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Sparse certificates and removable cycles in [-mixed
p-connected graphs

Alex R. Berg* and Tibor Jordan**

Abstract

A graph G = (V, E) is called I-mixed p-connected if G—S— L is connected for
all pairs S, L with S C V|, L C E, and [|S| + |L| < p. This notion is a common
generalisation of m-vertex-connectivity (I = 1,p = m) and m-edge-connectivity
(I >m, p=m). If p=kl then we obtain (k,[)-connectivity, introduced earlier
by Kaneko and Ota, as a special case.

We show that by using maximum adjacency orderings one can find sparse
local certificates for [-mixed p-connectivity in linear time, provided the maxi-
mum edge multiplicity is at most [. A by-product of this result is a short proof
for the existence of (and a linear time algorithm to find) a cycle C' in an [-mixed
p-connected graph with minimum degree at least p + 2, for which G — E(C)
is [-mixed p-connected. This extends a result of Mader on removable cycles in
k-vertex-connected graphs.

1 Introduction

We consider undirected graphs which may contain multiple edges but not loops. Let
G = (V,E) be a graph and let (A, B,Z) be an ordered partition of V' for which
A, B # () (but Z may be empty). Then (Eg(A, B), Z) is called a mized cutin G, where
E¢(A, B) denotes the set of edges connecting A and B. Let dg(X,Y) = |Eq(X,Y)|.
We say that the mixed cut separates x and y, for some pair x,y € V, if v € A and
y € B (or z € B and y € A) holds. For a positive integer | and for u,v € V let

wi(u, v, G) = min{l|Z| + d (A, B) :
(Ec(A, B),Z) is a mixed cut separating u,v in G}

be the local I-mized connectivity between v and v in G. We say that G is [-mized
p-connected if |V| > 2 41 and yy(u,v,G) > p for all pairs u,v € V. By Menger’s
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Section 1. Introduction 2

theorem this is equivalent to saying that G — X is (p — [|X|)-edge connected for all
X cV.

If p = ki, for some positive integer k, then we obtain (k, [)-connectivity (introduced
by Kaneko and Ota [I0], see also [3]) as a special case. Even this special case is a
common generalisation of m-vertex-connectivity (by letting [ = 1, p = k) and m-edge-
connectivity (I > m, p=m).

First we extend results on ‘sparse certificates’” of vertex- and edge-connectivity to [-
mixed connectivity. A spanning subgraph H = (V, F) of a graph G = (V| F) is a local
p-certificate of G, for some positive integer p, if u(u,v, H) > min{u(u, v, G), p} for all
pairs u,v € V. It follows that if G is [-mixed p-connected then every local p-certificate
H of GG is an [-mixed p-connected spanning subgraph. We say that the certificate H
is sparse if |F| = O(pn), where n = |V|. For vertex- and edge-connectivity it is
well-known that sparse local certificates exist, and they can be found in linear time
2, @, 8, I3]. They can be used to improve the efficiency of algorithms for various
connectivity problems. Our proofs will rely on a number of observations made in
previous works [, B, B, [[4]. In particular, we use ‘MA orderings’ to find the desired
certificates.

Let dg(X) = dg(X,V —X) denote the degree of X. We simply use dg(z) if X = {z}
for some x € V and omit the subscript G if it is clear from the context. An ordering
V = (v1,v2,...,v,) of V is a mazimum adjacency (MA) ordering of G if

d(‘/i,'UZ'Jrl) > d(\/;,vj) forall 1 <i<j<n, (1)

where Vj, = {vy,v9,...,u5} for 1 < h <n. An MA ordering of G can be constructed
in O(n + m) time [I5]. Let V be a given MA ordering of G. For each vertex v;,
1 < i < n, let the set of edges E(V;_1,v;) be ordered so that v,v; < wvv; whenever
a <b. Let e;, € E(V;_1,v;) denote the p’th edge in this ordering (if it exists). Let
F; = {eaj, €3, en;}, 1 < j < |E|. We call F; the j-th forest of the ordering
inG. Let G; = (V,UFRU...UF)) and G; = G — (F;,UF, U...UFj;). An
ordering (vq,vg, . .., v,) is continuous, if for each component X of G there exist integers
1 <s<t<nsuchthat X = {v; : s <i <t}, and for all v; € X with i # s there is
an edge v;v; with j < ¢. The next lemma follows easily from the previous definitions,
see also [6, 4, I5].

