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Constru
tive 
hara
terization of dumpy digraphsKristóf Bér
zi and Erika Renáta Ková
s⋆

Abstra
tWe give a 
onstru
tive 
hara
terization of 2-dumpy digraphs.1 Introdu
tionLet D = (V + r, A) be a digraph with root r. D is 
alled k-dumpy if the root hasin-degree 0, every non-root node has in-degree k and every non-singleton set not
ontaining the root has in-degree at least k + 1. The motivation of working withdumpy graphs is the following. When examining problems 
on
erning rooted dire
tedgraphs with ̺(X) ≥ k for ea
h X ⊆ V , a set Z ⊆ V with ̺(Z) = k often 
an be
ontra
ted as to get a smaller digraph to work on and apply indu
tion.Also, the k = 2 
ase has a motivation from rigidity. Let G = (V, E) be a two-dimensional minimally rigid graph. By adding an extra node r to G and 
onne
tingit to nodes x and y with one and two edges, respe
tively, one gets a graph that hasa rooted 2-edge 
onne
ted orientation from r (this 
an be proved easily using thatG is a (2, 3)-graph). Su
h an orientation results in a 2-dumpy digraph. Hen
e the
onstru
tive 
hara
terization of dumpy digraphs for the 
ase k = 2 gives a new proofof the Henneberg 
onstru
tion. Not surprisingly, the proof relies on the same ideas asthe one for the undire
ted 
ase.Throughout we use the following notation. Given a dire
ted graph D = (V + r, A)with root r, ̺D(X) = ̺A(X) = ̺(X) and δD(X) = δA(X) = δ(X) denote the numberof edges entering and leaving X, respe
tively. Often we do not distinguish between aone-element set and its only element. For example, the in-degree ̺({v}) of a singleton
{v} is abbreviated by ̺(v). For disjoint sets X, Y ⊆ V + r the number of ar
s goingfrom X to Y is denoted by −→

d (X, Y ). The 
omplement of a set X is denoted by X.In a k-dumpy digraph a set X ⊆ V is 
alled tight if ̺(X) = k + 1. Let e = uv and
f = vw be two ar
s of D. Splitting o� the pair {e, f} means that we repla
e the twoar
s e, f by a new one g = uw.
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terization of 2-dumpy digraphsOur main result is the following theorem.Theorem 1. A digraph D = (V + r, A) is 2-dumpy if and only if it 
an be built upfrom a single (root) node r using the following three steps:(i) adding a new node v and two edges entering v that 
an be parallel only if theirtail is r;(ii) subdividing an edge xy with a new node v and adding a new edge uv for whi
h
u 6= y and if x = u then it is the root node r;(iii) redire
ting a dire
ted 
y
le.In addition, the building steps 
an be 
hosen so that no two Steps (iii) are used 
on-se
utively.Proof. It is easy to see that the building steps preserve dumpiness. Note that sin
ereversing a di
y
le preserves the in-degree of every set, it preserves dumpiness too.To prove the other dire
tion, we show that either there is a node for whi
h theinverse of Steps (i) or (ii) 
an be applied, or we 
an redire
t a di
y
le to get su
h anode. That would 
learly prove the theorem.If there is a node v with out-degree 0, then G− v is dumpy, too. If there is no su
hnode then there is at least one with out-degree one. Reversing Step (ii) on su
h anode means splitting o� one of the entering edges with the outgoing one and deletingthe node itself.Lemma 2. There is a node v with out-degree one su
h that there is a dire
ted 
y
lethrough v.Proof. Take the strongly 
onne
ted 
omponents of D and 
onsider their topologi
alorder. Take a 
omponent C that 
orresponds to a sink in this order. As we assumedthat there is no node with out-degree 0 we have |C| ≥ 2. Also, ̺(v) = 2 for ea
h

