to determine the maximum size of a negatable set. We willshow that this problem is NP-omplete both in the undireted and direted ase.Throughout we use the following notation. The set of edges inident to a node
v ∈ V is denoted by δ(v). Given a direted graph D and a node v ∈ V , δ−(v) and
δ+(v) stand for the set of ars entering and leaving v, respetively. Eah notation isused with subsripts when working with di�erent graphs simultaneously.2 The undireted aseLet G = (V, E) be an undireted graph. The distane d(u, v) of two nodes u, v ∈ Vis the length of the shortest path between them. We all a subset of nodes S ⊆ V
k-stable if d(u, v) ≥ k + 1 for eah u, v ∈ S. That is, 1-stable sets are the usual stablesets.Our proof for the undireted ase is based on the following omplexity result.
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Figure 1: Constrution of G′Theorem 1. The problem of determining the maximum size of a 2-stable set is NP-omplete.Proof. Split eah edge e into two parts with a new node ve. For a node v ∈ V , addthe edges vevf to the graph for eah e, f ∈ δ(v). Finally, add a 'super node' s to thenode-set and edges sve for eah e ∈ E (see Figure 1). Let G′ = (V ′, E ′) be the graphthus arising. By abuse of notation, a node v ∈ V and its pair in V ′ is identi�ed, thatis, V ⊆ V ′ is assumed.Let S be a stable set in the original graph G. Then S learly forms a 2-stable setin G′.Now let S ′ be a 2-stable set in G′. If s ∈ S ′ then |S ′| = 1 and any node v ∈ V formsa stable set S with size 1. Assume that s /∈ S ′. There is at most one edge e ∈ E with
ve ∈ S ′ beause of the edges leaving s. If there is no suh node then S ′ forms a stableset in G. If ve ∈ S ′ for some edge e = uv then we laim that both S ′ − ve + u and
S ′ − ve + v are stable sets in G. To see this, we only have to show that S ′ does notontain a neighbour of u or v. Indeed, this follows from the fat that suh a node hasa distane at most 2 from ve in G′ and S ′ supposed to be 2-stable.It follows from the above that the maximum size of a stable set in G is equal to themaximum size of a 2-stable set in G′. As determining the maximum size of a stableset is a well-known NP-omplete problem, the theorem follows.Now we turn to our main result.Theorem 2. The problem of determining the maximum size of a negatable set in anundireted graph is NP-omplete.Proof. Let G◦ = (V ◦, E◦) be the graph obtained from G as follows. For eah node
v ∈ V we add the nodes v′, v′′, and for eah edge e ∈ E we add a node ve to V ◦. Wealso add a 'super node' s to the new graph. For an edge e = uv ∈ E, we add edges
u′ve, u

′′ve, v
′ve and v′′ve to E◦. Let also sv′, v′v′′ ∈ E◦ for eah v ∈ V (see Figure 2).De�ne a ost funtion on E◦ as

c(e) =

{

−1 if e is of form v′v′′ for some v ∈ V ,
1 otherwise.It is easy to hek that c is a onservative ost funtion. Also, if the ost of an edge

e ∈ E◦ is negatable then e ∈ δ(s).EGRES Quik-Proof No. 2011-06
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Figure 2: Constrution of G◦Let S be a 2-stable set in G and F = {sv′ ∈ E◦ : v ∈ S}. We laim that
F is negatable. To see this, it su�es to show that cF (E◦

C) ≥ 0 for eah yle Cthat ontains s. Also, we may assume that the yle does not ontain a pair of edges
v′ve, v

′′ve for some v ∈ V and e ∈ δ(v) as replaing them with edge v′v′′ would dereasethe total ost of the yle.Let {v1, ..., vk} denote those nodes around the yle that are di�erent from s andare not of form ve for some e ∈ E. We may assume that s lies between v1 and vk on
C. Then we have

cF (E◦

C) ≥ −1 − χ(dG(v1, vk) ≤ 2) − k + 2(k − 1) (1)where
χ(dG(u, v) ≤ 2) =

{

−1 if d(u, v) ≥ 3 in G,
1 otherwise.Indeed, −1 − χ(dG(v1, vk) ≤ 2) is a lower bound for the ost of edges sv1, svk as

S was 2-stable, while the yle may use at most k edges of form v′

iv
′′

i , and 2(k − 1)is the ost of the steps when the yle goes from v′

i or v′′

i to v′

i+1 or v′′

i+1. Clearly,
cF (E◦

C) ≥ 0 for k ≥ 4. If k = 2 or 3 then dG(v1, vk) ≤ 2, hene cF (EC) ≥ 0 follows.Now let F ⊆ E◦ be a negatable set and S = {v ∈ V : sv′ ∈ F}. Then S is 2-stable. Indeed, if u, v ∈ S and e = uv ∈ E then cF ({su′, u′u′′, u′′ve, vev
′′, v′′v′}) = −2,ontraditing the negatability of F . If u, w ∈ S and there is a v ∈ V with e = uv, f =

vw ∈ E then cF ({su′, u′u′′, u′′ve, vev
′, v′v′′, v′′vf , vfw

′′, w′′w′}) = −1, ontraditing thenegatability of F , again.It follows from the above that the maximum size of a 2-stable set in G is equal tothe maximum size of a negatable set in G◦. As determining the maximum size of a
2-stable set is NP-omplete by Theorem 1, the theorem follows.
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Figure 3: Constrution of D3 The direted aseLet D = (V, A) be a digraph and c : A → {−1, +1} a onservative ost funtion.Theorem 3. The problem of determining the maximum size of a negatable set in adireted graph is NP-omplete.Proof. Let G = (V, E) be an undireted graph. Let D = (W, A) be the digraphobtained from G by replaing eah node v ∈ V by an ar v′v′′ and eah edge e = uv ∈
E by ars u′′v′

e, v
′

ev
′, v′v′

e, v
′′v′′

e , v
′′

eu
′ and u′v′′

e (see Figure 3).De�ne a ost funtion on A as
c(a) =

{

−1 if the head of a is v′

e or v′′

e for some e ∈ E,
1 otherwise.It is easy to see that c is onservative. Also, if a ∈ A is negatable then it is an arorresponding to a node of V , that is, a = v′v′′ for some v ∈ V .Let F ⊆ A be a negatable set. Then S = {v ∈ V : v′v′′ ∈ F} is a stable set in G.Indeed, if u, v ∈ S and e = uv ∈ E, then cF ({u′u′′, u′′v′

e, v
′

ev
′, v′v′′, v′′v′′

e , v
′′

eu
′}) = −2,a ontradition.Now take a stable set S ⊆ V of G. We laim that F = {v′v′′ : v ∈ S} is a negatableset. Let C be a direted yle in D. Then either AC = {v′v′

e, v
′

ev
′} or {v′v′′

e , v
′′

ev
′} forsome v ∈ V and e ∈ δ(v), or VC = {v′

1, v
′′

1 , x1, v
′

2, v
′′

2 , x2, ..., xk−1, v
′

k, v
′′

k} where xi = v′

eior v′′

ei
and ei = vivi+1. It is easy to see that, as S is stable, cF (AC) ≥ 0.The above implies that the maximum size of a stable set in G is equal to themaximum size of a negatable set in D. As determining the maximum size of a stableset is NP-omplete, the theorem follows.
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