Lemma 1.1. Let V = (vy,va,...,v,) be an MA ordering of G = (V,E) and let
Fi, B, ..., Fig be the forests of V. Then

(1) V is continuous,

(i1) (V, Fy) is a mazimal spanning forest of G,

(111) V is an MA ordering of G — Fj.

We call a graph G = (V, E) [-simple if d(u,v) < [ for all u,v € V (that is, the
maximum edge multiplicity in G is at most [). Let V = (vq,vs,...,v,) be an MA
ordering of G = (V, E) and let I}, ..., Fig be the forests of V in G.

Lemma 1.2. Suppose that G is l-simple and let x,y € V', x # y, belong to the same
component of (V, F,) for some p > 1. Then w(x,y,G,) > p.
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Proof: We shall prove, by induction on p, that for every mixed cut (Eg,(A’, B'), Z")
which separates x and y we have I|Z'| 4+ dg, (A, B') > p. Since there is a path from
x to y in (V, F},), this inequality is obvious for p = 1. So let us suppose that p > 2,
and that the inequality holds up to p — 1. Let G% =G, —{F1,...,F;}. Since V is an
MA-ordering of G; by Lemma [L.1|(iii), the p-th forest F}, of V in G is the (p — j)-th
forest of V in Gi . Thus the edge-set of G{, is the union of the first p — j forests of V
in G;. Clearly, G; is also [-simple. Thus by induction

02|+ dgy (A, B)) = p— j (2)

holds for every mixed cut separating x and y, forall 1 < j7 <p— 1.

Consider a mixed cut (Eg,(A, B),Z). First suppose that d(y,r)(A4, B) > 1. Then,
by (B), we have l|Z| +dg, (A, B) > l|Z|+dgy (A, B)+1 > (p—1)+1 = p, as required.
So we may assume that Ey g (A, B) N Fy = 0.

Since x and y belong to the same component of (V, F),), it follows from Lemma
[L.1(i1),(iii) that x and y belong to the same component of (V, F},) for all A < p. Since
Ew.r)(A, B) = 0 and the mixed cut separates x and y, we must have |Z| > 1. Thus
I|Z] + da, (A, B) > p is obvious for p < 1. Hence we may also assume that p > 1+ 1.

Let X be the vertex set of the component of (V,F}) containing = and y. By
relabelling A and B, if necessary, we may suppose that the first vertex of X in V is
not in B. By using Lemma [1[(i) and Ew (A4, B) = 0, it follows that there is a
vertex v; € Z N X for which [ < j for all v; € BN X. Let 2 be the first vertex of
ZNXin V.

Claim 1.3. dg, (2, B) = 0.

Proof: For a contradiction suppose that zw € F}, for some w € B and h > [ + 1.
By Lemma [[.1|(ii) we have w € X. Since G is l-simple and h > [ + 1, it follows that
zw ¢ F; for some 1 <4 <. Now the choice of z and E(y,g)(A4, B) = 0 imply that w
has no neighbour in G which preceeds z in V. So by the definition of the forests of V
each of the m <[ copies of edge zw should have been included in one of the first m
forests of V, a contradiction. °

Let 7/ =Z —zand A = AU{z}. By using Claim [[.3, p > [+ 1 and (f]) we obtain
2] + d, (A B) > 1|Z] + dey (A, B) = 1 +1|Z| + ds (A, B) = 1+ (p— 1) = p, as
required. °

Theorem 1.4. Let G be l-simple. Then G, is a local p-certificate for l-mized con-
nectivity.