v ∈ V and ̺(C) ≥ 1 (in fa
t ̺(C) ≥ 3 by the dumpiness of D), so there is a node
v ∈ C with δ(v) = 1. C is strongly 
onne
ted and |C| ≥ 2 so there is a dire
ted 
y
lethrough v in C.Lemma 3. Let v be a node with out-degree one su
h that there is a dire
ted 
y
lethrough v. Then there is a splittable pair at v, or there is one after reorienting anarbitrary di
y
le 
ontaining v.Proof. Let x and y denote the tails of the edges entering v while let z be the head ofthe edge leaving v. Assume �rst that x = r. Then the pair {rv, vz} is splittable assu
h a step preserves the in-degree of every set X ⊆ V − v.So assume that x, y 6= r. Note that x, y and z are pairwise di�erent due to thedumpiness of D. The pair {xv, vz} 
annot be splitted o� if and only if there is a tightset X (that is, ̺(X) = 3) 
ontaining x and z but not v. For su
h a tight set we saythat it 
overs (x, z). EGRES Qui
k-Proof No. 2011-05
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terization of dumpy graphs 3Claim 4. If X and Y are tight sets for whi
h |X ∩ Y | ≥ 2, then X ∪ Y is tight.If X1, X2, X3 are tight sets for whi
h X1 ∩ X2 ∩ X3 = ∅ and |Xi ∩ Xj | = 1 for
1 ≤ i < j ≤ 3, then X1 ∪ X2 ∪ X3 is tight.Proof. The �rst part of the 
laim easily follows from the submodularity of the in-degree fun
tion and the dumpiness of D.Let xij = Xi ∩ Xj for 1 ≤ i < j ≤ 3, U = X1 ∪ X2 ∪ X3 and X = {x12, x13, x23}.Then we have

̺(U) =
−→
d (U, U − X) +

−→
d (U, X),

6 = ̺(x12) + ̺(x13) + ̺(x23) =
−→
d (U, X) +

−→
d (U − X, X) + i(X).On the other hand, a simple 
omputation shows that

9 = ̺(X1) + ̺(X2) + ̺(X3)

≥ 2
−→
d (U, X) +

−→
d (U − X, X) +

−→
d (U, U − X) + i(X)

= 6 + ̺(U).The last inequality implies 3 ≥ ̺(U), that is, X1 ∪ X2 ∪ X3 is tight.From Claim 4 the following follows.Claim 5. There are no tight sets 
overing (x, z), (y, z) and (x, y).Proof. Assume that there are three tight sets X, Y and Z 
overing (x, z), (y, z) and
(x, y), respe
tively. If |X ∩ Y | ≥ 2, then X ∪ Y is also tight by Claim 4. But then
̺(X ∪ Y ∪ {v}) = 2, 
ontradi
ting the dumpiness of D. So X ∩ Y = {z}.It 
an be proved similarly that X∩Z = {x} and Y ∩Z = {y}. Claim 4 implies that
X ∪ Y ∪ Z is tight. But then ̺(X ∪ Y ∪ Z ∪ {v}) = 2, 
ontradi
ting the dumpinessof D.By Claim 5, at least on of the pairs (x, y), (x, z) and (y, z) is not 
overed by a tightset. If (x, z) or (y, z) is su
h a pair, then the pair {xv, vz} or {yv, vz} 
an be splittedo�, respe
tively.If the only su
h pair is (x, y) then take any dire
ted 
y
le that 
ontains v andreorient its edges. Clearly, the digraph remains dumpy and one of the pairs {xv, vy}or {yv, vx} be
omes splittable after the reorientation as (x, y) was not 
overed bytight sets.The last part of the theorem immediately follows from the above. Indeed, if none ofthe reverse of Steps (i) and (ii) 
an be used then we 
an reorient a 
y
le that providesa node for what Step (ii) 
an be applied.
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essity of Step (iii)We give an example that shows the ne
essity of Step (iii) for 
onstru
ting 2-dumpydigraphs.Let D be the digraph shown on Figure 1. It is easy to 
he
k that D is 2-dumpy.There are three nodes with out-degree 1 denoted by x, y and z. However, there is nosplittable pair at these nodes be
ause of the tight sets (for example, at node x, shownwith dotted lines), hen
e Step (iii) should be applied �rst.
x
yz

rFigure 1: Ne
essity of Step (iii)A similar 
onstru
tion shows that the reorientation of dire
ted 
y
les is also neededwhen 
onstru
ting k-dumpy graphs for larger values of k. Let D = (V, A) be thefollowing digraph (see Figure 2):
V = {u0, ..., uk, v0, ..., vk, w1, ..., wk, r} and
A =

k⋃

i=0

{rwi, viui, vi+1ui, uiwi, wivi+1, (k − 2) × wiui, (k − 1) × wivi, (k − 1) × vi+1wi}where indi
es are meant modulo k + 1 and multipliers (k − 2) and (k − 1) denoteparallel ar
s. The digraph thus arising is k-dumpy and the nodes with out-degree oneare u0, ..., uk. However, there is no splittable pair at these nodes be
ause of the tightsets of form {vi, wi} and {vi+1, wi}.

r
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v2vk : k − 2 parallel ar
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Figure 2: Ne
essity of Step (iii) for k ≥ 3EGRES Qui
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