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Subgraphs with restrited degree di�erenesKristóf Bérzi ⋆

AbstratGiven a graph G = (V,E) and two funtions cl, cu : V → Z with cl ≤ cu,we give a haraterization of the existene of two subgraphs G1 = (V,E1) and
G2 = (V,E2) suh that cl(v) ≤ d1(v) − d2(v) ≤ cu(v) for eah v ∈ V .1 IntrodutionFor an undireted graph G = (V, E), the sets of edges indued by and having exatlyone end in X ⊆ V are denoted by E[X] and δ(X), respetively. For disjoint subsets

X, Y of V , E[X, Y ] denotes the set of edges between X and Y . We de�ne d(v) = |δ(v)|where loops in G are ounted twie. Also, d(X, Y ) stands for the number of edgesgoing between disjoint subsets X and Y . For a node v ∈ V , we abbreviate the set {v}by v. Sometimes we use these notations with subsripts when only a subset F ⊆ Eis onsidered, we work with di�erent graphs simultaneously, or we have a vetor onthe edges x ∈ Z
E . For example, dx(v) =

∑

e∈δ(v) x(e) for a node v ∈ V . We use
f(Z) =

∑

v∈Z
f(v) for a funtion f : V → Z and a set Z ⊆ V .The following problem was proposed by Frank [1℄.Problem 1. Given a graph G = (V, E), give a haraterization of the existene of a'larger' and a 'smaller' subgraph G1 = (V, E1) and G2 = (V, E2), respetively, suhthat

d1(v) = d2(v) + 1 for all v ∈ V . (1)We give a slight generalization of this problem using upper and lower bounds.Problem 2. Given a graph G = (V, E), lower and upper bounds cl, cu : V → Z with
cl ≤ cu, give a haraterization of the existene of two subgraphs G1 = (V, E1) and
G2 = (V, E2) suh that

cl(v) ≤ dG1
(v) − dG2

(v) ≤ cu(v) for all v ∈ V . (2)Clearly, with hoie cl, cu ≡ 1 we get Problem 1.
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K. Bérzi: Subgraph with restrited degree di�erenes 22 CharaterizationLet bl(v) = dG(v) + cl(v) and bu(v) = dG(v) + cu(v). Our main observation is thefollowing.Theorem 3. There exist G1 and G2 satisfying (2) if and only if there exist an x ∈ Z
Esatisfying

0 ≤ x(e) ≤ 2 for all e ∈ E, (3)
bl(v) ≤ dx(v) ≤ bu(v) for all v ∈ V . (4)Proof. First we prove neessity. Let G1 = (V, E1) and G2 = (V, E2) be subgraphssatisfying (2). We may assume that E1 ∩E2 = ∅ as ommon edges an be simply leftout from both graphs. De�ne x ∈ Z

E as
x(e) =







2 if e ∈ E1,
0 if e ∈ E2,
1 otherwise.Then x learly satis�es (3) and we have

dx(v) = 2d1(v) + d(v) − (d1(v) + d2(v)) = d1(v) − d2(v) + d(v)and bl(v) ≤ dx(v) ≤ bu(v) immediately follows from (2).To see su�ieny, take an x ∈ Z
E satisfying (3) and (4). De�ne two subgraphswith

E1 = {e ∈ E : x(e) = 2},

E2 = {e ∈ E : x(e) = 0}.Then we have
d1(v) − d2(v) = 2d1(v) + d(v) − (d1(v) + d2(v)) = dx(v),and cl(v) ≤ dG1
(v) − dG2

(v) ≤ cu(v) follows from (4).By the above theorem, we an haraterize the existene of the required subgraphs.We will use the following theorem whih an be derived from fundamental results ofTutte and Edmonds about mathings (see eg. [2℄).Theorem 4. Let G = (V, E) be a graph and let bl, bu ∈ Z
V with bl ≤ bu and p, q ∈ Z

Ewith p < q. Then there exists an x ∈ Z
E satisfying

p(e) ≤ x(e) ≤ q(e) for all e ∈ E,
bl(v) ≤ dx(v) ≤ bu(v) for all v ∈ Vif and only if for eah partition T, U, W of V , the number of omponents K of G[T ]with bl(K) = bu(K) and bu(K) + p(E[K, W ]) + q(E[K, U ]) odd is at most bu(U) −

2q(E[U ]) − q(E[T, U ]) − bl(W ) + 2p(E[W ]) + p(E[T, W ]).EGRES Quik-Proof No. 2011-04



K. Bérzi: Subgraph with restrited degree di�erenes 3In our ase, p ≡ 0, q ≡ 2, bl(v) = dG(v) + cl(v) and bu(v) = dG(v) + cu(v) for all
v ∈ V . Hene for a subset K ⊆ V , bl(K) = cl(K) + 2|E[K]| + d(K) and similarly for
bu(K). By Theorem 4, we have the following.Theorem 5. Let G = (V, E) be a graph and let cl, cu : V → Z with cl ≤ cu. Thereexist two subgraphs G1 = (V, E1) and G2 = (V, E2) suh that

cl(v) ≤ dG1
(v) − dG2

(v) ≤ cu(v) for all v ∈ V (5)if and only if for eah partition T, U, W of V , the number of omponents K of G[T ]with cl(K) = cu(K) and cu(K) + d(K) odd is at most cu(U) − cl(W ) − 2|E[U ]| −
2|E[W ]| − |E[T, U ∪ W ]|.AknowledgementsThe author is grateful to András Frank for asking the original problem as the �rstquestion they worked on together.Referenes[1℄ A. Frank, Personal ommuniation (2007)[2℄ A. Shrijver, Combinatorial Optimization, Chapter 35
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