Proof: Let ¢ = (u,v,G) and suppose, for a contradiction, that py(u,v,Gp) <
min{p, ¢}. Then there exists a mixed cut (Eg, (A, B), Z) separating u and v with
I|1Z] + dg, (A, B) < min{p, q}. Since I|Z| + dg(A, B) > (u,v,G) = g, there is an
edge e = vy € Eq(A, B) — Eg,(A, B). By Lemma [[.1(ii)(iii) F, is a maximal forest
in G,_1, thus x and y belong to the same component of (V, F},). Thus y(z,y,G,) > p
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by Lemma [.2, a contradiction. °

Theorem [[.4 extends earlier results of Nagamochi and Ibaraki [I3] (see also [6]) on
certificates for vertex- and edge-connectivity. G, is ‘sparse’, since |E(G,)| < p(n—1),
and it can be found in linear time [I3].

We may also deduce extensions of some previous ‘extremal’ results on vertex- and
edge-connectivity. Let v = v,, p = dg(v), and let u be the last neighbour of v in V.
Then Lemma [[.7 implies the following.

Corollary 1.5. Let G = (V, E) be an l-simple graph. Then there is a pair u,v € V
with p(u,v, G) = min{d(u),d(v)}.

This generalises a result of Mader [[1]. We call G = (V, E) minimally l-mized
p-connected if G is [-mixed p-connected but G — e is not [-mixed p-connected for
any e € F(G). It is easy to show that minimally /-mixed p-connected graphs are
[-simple, using that |V| > & + 1 (see [0, Lemma 2]). For a local p-certificate H of
a minimally /[-mixed p-connected graph G we must have G = H. Thus Theorem [.4
implies that a minimally [-mixed p-connected graph G = (V, F) has |E| < p(n — 1).
Similarly, by taking v = v,, for any MA ordering of GG, Lemma [ implies that every
minimally [-mixed p-connected graph G has a vertex v (in fact, at least two vertices)
with dg(v) = p. This was proved earlier for (k,[)-connected graphs by Kaneko and
Ota [10].

Theorem [[.4 and Corollary [[LJ do not hold without assuming that the graph is
l-simple. To see this let G = C?**! the graph obtained from a cycle of length
n by replacing every edge by 2k + 1 parallel edges. This graph is 2k-mixed 4k-
connected, but G4 is not. Furthermore, the minimum degree of G equals 4k 4 2, but
pok(u, v, G) < 4k + 1 for all pairs u, v.

Sparse local p-certificates for vertex- or edge-connectivity can also be obtained by
taking the union of p ‘scan first search’ (SFS) forests, see [2, 4] for details. Since
the forests of an MA ordering are SFS forests, this leads to a more general result
with a somewhat simpler proof in these special cases. However, scan first search
forests cannot be applied in the more general setting of [-mixed connectivity, even
if the graph is [-simple. Consider G = (V| FE) with V' = {a,b,¢,d,e} and E =
{ab, ab, ac, ac,be, be, cd, cd,ce, ce, ed, ed, be}. In this graph Fy = {ab,ac,cd, ce}, Fy =
{ac,be,cd, de}, F3 = {ab,bc,ce,de}, Fy = {be} satisfy that F; is an SFS forest in
G — U;;llF] for 1 <1 < 4. However, although b and e belong to the same component
of Fy, we have s (b, e, G) < 4. Thus the natural extension of Lemma [[.9 fails.

2 Removable cycles

A cycle C'is a p-removable cycle (with respect to [-mixed connectivity) in G = (V, E)
if G — E(C) is a local p-certificate. In particular, if G is [-mixed p-connected then
G — E(C) is also [-mixed p-connected for a p-removable cycle C. We can use Theorem
[4 to show that [-simple graphs with high minimum degree contain p-removable
cycles.
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Theorem 2.1. Let G = (V| E) be l-simple and suppose that dg(v) > p + 2 for all
v €V —y for some designated vertex y € V. Then there is a p-removable cycle in G.
Furthermore, a p-removable cycle can be found in linear time.

Proof: Let V = {vy,v2,...,v,} be an MA ordering of G with v; = y and let G,
be the union of the first p forests of V in G, as defined earlier. By Theorem [.4 G,
is a local p-certificate of G with respect to [-mixed connectivity. Since v, # y, we
have dg(v,) > p + 2 and hence it follows from the definition of the forests of V that
vpv; € Foyq and v,v; € Fpp for some ¢ < j. By Lemma [|(i) there is a path P from
vp, to v in (V, Fpiq). Thus C = P+ v,v; is a cycle in (V, F,41 U Fp15). Since the
forests of V are edge-disjoint, E(C) N E(G,) = 0. Hence C' is a p-removable cycle in
G. The running time follows from the fact that an MA ordering can be computed in
linear time. °

By taking [ = 1 and p = k we obtain an old result of Mader [I2]: every simple
k-vertex-connected graph with minimum degree at least k+ 2 has a cycle C' for which
G — E(C) is k-vertex-connected. See also [0]. Note that no polynomial algorithm was
known to identify a removable cycle, even for the special case of k-vertex-connectivity.

3 Concluding remarks

Our motivation to investigate mixed connectivity and removable cycles came from the
problem of finding k-vertex-connected orientations of graphs. A conjecture of Frank
[7] states that a graph has a k-vertex-connected orientation if and only if it is 2-mixed
2k-connected. This conjecture is still open, even for £ = 2, but we have been able
to verify it for Eulerian graphs in the special case £ = 2. In the proof we needed
Theorem R.1] for [ = 2 and p = 4. See [1] for more details.

References

[1] A. R. Berg, T. Jordan, Two-connected orientations of Eulerian graphs, EGRES
Technical Report 2004-3, submitted. http://www.cs.elte.hu/egres/

[2] J. Cheriyan, M.-Y. Kao, R. Thurimella, Scan-first search and sparse certificates:
an improved parallel algorithm for k-vertex connectivity, SIAM J. Comput. 22
(1993), 157-174.

3] Y. Egawa, A. Kaneko, and M. Matsumoto, A mixed version of Menger’s theorem,
Combinatorica 11, No. 1 (1991), 71-74.

[4] S. Even, G. Itkis, S. Rajsbaum, On mixed connectivity certificates, Theoretical
computer science 203 (1998), 253-269.

[5] A. Frank, T. Ibaraki, H. Nagamochi, On sparse subgraphs preserving connectivity
properties, Journal of Graph Theory, Vol. 17, No. 3 (1993), 275-281.

EGRES Technical Report No. 2004-04



References 6

(6]

[7]

8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

A. Frank, Combinatorial algorithms (in Hungarian), lecture notes, Eétvos Uni-
versity, Budapest, 1998.

A. Frank, Connectivity and network flows. Handbook of combinatorics, Vol. 1,
2, 111-177, Elsevier, Amsterdam, 1995.

O. Fiilop, Special minimum cuts and connectivity problems, PhD thesis, Eotvos
University, Budapest, 2002.

B. Jackson, Removable cycles in 2-connected graphs of minimum degree at least
four, J. London Math. Soc. 21 (1980), no. 3, 385-392.

A. Kaneko, K. Ota, On minimally (n, A)-connected graphs, J. Combin. Theory,
Series B 80 (2000), 156-171.

W. Mader, Grad und lokaler Zusammenhang in endlichen Graphen, Math. Ann.
205, 9-11, 1973.

W. Mader, Kreuzungsfreie a,b-Wege in endlichen Graphen, Abh. Math. Sem.
Univ. Hamburg 42 (1974), 187-204.

H. Nagamochi and T. Ibaraki, A linear-time algorithm for finding a sparse k-
connected spanning subgraph of a k-connected graph, Algorithmica 7 (1992),
583-596.

H. Nagamochi, T. Ishii and T. Ibaraki, A simple proof of a minimum cut algo-
rithm and its applications, Technical Report 96001, Kyoto University, 1996.

H. Nagamochi, T. Ibaraki, Graph connectivity and its augmentation: applica-
tions of MA orderings, Discrete Applied Math. 123 (2002), 447-472.

EGRES Technical Report No. 2004-04



	Introduction
	Removable cycles
	Concluding remarks

